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PREFACE ΗΕ 


pas present work is intended as a text-book in Algebra for all 
classes of students in our schools. It differs, however, in several 
respects from the existing text-books on the subject at present in use. Д 


Algebra like every other branch of Mathematics should be studied 
more as a subject for mental discipline than for anything else. An 
intelligent grasp of principles, therefore, is to be chiefly aimed at and 
not the mere learning by rote of a certain number of rules with some 
readiness in their application. This is the ideal I have ever kept in 
view in the preparation of this work. 


The elementary principles of the subject have been dwelt upon 
at considerable length in the earlier chapters of the book. ‘The full 
import of negative quantities has been explained, it is believed, with 
some degree of clearness, almost at the very outset, and rules for their 
addition and subtraction haye subsequently been deduced therefrom. by 
а very simple mode of reasoning. 


The proposition of each article after being clearly demonstrated 
has been copiously illustrated by a number of select examples, a much 
larger number of other examples, arranged progressively, has then been 
added as an exercise for the student. The last article of each chapter 
consists of & number of miscellaneous examples fully worked out as 
interesting illustrations of special artifices ; these again are followed 
by similar others for exercise. 


The chapters qn Formule and Factors will, it is hoped, be 
particularly acceptable to the young learner. The subject of factori- 
sation has been treated exhaustively as far as the limits of this work 
would allow. The last chapter, on Elimination and Miscellaneous 
Artifices will, I hope, be of considerable use to the more advanced 
student. 


Entrance Examination Papers of the Calcutta University from 
1858 to 1890 will be found at the very end. The more important 


-and difficult problems from these papers are fully worked out in the, ў 
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body of the work in illustration of the prineiples upon which their 
solutions depend, whilst others, comparatively simpler, have been 
suitably introduced among the exercises, just to give the student an 
opportunity of reassuring himself, when successful in working them 
out with unaided exertion, that his knowledge has, to some extent 
at least, come up to the University standard. With the examination 
‘papers are also given references to the pages where these problems 
are to ba found in the body of the work. 


Instead of ending the book with a collection of miscellaneous 
examples promiscuously arranged, I have added a number of mis- 
cellaneous examples in the form of separate examination papers, 
any one of which may be regarded as a good exercise for the student 
at a sitting of about two hours and a half, 


The entire book contains nearly 9000 examples in all, of which 
over 400 are fully worked out. Many of these examples have been 
specially devised for this work whilst for the rest I am indebted to 
several of the ‘standard works of English Universities. 


I have attempted to make the work useful to the school student 
ав a means of acquiring. algebraical skill along witha sound knowledge 
of principles, and I have spared no pains for it. It is now for all 
experienced teachers of mathematics {ο judge as to how far I have 
been successful in my endeavour. То gentlemen interested in the 
cause of education I shall be much obliged if they will kindly com- 
municate to me any corrections or suggestions that they may consider 
necessary for the improvement of the work. 


ЮАСОА : March, 1890 š 5 К.Р. BASU 
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PREFACE TO THE SECOND EDITION 


A FEW words of explanation seem to be necessary in connection 
with the publication of this edition. The first edition having been 
published rather unseasonably last year, I did not at all anticipate 
thata second edition would be in demand so soon. Accordingly the 
work of re-publication was not taken at hand earlier than January 
last. But the book beginning to be received with increased favour 
in different. educational circles with the commencement of the ‘new 
academic session, the first edition, consisting of 2250 copies, was found 
to be exhausted before the end of the last month. Hence, in the 
interests of the students of all those schools in which the book has 
been adopted as a toxt-book, my publisher had no other alternative 
than to hasten the work by all possible means, In consequence of 
this, I am sorry, I have not been able to give the book as thorough 
a revision as I intended, nor to effect such improvements as have 


been kindly suggested by some friends. 


ῬΑΟΟΑ : March, 1891 K. P. BASU 


PREFACE TO THE FIFTH EDITION ‚ 


IN this edition the. bulk of the work has increased by about 60 pages. 
The additions that have been made are as follows: (1) an increase 
in the number of examples of exercises in the earlier chapters of 
the book; (2) the insertion of examples with Fractional Indices in, 
the chapters on Multiplication and Division; (8) the introduction 
of three sets of Miscellaneous Exercises in suitable places in the 
body of the work; (4) an article on the Method of finding the Cube 


Root: of a Compound Algebraical Expression; and (5) a chapter on 
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Quadratic Equations. For several of these improvements I аш 
indebted to the kind and repeated suggestions of friends who are 
practical workers in the field of education. It is, therefore, hoped that 
the present edition will be found considerably more useful than its 
predecessors. 


Dacoa: January, 1894 K. P. BASU 
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PREFACE TO THE SIXTH EDITION 


IN this edition the book has been thoroughly revised and answers 
to the examples in all the exercises have been carefully verified. Somo 
additions and alterations have been occasionally made, but they do 
not deserye any special mention. I am indebted to several friends 
for their kindness in pointing out errors and misprints. My special 
thanks are due to Babu Bepinbihari Ganguly, B.A., Teacher, Jubilee 
School, Dacca, and to Moulvie Abdullah Khan, Teacher, D. B. School, 
Dipalpur (Montgomery). 


Dacoa: April, 1895 K. P. BASU 
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INTRODUCTION 


1. How things are measured and represented by number. 
This will be best explained by taking up some particular instances 
familiar to the student. 


(i) If we want to know the length of a piece of cloth we are 
satisfied when we find how often this length contains a smaller length 
pee cubit (the distance between the elbow and the tip of the middle 

ger). 


(ü) If we want to know the distance between Dacca and Galeutta 
we are satisfied when we are told how often this distance contains 
a smaller distance called a mile. 


(iii) If we want to know the value of a sum of money we are 
satisfied when we are told how often this sum contains a smaller 
sum called a rupee. 


(iv) If we want to know the weight of a quantity of rice we are 
oe when we find how often this weight contains a smaller weight 
called a seer. 


From the above instances it is clear that whenever we have 
to measure a thing we do so by finding how often i$ contains a smaller 
thing of the same kind. The ‘smaller thing’ chosen for this purpose is 
called the unit and the nwmber which shows how often this unit is con- 
tained in the thing measured is called the numerical measure (or simply, 
the measure) of the latter ; thus, in the first instance, the wnit of length 
is a cubit; in the second, the unit of distance is a mile ; in the third, 
the unit of money is rupee; and inthe fourth instance, the unit of 
weight is a seer. Again, if we know that the piece of cloth is 10 cubits 
long, that the distance between Dacca and Calcutta is 260 miles, that 
the sum of money is 500 rupees, and that the weight of the rice is 
25 seers, then, 10 is the measure of the length of the cloth, 260 is the 
measure of the distance between Dacca and Calcutta, 500 is the measure 
of the sum of money, and 25 is the measure of the weight of the rice. 


A thing is said to be represented by the number which shows how 
often that thing contains the unit of its kind; thus, in the above 
instance, the length of the piece of cloth is represented by 10, the 
distance between the two places is represented by 260 ; and so on. 
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Note 1. Such expressions as ‘a sum of money estimated in pounds = 30', 
‘a distance estimated in miles 207, and the like, respectively mean ‘the numerical 
measure of а sums of money when а £ ü the unit, is 30°, ‘the numerical measure of 
а distance when the unit is a mile, is 25", dc. 


Note 2. Ii must be clearly understood that one and the same thing will be 
represented by different numbers when the units are different ; thus, taking a foot as 
the unit, a length of 10 feet is represented by 10, but if the unit be 9 fect, the same 
length is represented by б. 


“Example 1. If the unit th bo what will be th 
EE e А y oe dosa 64 ч 


δ yanis and 2 foot, bei t to 17 foot, evidently contai 
σσ Vea νο ooo 


Honoo, the required measure is 17. 

Example 2. Ifa minuto and a half be represented by 30, what is 
tho unit of time? 

A minuto and a half is equivalent to 90 seconds, 


ines 30 is the measure οἵ 90 soconds, it is clear that th 
init of time a contained’ 30 times in 00 senate NM H 


Honoo, tho unit of time is of 90 ! ; 
үүх of #oth part seconds, and is, therefore 
EXERCISE 1 
1. What will bo the measure of 2 maunds Я 
a soor Ís tho unit of weight ? = δ eters, When 
2$. What will bo tho measure of the samo weight, whon 10 воста 


is the unit ? 
f а distance of 360 miles be 
ος ὃ Ife , represented by 30, what is the 


4. If tho samo distance bo roprosented by 45, wbat is the unit ? 


5. и of 400 bo 
Jam: rupees bo represented by 16, what will bo tho 


6. If οἱ 7 (004 4 inches bo represented what will bo 
the manure cfd eae w bic: 


7. What must bo the unit of time in order that 3hours and 
45 minutes may be represented by 5 


565 If the unit of time be 15 seconds, what timo will be represented 


9. ‚ниши bo 7b ibs., what number will represent 


39 owt. 

10. "118 marth фи an of ors what numbef will repro 
sont an ares of 18 square inches, and what VID repeesen 18 ө, sexa f. 

i. и of 195 a m BÀ, how many 
eorr sis ae thers a pe eds pry x 

What is the unit of monoy И REUS. 

къу? vion 

13, If Τε, 8d. be tho unit of money, what will be the measure of 
ΔΊ, 13s, 4d, ? 


и. D © He. . be the unit of money, what will be the 
measure of Ha. 51 Pane 


15, 1128 5 мы be tho кай of weight, what wil ke Ий 
measure of 16 ters hata 


16. ο να. δὲ, what will be the measure 
of Ra. 45, supposing the new unit to be 8 tho formor ? 

17. И ИЗ be e n И Рей; Эа ЖИЙ will ге 
prosont ono ton, supposing the new unit to bo one-eighth of the former ? 

M e te == ёр yis аһ. wis анык 
represent ο... new un three-soventeentha 
of the former T 


19, If 96days 10 hours and 26 minutes be qe 


К-үн йе br orar Tm m LL 


30, In tho preceding example what would be the M the 
lattor unit exoseded the former by 6 hours δὲ minutes 47 , 


2. Different uses of the word Quantity, 
(0 nel: monay, ae. To Ves ul Sea 
quantity. Tn. distance, 
a 2 
(i) Quantity is also often used in the sense of number, integral 


algebraieal also is called а quantity, 
сео ла о in ite proper place. А 


м. B. ος ορ ео, Оран оча, Κως секао 
ef ar concrete quantities, ot distingwishnd from mumerical quantities which 
only Aritheneticas mambere, integral or fractional. 

[ Note. Ang whole number ia called an integer or an integral vwmler. ] 


da 
te 


Е 


mis тҮ. 
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8. What is Algebra ? Algebra, like Arithmetio, is & science 
of numbers with this distinction that the numbers in Algebra are 
generally depoted by letters instead of by figures. 


Hence, whenever concrete quantities come under the domain of 
Algebra, it is only their numerical measures (i.e. the abstract numbers 
which represent them) with which we must concern ourselves. 

Note. The name ‘Algebra’ is derived from the title of a certain Arabian 
treatise *Al-jebrw'al Muqabalah'. This book was translated by early European 
scholars who first learnt of Algebra from the Arabs. But as in Arithmetic, so in 
Algebra, the Arabs got their first lessons from the ancient Hindus whose contributions 
to this science are of a fundamental character. Even some of the technical terms 
which are commonly used in modern Algebra are of Hindu origin. 


ОНАРТЕВ I . 
SYMBOLS : SIGNS : SUBSTITUTIONS 


4. Symbols. The letters of the alphabet a, b, ο,.. 
used to denote numbers and the signs +, -, X, +, =,.. 
used either to denote operations to be performed upon the number to 
which they are attached or as abbreviations. These letters and signs 
are called symbols, 


The letters as distinguished from the signs are called symbols of 
quantity, 


5. The Plus Sign. The sign + is read plus and when placed 
before a number indicates that the number is to be added to what 
precedes it. Thus, a+b (which is read a plus b) means that the number 
denoted by bis to be added to that denoted by a; hence, if a denote 5 
and b denote 3, a+b denotes 8. Again, a+b+c means that the number 
denoted by b is to be added to that denoted by a, and to the result thus 
obtained, is to be added the number denoted by с; hence, if a, b, ο 
denote 5, 3, 2 respectively, a-- b-- c denotes 10. 


6. The Minus Sign. The sign — is read minus and when 
placed before a number indicates that the number is to be subtracted 
from what precedes it. Thus, аЬ (whichis read a minus b) méans 
that the number denoted by b is to be subtracted from that denoted 
by a ; hence, if a denote 8 and b denote 3, a—b denotes 5. Again, 
a—b—c means that the number denoted by b is to be subtracted from 
that denoted by a, and from the result thus obtained, the number 
denoted by cis to be subtracted ; hence, if a, b, c denote 8, 3, 1 respec- 
tively, a— b—c denotes 4. 


N.B. When any number of quantities are connected with one another by 
the signs plus and minus the order of the operations is from left to right. Thus, 
a—b+o means that the number denoted by b is to be subtracted from that denoted by a 
and to the result thus obtained, is to be added the number denoted by с. 


7. The Sign Plus or Minus. Tho sign + is read plus or 
minus and when placed before а number indicates that the number is 
to be either added to or subtracted from what precedes it. Thus, if 
a πον 7 and b denote 2, a+b (which is read a plus or minus b) denotes 
either 9 or 5. 


8. The Sign of Difference. The sign ~ when placed between 
two numbers indicates that the less of the two is to be subtracted 
from the greater. Thus, if a denote 5 and b denote 8, a ~ b denotes 3. 
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9. The Sign of Multiplication. The sign X is read into and 
when placed between two numbers indicates that the number on the 
right of it is to be multiplied by that on the left 


Thus, a x b (which is read a ¿nto b) means that the number denoted 
by bis to be multiplied by that denoted by a; hence, if а denote 5 and 
b denote 3, ax b denotes 5 times З, or 15. 


The sign of multiplication is generally omitted when its position 
is between two numbers either (1) both of which are denoted by letters, 
or (2) the first of which is denoted by a figure and the second by a letter, 
Thus, αὖ is used for aX b, and 4a for 4 x a. 


Note. The reason why 88 cannot be used for 8x8 is clear, because in Arith- 
metic 88 has already been understood to mean 80-3. 


Sometimes the sign X is replaced by a dot, thus, a.b and 5.4 
respectively mean the same as aXband 5x4, The dot so used is always 
placed as shown in the above instances in order to distinguish it from 
the decimal point which is put a little higher up; thus, 5.4 is read five 
into four whereas 54 is read five decimal four. 


10. The Sign of Division. The sign + is read by and when 
placed between two numbers indicates that the number on tho loft of it 
is to be divided by that on the right. Thus, a+b (which is read а by b) 
means that the number denoted by a is to be divided by that denoted 
by b; hence, if a denote 6 and b denote 3, a--b denotes 9. Similarly, 
a+b-+c means that the number denoted by a is to be divided by that 
denoted by b; and the result, thus Obtained, is to be divided by that 
number denoted by c. 


N.B. Whenany number of quantities are connected together by the signs of 
multiplication and division, the order of the operations is always from left to right. 
Thus, aX b+c means that the number denoted by b is to be multiplied by that denoted 
by a, and the result, thus obtained, is to be divided by the number denoted by c. 
Similarly, a+b с means that the number denoted by a is to be divided by that denoted 
by b and the result, thus obtained, is to be multiplied by the number denoted by c. 


Note. а divided by b is also often expressed as τη thus, à means the same 
аз à Tb. 5 

11. Expression; Term. Any intelligible collection of letters, 
figures and signs of operation is called an Algebraical Hapression. Such 
a collection is also sometimes called an Algebraical Quantity, or briefly, 
a Quantity. [See Art. 2] 

Note. Signs like +, —, x, +, which indicate the operations to be performed 
upon the numbers to which they are attached, are called signs of operation. 


The parts of an Algebraical Expression that are connected by the 
sign + or — are called its terms. 


Thus, 5a+ab+exd—8exf+gis an algebraical expression of which 
the terms are ба, ab+exd, Be X f--g. 


OO EE vam 
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е Expressions are either simple or compound. A simple expression 
is one which has no parts connected by the sign + or —, 2.e., which 
consists of only one term, as 3ab, and is also called, a Monomial. 
А compound expression consists of two or more terms; if it consist of 
two terms, as 9a--5bcd, it is called a Binomial; if of three terms, 
as atbc+8efg, a Trinomial; and if of more than three terms, a Multi- 
nomial, or a Polynomial. 


. 12. Functions; Variables. Any expression involving в letter 
is called a function of that letter. Thus, c?-5z--B is в function 
ofr; a*-ab--b? is в function of a and b; a?--b*-Fo*--9abo is aefunc- 
tion of a, b and c; and so on. 

The letters of which а function consists are called its variables. 
Thus, 2° + Бау + is a function of which the variables are z and y. 

13. Sign of Equality. The sign — is read 'equals' or 'is equal 
to’ and when placed between two expressions indicates that they are 
equal to one another. Thus, b+c=a (which is read b plus c equals a) 
means that the number denoted by b+c is equal to that denoted by a. 


EXAMPLES 

N.B. (1) A distinction must be observed betweon atbxe and a+be, The 
latter means that the number denoted by a és to be divided by that denoted by be, 
whereas the former means that the number denoted by a is to be divided by that denot- 
ed by b, and the result, thus obtained, is to be multiplied by the number denoted by ο, 
That is to say, when the sign of multiplication is omitted between any number of 
quantities the result obtained by multiplying them together із to be reyarded as а 
simple quantity. 

N. B. (2) In finding the value of any expression the values of the several 
terms which it contains must be first determined by the process mentioned. in the Note 
of Art. 10 and afterwards the value of the whole expression is to be found by the 
process mentioned in the Note of Art. 2. Thus, in finding the value of the expression 
axb—c+dxe+fxg we must first of all find the values of tha thros terms, namely, 
axb,c+dxeand fxg » thon subtract the value of the second torm from that of the 
first, and to the result, thus obtained, add the value of the third, 


The above principles will be sufficiently illustrated by the following 
examples : 
Example 1. If a=2, b=3, с=5, find the value of 5a +8b +70. 
ба=5ха=5х9=10 ; 
8b=8x b=8x 3=24 ; 
To=7 Xc=7X5=35. 
Therefore,  5a+8b+7c=10+24+85=344+35=69. 
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` Example2. If a=8, b=5, c=Q, find the value of 6a—55--4c. 
6a=6xa=6x8=48; 
5b=5xb=5x5=95; 
4c=4xc=4x9=8. 
Therefore, 6a—5b+4c=48-95+8 
=93+8=31. 


Example 8. If m=3, n=7,t=9, v=4, find the value of 
Tm--9n x 8 +3⁄. 
As the order of the operations is from left to right, we must proceed 


ав follows: Divide 7m by 2n; multiply 8 by the result; and then 
divide the result thus obtained by 3v. 


_Tm_7%3_ 8, 
Now, (1) 7m+2n= m 9х7 8 
(2) §x8t=8x8x9=3x4x9; 
а ϑκάχϑ. 
(8) 3x4 x 9+ 9v—"3x4 79 
Hence, the required value - 9. 
Example 4. If a=1, b=9, c=3, d=6, ε--δ, f=0, find the value 
ol'abc- d--bx a def - b--axc- d-- bc, 


` 


The given expression consists of 5 terms, namely, abc, d+bxa, def, 
b+axc and ἆ--δο, 


Now, (1) abe=axbxe=1x2x3=6; 
(2) d+bxa=6+2x1=3x1=3; 
(8) def=dxexf=6x5x0=0; 
(4) b+axc=2+1x3=9x3=6; 


Hence, the required value=6-3+0+6-1=3+6-1=8. 


EXERCISE 2 


If a=8, b=2, c=4, find the numerical values of the following 
expressions : 


1. b+oxa, 2. a-bxc. 8. a-cxb. 
4. a-cb. 5. а+8хЬ. 6. а+8Ь. 
7. a-c+b. 8. bta-c. 9. 8α--40 90. 


Я 
| 


4. 
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10. a-c+bta-c, 11. a+c+2xb. 12. а+с+9Ь. 
13. ба +90. 14. ба+9хе. 
15. 4bc—a+4xb+c+2b. 

16. 80+cxab+80+cax)b. 

17. 3ca--16b-5a--16xb—a-9cx c bx 4. 
18. 48a--c-bx6--4c—3a--9c--4 x 8-- b X8:c 6b--a--9 X c 8X B. 


e 


If m=2, n=3, p=4, q=0, r= 7, s=10, find the numerical vílues 
of the following expressions : 

19. 8m—3p-mn-qx3rt5s*2x p. 

20. sx6--5mx8p--16n. 

91. mnr-5gs— 8s m 5n 4r 9p x 6m. 

99, 3xr+5xXs+7X p—Srs+m+3xXn+Tpt5m+2r x7, 


B. 4x2 gx P agn. 


lirtn 4 14s 4n t9p. 
34. ptg харт sn+2 
8m-2n 4p—9n , 2p+ 3m, 

qtp qtr q+m 

14. Faetor. If any number be equal to the produot of two or 
more numbers, each of the latter is called a factor of the former. | 

[ Note. The product of two or more numbers is the result obtained by multi- 
plying them together. ] 

Thus, 3, 5 and 7 are the factors of 105, `.` 105=3х5х7, 


Similarly, 3, a, b and z are the factors of 3abx, because 
Babr=3x ax bx a. 

15. Coefficient. The number expressed in figures or symbols, 
which stands before* an algebraical quantity as a multiplier, is called 
its coeficient. Thus, in 5abc, 5 is the coefficient of abc, 5a is the 
coefficient of bc and 5ab is the coefficient of c. 

A coefficient which is purely a numerical quantity is called 
a numerical coefficient; thus, in 5abc, the coefficient of abe is 
numerical. 

A coefficient which is not wholly numerical is called a literal 
coefficient, thus, in бабо, coefficients of bc and c are literal. 

Г Note, When no arithmetical number stands before a quantity the number 1 
is understood ; thus, a is understood to mean 1a. ] 
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: 16. Power; Index; Exponent. If a quantity be multiplied by 
itself any number of times, the product is called а power of that 
quantity. Thus, аха, ахаха, ахахах а, &o., are powers of а. 


axa is called the second power or square of a and is written a? ; 
ахах а is called the third power or cube of а and is written a? ; 


,,8XaXaxaxax&o. to n factors is called the nth power of a and is 
written a”. 


з The small figure or letter placed above a quantity and to the right 
of it to express its power is called the Index or Exponent of that power. 
Thus, 2, 8, 5, m are respectively the indices or exponents of а?, ο οι 


[ Note. a? is usually read ‘a squared’, а? is read ‘a cubed', а* is read 
“а to the fourth’, or simply, ‘a fourth’ ; and so on. Thus, a" is read “a to the nth’ 
or ‘a nth’, 

The quantity a itself is called the first power of a and thus a is understood 
to mean а^. ] 


17. Dimensions and Degree of a Product. Each of the 
letters which occur as factors of an algebraical product is called 
a dimension of the product, and the number of the letters is called the 
degree of the product. Thus, a?z5y which is equivalent to axax gx yx 
@Хх@Х@Х у, is said to be of eight dimensions, or of the eighth degree ; 
Ἐν eae ab*c*d* is said to be of twelve dimensions or of the twelfth 

egree. 


A ‘numerical coefficient is not counted. Thus, 5ab%c® and αὐτοῦ 
are both said to be of sia dimensions or of the sixth degree. 


When an algebraical expression contains terms of different dimen- 
sions, the degree of the term which is of the highest dimensions is also 
called the degree of the expression. 


18. Homogeneous Expression. An algebraical expression is 
said to be homogeneous when all its terms are of the samo dimensions. 
Thus, the expression 5a?b— Ta?bc--8b?c? is homogeneous, for each of 
its terms is of four dimensions. 


E 
EXAMPLES 

Example 1. If α--8, find the numerical value of a5—5a. 
We have а =ахахахаха 

=8х8х8х8х8=948; 
апа ба=5ха 

=5х8=15. 
Hence, the given expression = 248 — 15= 998, 


1.] 
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Example 2. If a=4, find the numerical value of 3ᾳ5-- δα”. 
Wo have 9a5=9xaxaxaxaxa 


and 


=9x4x4x4x4x4 b) S 
—9048 ; 

ба? =5хаха 
=5х4х4=80, 


Hence, the given expression = 2048 — 80= 1968. 


Example 8. If a=2,b=3,c=4, d=5, find the numerical” value 


a^b*d, 


"ES 


The given expression— 


axaxaxaxaxbxbxbxd 
cxe 
49x9x2x2x2x8x8x8x5 
38 4х4 
=2x3x3x3x5=270, 


EXERCISE 3 
If a=8, b=12, c=4, m=7, n=6, z—2, y —3, find the values of : 
808. 2, Ta?+d. 8. 9»'—T7n?*. 
801° — amy’. Б. 5с5-+345. 6. Tbz*y*--mm*. 
G^ +c", 8. 9a*b?c*--Bn?z9y? —b?y-- m. ' 
9x*b--a*b*, 10. 30"2"--a"y?, 


15. 


Find the value of y° —65y* + 66y? —21y-- 40, when y=8. 

Find the value of 8z*-- 62? +112? +132 +29, when v — 75. 

Find the value of 15a? —34a* +70 —4a? + 3505 —3, when а=. 
Find the value of 23 +20m + 780° – 199m? +25m®, when m —9'6. 
Find the value of 50y* — Sly" + 35у —563y* – 19, when y=3'4, 
Find the value of 64219 – 55п* + 89n° —191n? + 64n? – 4n5 +79, 


16. 
when = 1375. 
Find the yalues of αὖ +b? c? — Sabe : 


17. 
18. 
19. 
20. 


When a=29, b=24, c=27. 

When a=5'625, b=3'625, c=4 625. 
When a=44%, ὃ-- 518, с= 58$. 
When a=1667, b=1674, c= 1659. 
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19. Roots. That quantity whose square (or second power) is 
equal to any given quantity a, is called the square root of a, and is 
denoted by the symbol 2/a, or more simply, by Ja. Thus, 3= 4/9, 
because 32=9. 

The quantity whose cube (or third power) is equal to any given 
quantity а, is called the cube root of a, and is denoted by the symbol 
Va. Thus, 2= 5/8, because 2° =8. 

Generally, that quantity, whose nth power, where n is any whole 
number, is equal to any given quantity a, is called nth root of a, and 
is denoted by the symbol а. Thus, 9= 5/39, because 2°=32; 3= 4/81, 
because 3*=81 ; and so on. 

The sign α/ is often called the Radical sign. Tt is said to be 
a corruption of the letter r, the first letter of the word radix. 

Note. a, which means the square root of a, is often read simply as ‘root a’. 

20. Brackets. Each of the symbols (),{}, and [] is called 
a райт of brackets, When an algebraical expression is enclosed within 
brackets it is to be regarded as a single quantity by itself. Thus, (2+ b)z 
means that the number denoted by z is to be multiplied by that denoted 
by a+b, whereas a--bz means that т is to be multiplied by b and the 
product added to a. 

Hence, the expression d--(a-- b)r must be regarded as a binomial, 
the two terms being d and (a+b)z. Similarly, BN also must 
be regarded as a binomial, the terms being ὁ and id--(a--b)r], whereas, 
ifthe brackets be taken off, c—d+a+bz is a multinomial consisting of 
four terms, namely, ο, d, а and bz. 

Sometimes instead of enclosing an expression within a pair of 
brackets a line called a vinculum is drawn over it. 

Thus, a — b—c and α-- (ὃ-- ο) have the same meaning. 

N.B. From the above it is easy to understand the distinction between Jato 
or να) and Ja+b; either of the first two expressions means the square root of 
the number denoted by a+b, whereas the last means that b is to be added to the square 
root ofa. Similarly, Jab or ν(αδ) means the square root of the number denoted by 
ab, whereas Mab means the product of b and the square root of a. 

Note. The three different kinds of brackets ( ), ( y, [ ] are often called respec- 
tively parentheses, braces and crotchets. 


EXAMPLES 
Example 1. If a=2, b=4, c=9, find the values of : 
G) Jeb+ Jb+5, (1) Jcb+ J(b-- 5) and (iii) 3/25 + ψάα, 
(i) Jcbt Jb+5= /9x4+ J4T5 
=8x4+9+5 
=12+2+5=19. 
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Gi) М+М + 5) = /9x4+ V(4+5) 
= /86+ 5/9 
=6+3=9. f 
Gü) 792+ κα — —Max4* 4x2 
=5/8+9х9 
=9+4=6. 
Example2. If a=3,b=5, с=8, d=12, e=20, find the difference 
between the numerieal values of : ç 
αἷο }- δ —a(e—d)) and а{б+ b? — a(e - d). 
The Ist expression—3x(8--5? —3x (20 —12) 
=3х{8+95-3х8} 
=8x {8 +25- 24} 
=8х9=97; 
and the 9nd expression=3 x {8+ (5? 3) x (20 —12)] 
=8х{8+99х8} 
=3x{8+176} 
=8 x 184=552. 
Thus, the τοαᾶ. diff. = 552- 97 = 525. 


Example 3. If m=10, n=8, p=2, q=19, r=15, find the Rn. 
between the numerical values of the expressions 
[frm – 20 - n(pq—m)} +p] x (r —m — 2) 
and [{rm—2.q—n(pa—m)} +9] хт - т-р. 
The first expression 
—[f115x10-2x19-8x (2x 12-10)} +2] x (15—10—2) 
—[(150—94-8x 14}+2] x 3 
=[{126 -119}+2] x3 
=[14+9]x38=7x3=21; 
and the second expression 
=[f15 x 10-2 (12—8)(2x 12—10)} +2] x 15- (10— 2) 
=[{150-2x 4x 14}+2]x 15-8 
= [{150-112}+2] x 15-8 
—[38-2] x 15-8 
—19x15-8-985 -8-2TT. 
Thus, the reqd. difference — 277 —21—256. 
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EXERCISE 4 


Ifa-T, b=3, с=8, d=9, e=4, f=0, m=5, n-2, p=1, find the 
valuesof: ^ 


1. Veen. 2. Nee. 3. Vcb. 4. 6/54, 

5. 44/15. ο 45/58, т. ау . 8. 944. 

9. mtnJ/d. 10. mtnJd. 11. 34p-c. 19. 8 Ac p. 

18. /3(c+p). 14. 32/8(b+ 3c). 15. 3%8(b+3o). 
16. //т+а. T. f Ja*d. 18. 3d-(8e-n). 
19. 3d-2(e-n). 20. ϑ(ά- 30) -η. 21. (9ᾷ--9)ο--π. 
22. (ϑά-9)ο-η. 23. 3{d—(2e—n)}. 24. 3(d—2)e—-n) 
26. T7c- (b? —n?). 26. (Tc-b)?—-n?. 97. "Ic- (D? 2). 
38. 7(c—b)?-n?. 29. i7c-(b*—n)*. 

80. Voc3p-4e(p- DY* 31. 3/c+3p+4elp +b)’, 

82. 8/с+3р+4е(р+ Б). 38. 2/с+(3р+ 4е)р+ 55. 


84. Wo+3[(p+4)ep+b°l. 
If 2-92, y 78, 2=4, a=6, d=8, с=5, n=9, р=1, find the values of : 
35. a(z-y)(a—-c-z). 36. 4in—a(d — a p) ~ 4{n—ald—a) +p}. 
87. δίο τα +y(n—d—2)} ~ 5(c*a* + y)n-d- εἰ. 
38. [a+y%ap—2(c-—a-2)}] ~ [ety {αρ--ε)ο-- a] - ar]. 
30. „© +s? ay „е5 -М се το. 
* Bla? +p?) +y? +2? d c*—(z*-2?) п? +226 
21. Like and Unlike Terms. Terms or simple expressions ате 
said to be like when they do not differ at all or differ only in their 
numerical coefficients ; otherwise they are called unlike. Thus, 3az?y* 


and бат?у5 are like terms, whereas Jaz?y* and 5ac?y* are unlike; 
‘similarly, abc, 5azbd, Τα" δ᾽ and с?й are all unlike, 


22. Special meaning of the word Sign: Like and Unlike 
"Signs. The word sign is often used to denote exclusively the signs 
+ and —. Thus, when we speak of the sign of a term we mean the 
-plus or minus sign which stands before it. 


Two signs are called like when they are both + or both —, other- 
wise they are called unlike. Thus, in the expression az? + bz — cy + d? — f, 
-the signs of the 3rd and 5th terms are like as also those of the Ist, 2nd 
* and 4th, whereas the signs of the 2nd and 3rd terms as well as those of 
-the 4th and 5th are unlike. 


| 
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23. The Signs 2, <, `. and ... The sign > when placed 
between two quantities indieates that the quantity on the left of it is 
greater than that on the right. Thus, a+b > cd means,that a+b is 
greater than c- d. 


The sign < when placed between two quantities indioates that 
the quantity on the left of it is less than that on the right. Thus, 
at+a<bt+y means that а +2 is less than b+y. 


. The sign '.' is used as an abbreviation for the word because or 
since, - 


: The sign .’. is used as an abbreviation for the word therefore or 
hence. 


CHAPTER II 
POSITIVE AND NEGATIVE QUANTITIES 


24. Quantities of the same class, but of opposite character. 
When we speak of a quantity of money, it may be either a gain or 
a loss, a receipt or a payment. Now, it is quite clear that whilgb a gain 
adds to our stock, a loss lessens it; moreover, gain and loss are во 
related that if we gainas much as we lose the effect on our stock 
is nothing. Hence, a quantity of money which forms a gain is said 
to be opposite in character to a quantity which forms a loss. 


When we speak of a distance measured from a point, it may be in 
either of two opposite directions, either towards the north or towards 
the south of the point, either towards the east or towards the west of 
the point, either towards the north-east or towards the south-west of 
the point; and soon. Τί is also clear that distances measured towards 
the east are so related to those measured towards the west that if we 
first walk any distance towards the east and then walk an equal distance 
towards the west there will be no change in our position with respect to 
the starting point. Hence, a distance measured in any direction is said 
to be opposite in character to that measured in the opposite direction. 


Thus, in the first illustration, in so far as a gain and a loss are both 
looked upon as portions of money, they are said to be quantities of the 
same class, but as they affect our stock in directly opposite ways (a gain 
increasing anda loss diminishing it) they are said to be of opposite 
character. Τα the second illustration, a distance measured towards the 
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south of the point as well as one measured towards the north may both 
be styled distance, and thus far they are said to be quantities of the same 
class ; but when we consider the directions in which they are measured 
they must be regarded as opposite in character. 


25. The Signs. Plus and Minus under a new aspect. It has 
been shown in the indroduction how concrete quantities are represented 
by numbers. It now remains to be seen how quantities of the same 
class but of opposite character are distinguished in their numerical 
representation,’ 


> 

When. we consider any: pair of such quantities, we prefix the sign 
+ before the numerical measures of one, and the sign — before those of 
the other. Τί is quite immaterial which of the two quantities, we select 
for representation by numbers preceded by the sign +, but when 
we have once made our choice, we must stick to it throughout any 
connected series of operations. The following example will illustrate 
the principle : 


Income and debt are evidently quantities of opposite character. If 
then we choose to represent incomes by numbers preceded by the sign 
+, we must represent debts by numbers preceded by the sign —, and 
vice versa, 


Hence, if in any problem we choose the sign + for incomes and the 

sign — for debts, +38, +45, +90 will respectively represent incomes of 

0, £45 and £90 whereas —30, —45, —90 will represent debts of £30, 

£45 and £90 respectively, a £ being the unit. But if the contrary choice 

be made +10, +25, +36 will respectively represent debts of £10, £25 

and £36 and —10, —95, —36 will represent incomes of £10, £25 and £36 
respectively, 


Hence, generally, if a represent a portion of any quantities, —a will 
represent an equal portion of the quantity opposite in character to it. 


Graphical Illustration : 
A D ο ο Β 


Suppose, 4B is a road. If а person starting from any point О on it 
travels towards В to any point О and then travels back to О, it is evident 
that his position on the road is just the same at the end of his journey 
ав at the commencement. Thus, it is clear that distances measured 
along the road from left to right are opposite in character to those 
measured from right to left. Accordingly, if distances measured from 
left to right be represented by numbers preceded by the sign +, those 
measured from right to left must be represented by numbers preceded 
by the sign —, and vice versa. 


On the other hand, if we choose the sign + for distances measured 
from right to left, distance of —3 miles from any point © will mean 


ee 
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a distance of 3 miles measured from О towards the right ; again, if 
a mile be the unit of distance, and if C and D be two points on opposite 
sides of О at distances of 5 miles and 4 miles respectively then the 
ee 9р, 20, CD and DC will be respectively represehted by +4, 
-δ, +9 and - 9. 


. From the above distances it is quite clear that the signs + and —, 
besides being used as signs of the operations of addition and subtraction, 
are also used as signs of distinction between quantities of opposite 
character. The signs when used in this sense are often called signs of 
affection, . 

N.B. When no sign is prefixed to а number, the sign + is understood ; thus, 
a and +a have the same meaning. 

26. Positive and Negative Quantities. Numbers or symbols 
preceded by the sign + or no sign are called positive quantities. 
Whilst those preceded by the sign — are called negative quantities. 
Thus, each of the expressions 4, +6, а, +b, +c is a positive quantity, 
whilst each of —4, —6, —a, —b, —c is a negative quantity. 


Hence, the signs + and — are often respectively called the positive 
and negative signs. 

Note 1. In ‘positive and negative quantities’ the word quantity is used in the 
sense of number. There is no difficulty however in understanding a negative number, 
when the explanation given in Art, 25 is remembered. 

Note 2. The absolute value of a positive or a negative quantity is its value 
considered apart from its sign. Thus, if a stands for 5 and b for 8, +(ab) and — (ab) 
have the same absolute value, namely, 15. 

N.B. It is important to bear in mind the meanings of such expressions as 
‘a gain of — 220", ‘a rise of —8 inches’, ‘a distance of —5 miles to the north’, dc. 
The expressions respectively mean ‘a loss of £20’, ‘a fall of 8 inches’, ‘a distance of 
5 miles to the south’, с. 

EXERCISE 5 

1. If£4 be the unit, what is meant by " A's gain —95" ? 

9, If a traders loss of £30 be represented by 30, what will 
represent a gain of £70 ? 

3. Τί ап income of £60 be represented by 15, what will represent 
а debt of £100 ? 

4. If а debt of 8100 be represented by 96, what will represent an 
income of £400 ? 


5. Ifadistance of 75 miles to the north of а point be represented. 
by 15, what wi represent a distance of 150 miles to the south of it ? 


1—2 
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6. Ifariver level rises 19 inches on апу day, falls 9 inches the 
next day, and again rises 15 inches on the third, how would you represent 
the rises on successive days, taking 3 inches as the unit of length ? 


7. Aman gains Rs. 30 in one year, loses Rs. 20 in the second 
ear, loses Rs. 40 in the third year, and gains Rs. 60 in the fourth year ; 
ow would you represent his gains in successive years, taking Rs.2 

a8 the unit ? 

8. In the preceding question, how would the man's losses be 

represented 


OHAPTER III 
FOUR SIMPLE RULES 


I. Addition 


27. Definition. When two or more quantities are united 
together, the result is called their swm and the process of finding the 
result is called addition. 


Note. As negative numbers are not recognised in Arithmetic, there is clearly 
а difference between the Arithmetical and the Algebraical significance of the word 
addition. Hence, when we speak of an Algebraic sum, we mean that quantities 
added together are not necessarily all positive. 


28. The result when one positive quantity is added to 
another. Suppose, B’B is a road and that distance measured from 
left to right are reckoned positive whilst those measured in the opposite 
direction, negative. 

B' At о А в 


А Suppose, О, А and В are three points оп the road such that ОА is 
2 miles and AB is 3 miles ; then, if а mile be the unit of distance and if 
A and В be situated as shown in the figure, ОА and AB will be respec- 
tively represented by +2 and +3. 


If then а man starting from O travels to 4 in the first hour and 
from А to B in the second hour, his distance from О at the end of two 
hours is evidently OB and will therefore be represented by 4-5. 
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Hence, since ( the distance travelled in the 1st hour )+ (the distance 
travelled in the 2nd hour )=( the distance travelled in two hours), we 
have (+2)+(+3)=5. 


Hence, generally speaking, (+a)+(+b)=+(a+b), or more simply, 
(a)+(b)=(a +b). 

Thus, when two positive quantities are added together, the sum is 
a positive quantity whose absolute value is equal to the arithmetical sum 
of the absolute values of those quantities. 


29. The result when one negative quantity is added to 
another. Suppose, in the above figure OA’=2 miles and A’B’=3 miles, 
and that A’ is on the left of O and В’ on the left of A’ as shown in the 
mss id distances OA’ and A'B’ are respectively represented 

y —A and —9. хі 


ТЇ а шап starting from О travels to A’ in the first hour and from 
А! to B' in the second hour, his distance from О at the end of the second 
hour, will evidently be OB’ and will therefore be represented by —5. 


Hence, since ( the distance travelled in the 1st hour )+( the distance 
travelled inthe 2nd hour) = (the distance travelled in two hours ), we 
have (—2)+(-—8)=—5. 

Hence, generally speaking, (—a)+(—b)=—(a+6). 

Thus, when two negative quantities are added together, the swm is 
a negative quantity whose absolute value is egual to the arithmetical sum 
of the absolute values of those quantities. З 

Example 1. Find the sum of —a, —bc, —a*b, when a=2, b=3, 
ο-δ. 

We have a=2, bo=3x5=15, a*b=9° х3=19, 

Hence, (—a)+(—be) + (—ab) =(—2) + (—15) +(—12) 

= —(2+15+12)= —99. 

Example 2. Find the value of (—8¢)+(-a°d)+(b+f+9), when 
a=8, b= -9,074, d=5, f=—6, g= -8. 

Wehave b+f+g=(-2)+(-6)+(-8) 

=—(2+6+8)=—16; 

also, 9865-19, 

апа 034-3? x 5=27 x 5—135. 

Hence, the given expression (- 12) (— 135) (— 16) 

= —(19+185+16)= — 162. 
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EXERCISE 6 
1. Find the sum οἱ —2, —9 and -11. 
2. Find the sum of —5z, —y and —2, when z—2, у=8, 2=5. 
3. Find the sum of —7, z and y, and find the result of adding it 
to -10, when z= —5 and у= —19. 

4. Find the value of 2a—3(b+c), when а= —5, b=2, c—1. 

„5. Find the value of (—a?*c*)--(- a*5?) - ( — (οὔ — a?)], when a=2, 
258, c=4, 

6. Find the sum of —3a?5?, d, e, —90c? and (d+e), when a=], 
6=2, c=3, d= —4, e= —5. 

7. Find the sum of —a*(b—-c), —b*(c-a) and —c*(b—a), when 
079, b=5, c=4, 

8. Find the value of {—(a?—b*)}+{-(a-b8)}+{-(a*—b*)}, when 
478, b=5. 

9. Find the sum of —-2*(y?—2?) —y%(z?-2?) and —z*(y?—2?), 

when ὦΞδ, y 76, 2=5. 

10. Find the sum of —{a*+b*—c*}, —ía*--(b*—c*), —fa*— b*xc*l 

and —{(a*—b*) хс“, when a=60, 0Ξ-4, c—9. 

90. The result when a negative quantity is added to a 
ositive quantity. In the figure of Art.98 suppose а man starting 
rom O travels to B in the first hour and from В to Á in the second 
hour; then, the distances travelled in the first and second hours 

will be respectively represented by +5 and —3, and therefore, the 
distance from O at the end of the second hour will be represented by 
(++5)+(—8). But the distance of the man from О at the end of the 


second hour ( 2.е., OA ) is also evidently represented by +2. Hence, we 
- have: (4-5) +(-3)= +9, that is, = --(5—3). 


Again, if the man starting from O travels to B in the 1s& hour and 
from В to A'inthe second hour, then, the distances travelled by him 
in the 1st and 2nd hours will be respectively represented by +5 and 
—7, and therefore his distance from 0 at the end of the second hour 
will be represented by (+5)+(—7). But his distance from О at the end 
ofthe second hour (т.е, OA’) 15 also represented by —2. Hence, we 
have (45) (77) —2, that is, = --(Τ--δ). 


Thus, generally speaking, we have ( -a)--(—5)— Ε(α-- ϐ) or, — (ba) 
according as b is less or greater than a. In other words, ifa positive 
and a negative quantity be added together, the sign of the result 
is positive..or negative according as the absolute value of the negative 


poe 
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quantity is less or greater than that of the positive quantity amd the 
absolute value of the result ¿s always equal to the difference between the 
absolute values of the quantities. 


Cor. 1. Since, a+(—b)=—(b—-a) when bis greater. than a, put- 
ting a=0, we have +(—b)=—b; that is, to add a negative quantity is 
the same as to subtract its absolute value, and conversely, to subtract 
α positive quantity is the same as to add a negative quantity having the 
same absolute value. 

Note, Hence, there is no difficulty in finding the value of a—b when bis greater 
thana; fora—b can always be taken to be equivalent to at+(—b), and the latter is 
equal to —(b—a) when b is greater than a. Thus, 8—8=8+(—8)= —(8—8)= —5. 

Cor. 2. From Cor. 1, it is evident that the sum of any number 
of quantities can be expressed by writing down the quantities one after 


the other with their respective signs. Thus, a—b-c-d means the 
same as a--(— b) - c (d). 


Š Кре 1. Find the value of a—3b+2c—7d, when a=2, b=4, 
ο-δ, d=1, 
a—8b+2c—7d=a+(—3b)+2c+(-7d) 
=2+(—12)+6+(-7)=—-10+6+(-7) 
=-4+(-7)=-11. д 
Example 2. Find the value of a?b—b?ctc*d—d^a—bc?, when 
a=], b 792, с=3, d=4. 
The given өхр.= (1° x 2)—(2? x 3) - (8? x 4) - (4? x 1)- (2x 3?) 
=9—19+36-16-18= —10--36— 16-18 


-96-16-18-10-18- -BSCE R.T., West Bengal 

EXERCISE 7 Φαιβ.........--ν-.- mI 

1. Find the sum of 117 and —114. 
2. Find the sum of 218 and — 223. 


3. Find the value of z—y +z, when 2—8, y=25, 2—13. 


4. Find the sum of 8, —6y, 92, u and 140, when z=2, y=5, 
z=1,u=3,%= —2. 
5. Find the value of 8ж—5%+6@+7, when m=4, n=6, q—2, 
8. 


Асс. No.................... 


6. Find the sum 
с . 
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7. Find the value of 2z?y — 3y?z — 5z?y* - z*y*, when а= у=9. 
8. Find the value of a? —3a?b-- 3ab? — b°, when а=8 and b=5. 
9. Find the value of m5—5m*n-*10m?n?—10m?n? + 5mn* —n^, 
when m=4 and n6. 
- 10. Find the value of a? – 6050 4- 15a*b? — 90a*b? + 15a?b* — 6ab5 + D^, 
when a=3 and 52. 
any number of quantities are added together, 


t 91. When 
the result will be the same in whatever order the quantities may 
be taken. 


i Suppose, a man starting from a place travels 6 miles to the north 
and then travels back along the same path 8 miles to the south. Then 
s position at the end of the journey is 2 miles to the south of that 
place. 


'. , Again, if the man first travels 8 miles to the south and then travels 
6 miles to the north, then also atthe end of the journey he is still 
2 miles to the south of the place. 


Thus, we have 6+(—8)=(—8)+6, each being equal to —9, or, more 
briefly, we have 6—8— —8--6, and a similar result in every other case. 

Henoe, generally, a-b- -bta. 

Again, since 9-10+6= -8+6= –2, 

and also —10+6+9= -4+9= --ᾱ, 

we have 2-10+6=-10+6+2, and a similar result in 
every other case. 

Hence, generally, a— b c7 —b- ca. 

Similarly, it may be shown that 

a-btc-dte-f-atcte-b-d-f 
--bte-d-ftcta 
=k. ἃς, ke, 

32. When any number of quantities are added together, they 
can be divided into groups and the result expressed as the sum of 
these groups. 

We have 

38-7-8+6-4+2=-—4-8+6—-4+2=-12+6-4+2 

=-6-4+2=-10+2=-8; 

(3-7) +(—8+6)+(—4+2)=—4+(—2)+(-2)=-8; 

3+(-7-8+6)+(-4+2)=3+(—9)+(-9)=-8; 

3+(-7-8)+(6-4)+2=3+(-15)+2+2= -8. 


nt]. FOUR SIMPLE RULES 38 


'Thus, we haye 

3-7-8+6-4+2=(3-7)+(-8+6)+(-4+2) 
=3+(-7-8+6)+(-4+2)  * 
-8*(-7-8)*(6-4)*2, 

and similar results in all other cases. 

д Hence, generally, the expression a+b-c—d+e-f+g can be put 
in any one of the following forms : 

(1) (a+5)+(-c-d)+e+(-f+9) Ў 

(2) a+(b—c)-d+(e—f+g) 

(8) (at+b-c)+(-d+e-fl+g 

(4) a+(b-c-d)+e+(-f+9g) 

(5) (a+b-c-d)+(e-f+9), 

&e. “е. «е. 

Соғ. 1. Conversely, we have (a+b)+(-c-d)+e+(-f+g) 

=atb-c—d+e-f+g. Hence, the following rule : 

To add together two or more algebraical expressions write down the 

terms in succession with their proper signs. 

Cor. 2. Since, a—bt+e-d+e—f=atcte—b-d-f [ Art. 81] 

=(at+ct+e)+(—b-d-f), we have the following rule : 

When any number of quantities are to be added some of which are 

positive and other negative, collect the positive terms in one growp and 
the negative terms in another, and express the result as the sum of these 
two groups. 

Thus, 3-7+8-9+5-6=(3+8+5)+(-7-9-6)=16+(-22)= 29, 

Example 1. Simplify 5a—3b--9c- 4a 2b — Tc. 

The given expression—5a - 4a — 8b * 2b +90 — Ίο [ Art. 81] 
—(5a—4a)-4- (7 8b--9b)4-(2c- 7c) [ Art. 82] 
=а+(—)+(—бо)=а—Ь-— &. 

Example 2. Simplify 3a?b--55?c— 6c*a 104° — Tb^c + 8c7a + 4a?b 

= baa rota, 

The given expression 

—3a2b — 10a2b 4-4a2b +5b2c— 7% — b"c- 6c?a- 8*a- c*a 
=(3a2b—-10a2b+ 4026) + (562 — 1b?c — bc) + (— 6c*a- οσα +c7a) 
=(—7a2b +4a2b) + (— 9b*c — b*c) + (до®а c*a) 

=(—3а°8) - (- 8830) + (8c?a) = — За?Ь – 3b?c + Зс?а. 
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Note. In the process above, it must be noticed that when like terms are added 
together, the result is obtained by annexing the common letters to the sum of the 
numerical coefficients. For ‘instance, we find that bb*c—'lb*c—b*c— – 30%, and 
evidently, —8 is the sum of the coefficients 5, —7, and —1. 


Example 3. Add together 3a-2b+c and —5d--6e—f, and find the 


numerical value of the sum, when a=2, b=1, c=3, d=4, e=7, f=5. 

We have (3a—2b+¢)+(—5d+6e—/) 
=3a—2b+e—5d+6e—f=6-2+3-20+42-5 
=(6+3+42)+(-2-20-5)=51+(-27)=24. 

93. The ordinary rule for adding together compound expres. 

sions. Put the expressions under one another so that the different 

sets of like terms may stand in vertical columns and draw a line below 
the last expression; then add up each vertical column and put the 
result below it. Tho following examples will illustrate the method : 


Example 1. Add together 32-56 + Tc-9d, — 80 + ба — 8d + ТЬ, 
4d+2c—a and 2b — 8ο 1-0ᾷ. 
The first expression= 8α-- δύ1-Το-- 9d 
The 2nd expression=  5a--7b-8c- 3d [ Art. 81] 
The 8rd expression- — a t 2c 4d 
The 4th expression— 2b —3c 4 6d 
ae The sum=  7a-4b—-9c-9d 
Example 2. Find the numerical value of the sum of 20a%b° 
—25b%c* +d", —998*59--1909:*—3d" and 9023+ Tb*c*--9d", when 
a=498, b=3, c=2, d=19, 
The first expression= 904255 —95b3o*-+ q7 
The 2nd өхргеввіоп= — 29403 +19b%¢*—3q7 
The 8rd expression- 94° 7844-9471 
The sum= 080% 
-85 x 9*=97 x 16=439, 


EXERCISE 8 


D 


Simplify the following : 

1. 92+3у-2-30-9у+2, 9, 9m? – Tn? + 5p? +8n° — 4p? — 892. 
8. 8a*—5a*b— Τα" + 5c* — 94? 4-Ga?5 — 4c?, 

4. 3abe—5c? + 6mnp? — abc-- Tc? — 9mnp? — 9:2, 

5. —Ta?*b—5b?c? + 10835 — 803οἳ + 3df — 43b — 5? ? — 547. 

6. ο μα -90x*y* -9ryz ης 4шуг+ oz? y?. 


-— 
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7. 9a%be-7b2ca+5c2ab+ 8b*ca — 5a? bc — ο” ab. 
8. 9028 –93т3п + 14n8am – ЗТ πο — Tn? zm +54m ne 
— Ba?mm 4- 19n*zm — 15m? na + 90n? am. 
If a=9, b=10, c=12, d=5, k=2, m=3, n=4, z=6, y=, 2=8, find 
the numerical value of the sum of : 
9, —k+3m+5n and 5d—4a—6y. 

10. 5m—2y—7b—8e and 3d+a—-10a. 

11. 31°, —5m?+7n?, —9m+5b—e and 10d 7а. . 

19. —9k-8m-4n, —d—5z--6y and 32—5a — 3b * 5c. 

13. —kmtaz, bo—4md+y, —n?-d?+ab and 6kn—5y-— Tet т. 

14. X*m-dmnz, by?-ckm-g°d, —bz+3a2—9m*d and 5n°—Tbde 
*- 2ak? — 3b*d. 

15. 3m*b-5a?z—4bD3z, —18h°b+422d—-Td?m, — — боп +80%у+91% 
and 5az? – 700 — 4x? b + 8adn. 

Add together : 

16. a-9b--5c and – 72+ 3b — &c. 

17. —8e+5y—9z, 5z - ὃν * Tz and —2y +z. 

18. «3-32? - 5-4, 923 — 622+ 70-8, — 2% +70 — 95-9 and 52° 42. 

19. 3a-9b--7c — 8d, 2c+6d—5a, 3b-- d— 10e, c - 4b-* a and — Td 5b. 

90, х°+9лу+8у#—т+у+9, —5z*-y?495-5, —-9zy- Ty? +8yt1 
and 62*-- vy -z —4y +2. 

If a=5, b=4, α-8, y=7, find the numerical value of : 

21. (8x2 + 5y® —90a? - 4903) + (17a? — 275° -9853) + (— y5-- 8b? —3a?) 
-- (—9953 — 4y5 + Ta? +9025). 

99, (10a? — 96z5y* + 80x55 + 17a5y") + (85zy* + 16a*y" — 304a* 
— 98095) -- ( — 8a*y* —925y* — Ta 05) + (5295 — 95a* y" + 28907). 

93. (9a2—7b% + 97? —18y? + 1δαδ- 91αν) + (50° + 8° + 17у θα” 
—8ab - 9053) + (132% — 90ab + ба? — 16zy — 10y* -953) + (18ab — 99» + 8b? 
-F93zy а +18y?). 

94. (99abx—39bzy-- 49xya —59yab) + (29bay + 49yab — 19abx — 89zya) 
+ (Baba — 19a + bay + 24yab) + (Baya + 4bay — Ίϑαζα — 14уађ). 

95. (18α5δ5- 4857α» + 62x? y? —99abzy) + (89abzy + 28b*z* — 95a*b* 
= 49233) + (19522? + 3Ta?5? — 95abzy + 852? y?) + (Gabry —29a*b* — 55x? y? 
4024). 
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П. Subtraction 


34, Definition. Any quantity b is said to be subtracted from А 
any other quantity а when a third quantity c is found such that the ^ 
sum of b and c is equal to a. In other words, c=a—b, when c ig’ 
such that-b+c=a, 


The quantity from which another quantity is subtracted is called 
the minuend and the quantity subtracted is called the subtrahend, The 
result is called the difference or the remainder. Thus, if a—b=c, a is 
the minuend, b the subtrahend and с the remainder. 


35. To subtract a positive quantity is the same as to add 
а negative quantity having the same absolute value, and to subtract 
а negative quantity is the same as to add a positive quantity having 
the same absolute value. 

Since, 3+4=7, we have 7-3= 4=7+(-8), 
again, since 6+(—2)=4, we have 4--6----9--4-Ε{--θ). 

Hence, generally, a—b=a+(-b); i.e., to subtract a positive 
quantity is the same as to add a negative quantity having the same 
absolute value. [ See Art. 30, Cor. 1] 

Since, (—3)--5—9, we have 2-(—3)=5 [ by definition ]=9+3, 

similarly, since (—6)+(-4)= —10, 

wehave | (-10)-(-6)- -4-(-10) 6. 

Thus, generally, since (—5)--(a--5)—a, we have a— (-b)=a+b; 
i.e., to subtract a negative quantity is the same as to add a positive quan- 
tity having the same absolute value. 

Note. One quantity a is said to be greater than another quantity b when a—b 
is a positive quantity. Thus, —4 is greater tham —5 for (--4) --(--δ)Ξ- —4+5=1. 
Similarly, —5 > --π, 10 > —90 ; and so on. Hence, in the series 5, 4, 8, 2,1, 0, 
—1, —2, —8, —4, —5, —6, —7, —8, £c., each number is less than the one before it, 

36. Illustration. Suppose, AD is a railway line running from 

A ο Β ς D 
= 
west to east, and А, О, B, C, D are stations on it such that AO=OB= 


20 miles, В0=30 miles and CD=10 miles. Suppose, a man travels from 
O to C in two days. 


Then evidently, (the distance travelled on the first day )+( the 
distance travelled on the second day )=50 miles ; and hence, by defini- 
tion, 50 miles—( the distance travelled on the first day )=the distance 
travelled on the second day. 


Now, (i) if on the first day the man travels from O to B, ἠ.δ., 
travels 20 miles towards the east of О, then on the second day he has 
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to travel from B to О, a distance of 30 miles more towards the east; thus, 
we have ( 50 miles ) — ( 20 miles )=80 miles. 


Gi) If on the first day the man travels from О to A, 1.e., travels a 
distance of 20 miles towards the west, then on the second day he must 
travel from A to С, a distance of 70 miles towards the east; thus, we 
have ( 50 miles )—( —20 miles )=70 miles. 


(iii) Again, if on the first day the man travels from О to D, t.en 
a distance of 60 miles towards the east, then on the second day he must 
travel from D to О, i.e. a distance of 10 miles towards the west; ihus, 
we have ( 50 miles ) — (60 miles )= — 10 miles. 


Hence, taking a mile as the unit of distance, we get the following 
results : 


50- 20= 30 
50-(-20)= 70 
50- 60=-10 


Example 1. Find the value οἱ a- b+c, when a=5, b= -2, e= - 8. 
a-b*o-5-(-2)* (73) 
=5+9-3=4. 

EUM 2. Find the value of -a—(—b)+c, when a= -2, b= -3, 
e= -4, 

Tho given expression= —a+b+e 
-(-9)+(-3)+(- 4) 
2-3-4=-5. 


Ш 


1 


EXERCISE 9 
Tf a=3, b= -5, c=—6, d= -8, find the values of: 
1, -atb-ct+d, 2 at(-b)tc-d. 3. c-d-(-b)-a, 
4 c-(-d)+b-a. 8. -(-a)+b-(-c)-d. 


Ti m= —47, n=50, ας —154, y= — 234, find the values of: 
6. n-m-(-2)- y. T. -(-m)ty-(7n)- a. 
8. -(-2)*m-y-(-n) 9. -(-y)-m-z-(-n. 


10. -(72)-y-(-2)-m. 

37. Toprovethat a-(b+c)=a-b-¢, 
and a-(b-c)-a-b-c. 

Since, (b+c)+(a-b-c)=a, 

-. by definition, a-(b+c)=a-b-c. 
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Again since (b—¿) +(a-b+0)=a, 
E a&-(b-c)-a-b4c.* 


result of subtracting 2a+3b—5e from a~2b+c=a—-2b+c—Ia-3b+5¢ 
b+ 6c. 


Example 1, Subtract —За+95— 5c from 2a+b—B8o, 


The read. result.—2a.-* b —8c-- 3a — 954- 5c 
= (2a+8a) + (b — 9b) + ( -80 + 5c) 
75a (- Db) - (- 3c) 
Ἔδα--ὂ--8ο, 


Example 2. Subtract 94° +3ab—-5b? from —3a + 2ab-4b°. 


The reqd. result = — 342 + 2ab — 45? —95? — 905-552 
=(—Sa° — 2a?) + (245 — Sab) + ( 452 +552) 
= —ba*—-ab4-D?, 


every term of the Subtrahend to be changed, write down the sum of 
each vertical column underneath it. 


Example 1. Subtract -9;2 *8ry — у? from z? —Qey + 3y?, 
The minuend = 2? —Qny + 3y2 
The subtrahend = -2z Ἔϑαγ-- y? 


".  Theremainder = 3z? —5zy + Ay? 


Note. It must be noticed that the signs of the terms of the subtrahend are not 
actually altered in the Process, but they are supposed to be altered and the operation 
of combining each air of like terms is Performed mentally, 


*When a, b, c are all positive quantities and a is greater than b,and b is 
greater than c, the following proof is generally given of this result in most treatises 
on Algebra ; 

If we subtract b from а, We get a—b, but we thus subtract too much from a 
for we have to subtract, not b but a quantity which is less than ф by c. Hence, we 
must add c to this result ; thus, a—(b—c)=a-b+¢, 
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Example 2. Subtract a? —3ab--5z?— y? from 32° -2y* — Τα". 
The minuend = 312° +92 – Та? 
The subtrahend= 5z°— y?+ αἲ Заһ s 
The remainder = -2g° + 3y* — 8a? + Зар 


EXERCISE 10 
Subtract : 
1. a-b-c from 3a+2b-c. 2. 2a—5b+4c from -ᾱ-90 48ο. 
9. -—a+y—2 from 90-99-42. 
4. 5m?—6m+3 from 7m? —8m - 1. 
5. 2% 90° +32° from 3z? — y? +227. 
6. 4y*-c4zy —2z? from 2y? —3zy γα”. 
7. —8a?+2ab—7b? from a? —5ab - 803. 
8. —2be+6c* — Say from bbc - c? - 9zy. 
9. 20° – 42° +72 16 from z? - 8z* -6z 4 T. 
What is to be added to : 
10. 2+9у +2 to make 2? 11. -2x+5y-4z to makeztytz? 
12. 3m?+5m—6 to make m? ? 
13. a?-3a?b-3ab? +b? to make αὖ + bš ? 
14. a*-—9a?b? - b* to make at + δ΄ ? 
15. What is to be subtracted from a? — 3a?b-- 3ab? — b° 

to make a? — b? ? 

39. Removal and Insertion of Brackets. 
(a) The laws for the removal of brackets are : 


(i) If any number of terms be enclosed within a pair of brackets 
preceded by the sign +, the brackets may be struck out as of no value ; 


(ü) If any number of terms be enclosed within a pair of brackets 
preceded by the sign —, the brackets may be removed provided that the 
Sign of every term within the brackets be changed, namely, + to —, and 
SERO ED 

The reason is obvious, for any expression, included within brackets . 
preceded by the sign +, has to be added to, whilst one, enclosed within 
Aue preceded by the sign —, has to be subtracted from what goes 

eiore. 

Thus, a—b*t(c-d*e)-a-btc-de, 

whilst à—b-(c-d*e)-a-b-ctd-e. 
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(b) The laws of insertion of brackets ате: 


(i) Any number of terms in an expression may be enclosed within 
a pair of braókets, with the sign + prefixed ; 


(ii) Any number of terms in an expression may be enclosed within 
a pair of brackets, with the sign — prefixed, if the sign of every term 
put within the brackets be altered. 


Thus, a—b+ce-—d+e-—f=a—b-(-ct+d-et/). 
Note. We often find brackets within brackets as in the expression 2a— [3b — 
{46 -ι(δᾶ-- 6е)}] ; here it is meant that the expression within the braces ( ) is to bo 
subtracted from 3b and the result thus obtained is to be subtracted from 2a ; whilst 
the expression within the braces is to be found by subtracting the expression within the 
parentheses ( ) from 4c. 
When an expression of this kind is to be cleared of brackets, it is best for 
а beginner to remove first the innermost pair, then the innermost of those that remain, 
and so on ; and lastly the outermost pair. 
Example 1. Simplify a—{b—(c-d)}. 
a—{b-(c—d)}=a-{b-c+d}=a-b+e-d. 
Example 2. Simplify а-[5-{с-(4-е)}-Л. 
a-[b-{c—(d-e)}—f]=a-[b-{c-d+e}—f] 
=a-[b-c+d-e-fJ=a-btc—dt+ertf. 
Example 3. Simplify a--[-5—1c- (d - 4j) - g] — A]. 
a*[-b-ic- (d- J) - d - h] 
=at[-b-{e—(d-e+f)-g}-h] 
-at[-5-ic- dt e-f-g] - 1] 
=at[-b-ct+d—e+ft+g-h] 
=a-b-c+d-e+f+g-h. 
Example 4. Simplify 2@—[8а+{4Ь— (2a — 5) +5a) — το]. 
The given expression =2@— [8а+{40—9а+Ь+5Ба}—ТЬ] 
72a — [3a + {5b + 8a} - 7b] 
72a — [3a -- 5b - 3a — 1b] 22a — [6a — 9b] 
=2a -6a +2b= —4a4- 9b. 
Example 5. Simplify a-[-b-{c—(d-e=f}], first removing [], 
* then { } then ( ), and last of all the vinculum. 
a-[-5-1c- (d- e- DH a* b-ic- (d - 5—5) 
=a+b+e-(d- —7) 
=atbt+c-d+e-f 
=a+b+c-d+e-7Tf. 


au lame ааа 
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Note. The expression within [ ] consists of two terms namely —b and 
—{c—(d—e=f)} ; hence, when this pair of brackets, which is preceded by the sign --, 
is removed, we get b+{c—(d— e—f)}. А similar reasoning applies totthe removal of 
other brackets. It must be noticed carefully that only one pair of brackets is to be 
removed at a time, 

Example 6. Simplify [a—{b-(c—d)}]-[2a—{3b+ (2c—4a)}]. 

We have a—{b-(c—d)}=a—{b-c+dt 

—-a-btc-d; 

and 2a—{8b+(2c—4d)}=2a—{3b+2c— 4d} 

=2a-3b-2¢+4d. 

Hence, the given expression 

=[a-b+¢e-d] - [2a — 3b — 2c 4d] 
=a-b+e-d-2a+3b+9-44 
= -—a+9b+89c— δά. 

Example 7. Of the expression a+b-—c+d-e-f enclose the first 
three terms within a pair of brackets and the last three in another, each 
preceded by the sign —, and then put the last two terms of each of these 
bracketed expressions within an inner pair of brackets preceded by the 
sign —. 

According to the given directions, 


at+b-ct+d—e—f=—{-a-b+ch-{-d+ertft 
=—{-a-(b-c)}-{-d-(-e-/)}. 
EXERCISE 11 ; 
Simplify : 


1. 2a-3b-(4a-6b)+(-2a+5b). 
2. c*(-y*4z)-(-9z*8y) 8. —(5c—-y)* (78x y) - (2y — 62). 
4. 3a—6a-(8b—a), 5. —a-19b-(6a--45)l. 
6. 9ᾳ--ἱδὺ -- 75—94}. 7. 3-15-(6- 7-9). 
8. -82-[-8-1-4-(-5-0)H. 
9. -a-[-3b-1-2a-(-a-4B)]. 
10. a—[2b—{8e—(a — 26 — 8c). 
11. 3z—[5y (102 - (5r — 10y 320}. 
12. -a-[-5-i-c-(- a-b-c)Hl. 
Simplify the following expressions removing the brackets ‘in the- 
reverse order, t.e., the outermost first and the innermost last : 


13. 92x—[5y - 19 - (10y — 42H. 14. —65a-[8b—16a - (65 — 7a)].. 
15. -T7m- [3n - (8m - (4n - 10m)H. 
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16. —-2a-[-4b-(-6c-(-8a- —105—19с)}]. 
17. -ϑα-[-ὄγ-{-Ία-(-θο- -11y - 132). 
18. -92z-[-4y-i-6z-(—-8z— –5у-72)}). 
19. -z-[-8y*i-5z-(-9z-- —4у—6)}]. 
20. -2a*[-5b-1-8c*(—-3a- =6b+90)}. 
21. -zt([-5y-(-92*(-3z- — Ty l12)l]. 
Simplify : 
22. {2a- (90--δο)ἱ - [a — (2b — (c — 4α)ὶ -- Το]. 
23. [r-iy-(z-2)1 - (y 2)] - [e - (z - (y - ο]. 
94. [2a-(b—0c) - 13b — (2a —c)) - 12a - (c -45)] 
-[-85 - (2a — 4c) {6c — (8b — 8a) — 1 — 5c + (6a — 70)}). 
In the expression a-b-c-d-m4n-zty-2: 
25. Include the 2nd, 3rd and 4th terms in a pair of brackets 


preceded by the sign —, and the 5th, 6th and 7th in a pair of brackets 
preceded by the sign +. 


26, Include all the terms after the 1st in a pair of brackets preced- 
ей by the sign —, and of the expression thus enclosed put the last four 
‘terms within a pair of brackets preceded by the sign +. 


27. Enclose the first five terms within a pair of brackets preceded 
by no sign and the last four within a pair of brackets preceded by the 
sign —, and then put the last three terms of each of these bracketed 
expressions within a pair of brackets preceded by the sign —. 


28. Enclose every three terms from the first in a pair of brackets 
preceded by the sign —, and then put the last two terms of each of these 
bracketed expressions within a pair of brackets preceded by the sign —. 


ΠΠ. Multiplication 


40. Definition. One number is said to be multiplied by another, 
‘when we do to the former what is done to unity to obtain the latter. 


Thus, since 4=1+1+1+1, we must have 
4х2 or 42=2+2+2+0. 


Similarly, 4х5=5+5+5+5 = 90 
3х6=6+6+6 = s) ө eI 
5x3-843434343 = 15 
8х(—5)=(—5)+(—5)+(—5) =-15 
i«C3-CasCas-asca--n UH 
5х(—4)=(—4)+(—4)+(—4)+(—4)+(—4)=—90 
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Again, since —4=-1-1-1-1, we must have 
(-4)xz=-z-z-z-—m@. 
Similarly, = 
(-4x5-2-5-5-5-5  --90 
(-3)x67 -6-6-6 zl III 
(-5)x8- -3-3-3-3-8- -15 
Also, 
(-8x(-5)2 -(-9-(-53-(-8) 5 
=5+5+5 = 16 
(-4)x(-3)=-(-3)-(-3)-(-3)-(-3) 
=3+3+3+3 „лар ο ЖУ 
(-5)x(-4)=-(-4)-(-4)-(-4)-(-4)-(-4) 
=4+4+4+4+4 = 90 


Тһе number multiplied is called the multiplieand and the number 
by bus it is multiplied is called the*multiplier ; the result is called the 
product. 


EXERCISE 12 


From the definition of multiplication deduce the result : 
1. When 5 is multiplied by 3. 
2. When біз multiplied by 3. 
8. When Qis multiplied by 4. 
4. When -8is multiplied by 4 
Б. When -15 is multiplied by 8. 
6. When -13is multiplied by 6. 
7. When 8is multiplied by —3. 
8. When Tis multiplied by --δ. 
9. When 15 is multiplied by —3. 
10. When -9is multiplied by —4. 
11. When -12 s multiplied by —5. 
12. When -16is multiplied by —4. 


41. The Law of Signs. From the last article it is clear that if 
à and b are two whole numbers, we have 
(Fa) x (4- b) + (ab) 
(+a) x (- b) — – (ab) 
а)х(+Ь)=- (ab) 


(- 
(-a)x(- 5) + (ab) 
` 1—3 
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Thus, the product of two whole numbers is рее or negative 
according as the multiplicand and the multiplier have like or unlike 
igns, x 4 


The same thing can be found when the numbers are fractional. 
For instance, since, —$— -3—1, i.e., since, —1 is obtained by subtract. 
ing a third part of unity, twice, to multiply any number т by —# we 
must subtract a third part of z twice. 
зм E "Θα 
n Hence, (-#)xz= πη 
Similarly (-8)x$- -= -is 
(-θκ(-θ- (4) 


“+з =s ; and so on. 


Hence, We can enunoiate the Law of Signs in a more general way, 
thus : The sign of the product of any two quantities is positive or 
порае according as the multiplicand and the multiplier have like 
or unlike signs, Or, more briefly, thus : Like signs produce +, and 


Cor. Since, (—z)x (-2)=2" and also (+ш)х(+т)=т% we have 
Ма%= +m. Thus, every algebraical quantity has got two Square roots 
which are equal in absolute value but opposite in sign. 


zo Example. Simplify (o*b—cdyc* – д9), when a= —9, p= 78, e= --ᾱ, 
Since, a*b-(-2? x (-3)—4x(-8)— —19, 
and — cd-(-4)x5- —90, 


Р a*b-cd- -12-(-90)- -19+90=8, 100 
se Also, since о%=(—4)%=16, 
D MN die (Bitugs 7c азасы 9: --. (B) 


Hence, from (4) and (B), we haye 
eet (a%—cd)(c* --ᾱἸ--θχ(--ϱ)-- — go. 


М EXERCISE 13 
Find the value of : 
1. ab-cd, when a= -2, b= -8,c- -8, d=6. 
я 2. (ш9—у%)Ь—ашу, when a=], b=-8, 2-4, y= —5. 
* 9. 80°y—B8cy? +ay2, when z=-1l,y=-9,z=-—7. 
4. (-a)b? —ed* Εδί--ο)3, when a—5,b— —7, c=4, d= -8, 


5. —2*(—c)+b%(-y) +408, when α--9, b=-3, c=-1, «=5, 
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6. a*(b—c)-*-b?(c—a)--c*(a— b), when а= –9, b= —5, c= 
7. a*(y—-2)* y? (2-2) 230—0), when z— —8, у=8,г= 


EH s p*(g?—7?)*q*(r—p?)*7*(p*—4?), | when p--8, q=-5, 


9. a?-b?--c? —8abe, when а= -19, b= —13, e= – 15. 


s вд that (а+)5=а5 + 5a*b-- 10a?b? +1043 + 5ab* +b", when 
478, b= —5. » 


42. To prove that ax b=bx a, i.e., b multiplied by а gives the 
same result as а multiplied by b. 
(i) First le& a and b be any two positive integers. 


Place b units in a horizontal row and write down a such rows in 
Such a manner that units in similar positions in the different rows may 


be in the same vertical column ; thus : : : 
; Κα To0MA i ή - .-  btimes 
1-7 Joc ou ET Жуст . «. btimes 


αυ μπα pug so. NDS moy 


to a lines. Р 
This being done, evidently i& may also be said that we have written 
down 5 columns, each containing a units. - 


Now let us count up the total number of units thus written down. ` 


Since, we have got a rows each containing b units, the total number 
of units-( the number in the 1st row )+( the number in the 2nd row ) 
+( the number in the 3rd row ) t +( е number in the ath row ) 
-btbtbcteeee to a terms—a X b. ... ... ... (1). 


Also, since we have got b columns each containing a units, the 
total number of units=( the number in the 1st column n the number in 
the 9nd column )+(the number in the 3rd column ) ****- ( the number in 
the bth column) = a--a-- at -** to b terms—b x a. t «= (8) 


Hence, from (1) and (2), we have ax b bx a," ¿ _ 
i.e. b taken a times=a taken b times. 


* Since ab= ba, it does not matter much whether we read ab as a times b or 
b times a ( i.e., as b multiplied by a or a multiplied by b) ; but until the proposition — 
of the present article has been proved it seems expedient to stick to one and the 
same mode of interpreting it. If а beginner is taught to read 7a as ‘7 times a’ whilst 
1 х4 ав “4 times T he is but unconsciously led to think that such expressions as ba 
and ab mean the same, but that consequently no amount of reasoning is necessary 
to establish the above proposition. As a safeguard against this evil, I have hitherto 
throughout taken a x b to mean ‘a times δ᾽ or ‘b multiplied by a’. 
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$ m 
Gi) Next let a and b be two positive fractions; suppose am 
and b= $ , Wher m, n, p, q are positive integers. 
x DE 2) )- р тр т 
Then, axb EST (Е +n айял (Т) 


апа bxa= Б Жз αρ... . (II). 


But m and p are positive integers, therefore, mp= pm, and simi- 
larly, nq = qn. 


Hence, from (I) and (II), we have ax b- bx a.* 


Thus, it is established that for all positive values of a and b we 
must have ax b—- bx a. JP n “δ (4) 


Cor. 1. From Art. 41, we have zx (—t)= – (zy), 
and = (-y)xz- -(yz) ; but ту= ут, 
2. zx(-y)-(-y)xa. А) 


Сог. 2. From Art. 41, (-2)x(-y)7 +zv, 
and  (-y)x(-z)- γα; but zy = yz, 
eR i (-a)x(-9)=(-y)x(=2). xx (0) 
—. Hence, from (А), (B) and (О), we conclude that for all values of 
a and b, ax b-bxa. 


EXERCISE 14 
Prove that : 
1. 4x5-5x4. 2. 6х8=8х6. 3. 7x5=5xT, 
4. 4x8=8x4, 5. 9х5=5х9. : 


* We can illustrate axb=6xa when b and a are fractions as follows : 
Let us prove that $x $= + х8. ] 
$x$ means that we have to divide $ of any thing into З equal parts and take 
2 of those ue whilst $x$ means that we have to divide 3 of a thing into 5 equal 
parts and 4 of those parts, 
A B 


Take a line AB 15 inches long, then # of the line will be 19 inches, and 
evidently 3 of 19 inches —-8 inches ; thus, $x1 of the line=8 inches. 


Again, *." ἃ of the line is 10 inches, and 4 of 10 inches - 8 inches, 
«^. £X4 of the line also=8 inches, 


Hence, we have $x$={x#%. Similarly, any other case may be illustrated. 
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43. To prove that (ab)xc=ax(bc), or, —bx(ac), i.e., to 
multiply c by the product of а and b is the same as to multiply с 
first by either of them and then that result by the other, 


Place b brackets in a horizontal row each containing c units 
and write down a such rows in such a manner that the brackets in 
similar positions in the different rows may be in the same vertical 
column, thus : 

[с] [с] [с] [c]:--b times 
[с] [e] [с] [ο]-:δ times 
[οἱ [ο] [ο [c]---b times < 


to @ rows. 

This being done, it may also be said that we have written down 
b columns each containing a brackets. 

As we have got together axb brackets and as each bracket 
contains c units, the total number of units-(ab)xc. »'' ** (a 

Again, since we have got b brackets in a row each containing 
ο units, the number of units in а row=bc, and as there are a rows 
altogether, therefore, the total number of units =a x (bo). - (B 


Again,since we have got a brackets ina column each containing 
c units, the number of units in a column ас, and as there are b columns 
altogether, therefore the total number of units — b х (ac). ey 

Hence, from (а), (В) and (у), we have 

(ab) x c=a x (bo) =0 x (ac). 

Cor. From the results of the last article and this, we deduce that 
abc-bca-cab. For, by the present article abc—a х (bc), and by the last 
article ах (bc) -(bc) xa—bca ; hence, we have abe=bca, and similarly, 
bca-cab. Thus, we are led to conclude that the value of a product is 
the same im whatever order the factors may be taken.* 

Note 1. Although the factors of a product can be taken in any order it is 
always found convenient to place first the factor expressed in figures, and to put after 
the factors expressed in letters in the alphabetical order of those letters. Thus, 
c? xdxTxbxa* is written Ta*be*d. 

Note 3. Weare now ina position to modify a little the definition of Coeffi- 
cient given in Art. 15. In ат algebraical product опе or more of the factors may be 
called the coefficient of the remaining factors. 

For instance, in Tabed we may call Tac as the coefficient of bd for Tabed can be 
written as Tacbd and therefore by the definition alluded to, Tac is the coefficient of bd. 

Ж The validity of the conclusion has been established only for three factors, A 


general proof, however, has not been attempted as being too tedious for the class of 
students for whom the book is meant. 
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_ 44. To prove that amxan=am*n, where m and n are any two 
positive integers. 

N. B. , From Art. 42, we know that the quantity on either side of х may be 
regarded as the multiplier and that on the other as the multiplicand. Hence, we need 
not any longer observe the restriction we have hitherto ак upon the meaning of 
ахь. [ foot note, pages 85, 96, ] 

~ Since, a? = aa, 
^. = and a®=aaa, 
ELS а? x a? = (aa) x (aaa) 
2 w =axaxaxaxa [ Art. 43] 
20529219 
Again, since а*=аааа, 
and as=aaaaaa, 


, 
EN a* X a* = (aaaa) х (аааааа) 
=ахахахахахахахахаха [ Art, 43] 
=400=44+9, 
Generally, since а" = аааа ** fom factors, 
and a" — aaaaa + to n factors, 
4 07 a" xa^- (aaaa ** tom factors) 
X(aaaaa *- ton factors) 
* =ааааааааа = to (m+n) factors 
mmm 
Cor. 1. α καὶ x à? "+", when m, n and P are positive integers. 
For qm κα дт"; zm α x аха? = д" x д? = ++ = gmin, 


- Сог. 2, am)” = amn, where m and n are positive integers. 
For (am) anam am to n factors 
τ, -e to n terms 
κω”, 
45. Applications of the principles established in the preced- 
ing articles. 
Example 1. Show that (—ab)2=a2b2, 
(—ab)? =(-ab) x (- ab) 
=(ab) x (ab) [ Art. 41] 
-axbxaxb “ [ Art, 43] 
=axaxbxb [Qor. Art. 43] 
7 (aa) x (bb) [ Art. 43] 
=а%%, [ Art. 44] 


ш. ] 
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Example 2. Multiply —5a?b* by 4a*b*. 
(—5a8b*) x (4a*b^) = — {(5a°b?) x (4a50*)) - ГАњ, 41] 
--(pxa?xb*x4xa5xb* —[Ar.48] — 
-ipx4xa?xa'xb*xb* — [ Cor. Art. 48] 
— {20x (a3a5) x (b*b*)) [Art.43] _ 
= – 904%. [ Art. 44] 
Example 3. Simplify (—20°y*z) x (42?y"2*) x (—блу®з*). 
We have (—2a5y*z) x (42272?) Є 
= -((9z5y*2) x (4220123) 
= – {9х5 хуёхахаха? x y' x2} 
= -Í9x4x m xm? ху xy хаха} 
= — (8x (x52?) x (y*y") x (22")}= – 8010112, 
Hence, the given expression 
-(- 8732) x (– буба) - (Boy) x (600988) 
-8xg'!xy!'xa*x6xoxy*xz* 
=8x6x g xex ytt xy? xz? xz* " 
Ξ48 х (2%) х (yy?) x (2*2*) =48a°y**2". 


EXERCISE 15 


Show that : 
1. (-a)x6b- —6ab. 2. (4a)x(-9b)— —8ab. 
3. 707 x89 — — 56115. 4. (-2b)x(—10a)=20ad. 
5. (-70x(-3ab)-91abc. 6. 10x35-95x14. 

τ. 15x 75-0? х 3. 8. (-α) = -αἳ. 

9. (—аЬ)#=-а°Ь°®. 10, (a*b?)*—a?*b*. 
11. (~ab)? = 49, 12. (=2)5= -02. 

13. (- 422%) - 16z*y*. 


Multiply : 
14. 92?y by —32*y*. 15. – 70% by —3abc?. 
16. -5z!?y? by 805018. 17. -192?y?z? by 182" y*2*. 
18. -1l4my5z? by –10х5у°2'°. 

Simplify : 


19. (-2)9x(-9zy?) x (sy). 30. (-9α3) x (Ta*b") x (5a? b). 
91. (—625y22)x (2*2? 95) x ( 4y*z*z*). 
99, (329) x (4zy?z) x (- ж®з®у*) x (2220). 
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46. Products of monomial expressions сап be always found by 

` the method illustrated in the last article ; it is necessary, however, 

when dealing with more complicated cases of multiplication, that such 

products should be found mentally. Hence, the student must get 

thoroughly accustomed to this kind of mental work, for which an 
exercise is added below. 


Example 1. Write down the product of 355 and — δαγ. 
(8ω3) x (—5zy)= — 15z5y, 
s Example 2. Write down the product of —5a?b апа —8ab?, 
(-δαἳδ) x (-8ab?) — 40a3D5. 


EXERCISE 16 
Write down the product of : 
1. -9z? and 5z*, 2. 5a°b and —4ab5. 
9. —8т?п5 and —7n?m5, 4. 9z*y and – 62°. 
5. -αδ᾽ and —3а*®, 6. 5mn* and Эт". 


7. —10zyz? and —6zy?z. 8. 4z*y?z and —6zyz?. 
9. —-6z*y*z* and —8z*y?z, 10, —5Basbsc7 and —5a*b*c*, 


11. 3z?yz* and —8ry?z, 12. —4abzy and —8a?zby?, 
18. --τα 345 and —5abz, 14. 5a'a*y and —19z5y*a?, 
15. —14zy* and —5z*yz. 16. 9αδο΄ and —9a"b5c, 


17. —-Ta?z^y and —9z*ya*. 18. —8z*y?z5 and —20y*z*a* 
19. —l3a5bt5o15 and —5pcss*. 
20. —"a'x9y*z? and —1625z?G*y?, 

47. To prove that a(b+c)*=ab+ac. 

Whatever b and c may be if a be a positive integer, we have 


a(b- c) (b--c)-- (δ - c) + (b--c) - to a terms 
=(b+b+b+-+ to a terms) 
(cete to a terms) 
—ab- ac. vss ... ... (1) 


Henoe, conversely, —_ e= +00; that is, if p and q be 


any two quantities and + a positive integer, then pig =. š * 2 ες (4) 


* Every binomial] expression can be putin the form b+c. For instance, the 
expression 2х? —3y*, which can also be written as (22?)4- (— 3y*) is of the form b+c, 
2z* being regarded as b and —8y? as c. 
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Next suppose, a is a positive fraction, 6.6, suppose, a=" where 
m and n are positive integers. . 


т axo 
Then, πιο το) =m x г 


m(b- c) 
n 


[ by the definition of multiplication ] 


"Фе [py (1) i 


b me 
= [by(A)] 


m m ... ... 
- Ut so (2) 


Hence, from (1) and (д), for all positive values of a, we have 
a(b+c)=ab+ac. oe . (3) 


Next suppose, a is any negative quantity, ἐ.ε., suppose, a= — t, 
where 2 is any positive quantity. 


Then, (—2).(b+c)=—[x(b+e)] 
=-(eb+ac) [by (8)] 
= -ab-xce=(-2).b+(-2).0; 
_ thus, for any negative value of a also, we hay 
alb+c)=ab+ac. .. s+ (4) 
Hence, from (3) and (4), for all values of a, ὃ and с, we have 
a(b+c)=ab+ ac. 
Сог. 1. Conversely, ab ac— a(b- c). 
Similarly, ауа vyb? ανα" + b°). 
Cor. 2. Since b-c=b+(—c), we have 
a(b — c) - a[b - ( —c)] - αὖ} a( — c) 7 ab — ac. 
Conversely, ab-ac-a(b-c). Hence, 9az -92ay- 2a(« — y). 
Сог. З. a(b--c-d)-ajb-- (c d)) - ab-- a(c* d) 2 ab * ac * ad. 
Similarly, alb+ct+dtetf+--)=abt+actad+aet aft: 


Thus, when any multinomial expression is multiplied by a mono- 
mial, the result is the sum of the products obtained by multiplying the 
different terms of the multinomial by the monomial. 


Conversely, abt+actad+aet-=alb+ctdtet-). 
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Example 1. Multiply 2ab- 3b? by 5ab. 
5ab(2ab – 35?) = δαδ[θαῦ + (— 35?) 
3 =5ab x 2ab + Bab x ( — 3b?) 
—10*5? — 15ab8, 
Example 2. Multiply z*— 32° 4572-6744 by -6α". 
(—6х°)(ш* — 32° ας 522 — Gx +4) 
=(- 62*)lz* + (— 323) -- 5? (— 62) +4} 
5 =(—6z°).z*+(—6z9)(—3z5)+(—6z9).5z2 
*(-6z*)(— 6z)+ – (672).4 
= —6х% +18z5 — 30x* + 3675 — 9422, 

М. В. The beginner is Particularly recommended {о work out at first. each 
example in the method shown above, but after some practice he can safely do away 
with the intermediate steps and write'down the result at once in the manner exempli- 
fied below. 

. Example 8. Write down the product of 
~ 4a* - ba*b — Ga?b* —8ab3 +954 and —8аЬ%, 
s —4at+5a5b—6a2b2 —8ab5 +9b* 
ё =3a%b? 
12a*b* —15a5b5 + 18a*5* + 94а5Ь® — 975215 
Example 4. Simplify 27*(3z —9)+9z(9z+3) — 6(z — 3). 
We haye 9z*(3 —9)— 62? — 43, 
9π(ϑῳ 118) - 435 +6, 
6(z —8) —6z — 18. 
"Therefore, the given expression 
= (6? — 42?) + (452 +6z)— (6x — 18) 
762? — 40% +412 6r — G7 18— 62? +18. 
Example 5. Simplify 3a(2a—5)—3a(a — 6): 
Putting z for 2a—5 and y for a—6, we have 
3a(2a — 5) -- 3a(a — 6) - 3a — 3ay —3a(z — у) 
73aí(2a - 5) - (a - 6) — 3a(a - 1) 2 3a? + За. 


EXERCISE 17 


Multiply : 
1. 9z-y by τα, 2. а-9+3с by --δα, 
3. 92-3у by'4xy. 4. 2a°—3b? – с? by abc, 


9. z*y-9zy*- y? by -3zy. 6. 3a*b*—ab? —5a* - a?b by Τὸ". 
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Write down the product of : 

7. Sa3z-4az*-5az and —9a*. 8. —9m +3m?n—5mn* and 4mn. 

9. a?bc-b*ca-c?*ab and —abc. W 
10. x? +y? +22 02—20 — 20 and 202. 
11. -9c?d--3d*c— Scd? – 4c? d? and —6c?d*. 
19. 8a*-6a?b--5a?b? —4ab* and -θα 03. 

Simplify : 
18. Ταρία--9)-9α5{α- 8) -8z*(1 — 22). n 
14. αν. --εἳ) y*(£? — a?) + za? — ?). 
15. 9a*(z? -9y?)- 5y* (32? + y?) 8y*(25 — 10y?). 
16. αϑ(α5 1923 1-9) - 92? (x? + Ia? 92) + rl? 139" + 92). 
17. a*b*(a9b? – 24° +9420) +9а*Ь%(а%® —9a*b* + 9450) 

+да%Ыа®Б® —2a*b* + 92a*b). 
18. 91%%(94%° 3-Ga* b*-- 923b?) - θα” b*(2a* D^ +6a°b*+9a°b?) - 
4 9a? b* (9a? b* + Ga*b* -- 9a*b^) 

19. a?(9z—8y)- a*(8z 1-41) - a* (5x -9y). 
20. If a—a?—yz, b=y? — zz and c-z*-my, 

find the values of (i) απ εν +ez ; (1) ст+ау+ bz. 


IV. Division 


48. Definition. One quantity а is said to be divided by another 
quantity b, when a third quantity c is found such £ha&cxb-a. In other 
words, a+b=c, when a—b x c. 


Thus, when z=# x 2, we have 2+0=4, and 0+2=0. 
"When one quantity is divided by another, the former is called the 


he 


dividend and the latter the divisor ; the result is called the quotient. 
49. Fundamental Propositions. 
(i) To prove thata +bxb=4. 
If we denote a+b by 2, we must have, by definition, 
zxb-a. 
Hence, a+bxb=rxb=a. 
(ii) To prove that a +b +с=а+0с. 
We have (a--5--c) x bo={la+b)+0} x ox b 


= Ща) οἱ x c] x b 
=(a+b)xb [ by the last result ] 
=a. 


Hence, by definition, a+b+c=a+be, 
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That is, to divide any quantity successively by two others is the same 
as to divide it at once by their product. 
Cor. Hence, a+b+c=a+c~+b, for each of them=a~+(be). 


(iii) To prove that a+b=ax i 


We have Í Xb=1+bxb=1. [by (i) ] 


Hence, ах 1 xb=ax (1 xi) [ Art. 43] 
=axl=a; 
4.8.5 (ax 1) xb=a. 
Therefore, by definition, a+b=a x 1 " 
Thus, to divide one quantity by another is the same as to multiply 
the former by the reciprocal of the latter, 
Cor. a+bxc=axc+b, 


For a*bXc-ax i Xc=aXox 1, [Сог., Art. 43] 
and this latter =axc+b, 

50. Law of signs. 

Since, ax(~b)=—ab, 


“+ by definition, (--αὖ)--α-- - b } sea 
and (-ab)+(-b)= а 
Agnin, sinoe (-a)x(-3)-—ab, 
ar ab+(-—a)=-} 
and ab+(-—b)=-a@ } Ir 
It is evident also that ab+a= b } ш 
a ab+b= a 


, „Hence, from T, IT and III, we have the following law of signs in 
division : 


When the dividend and the divisor have the same sign, the quotient 
is positive, and when they have different signs, the quotient is negative, 
In other words, like signs produce +, and unlike signs —. 

51. Division of one monomial expression by another, 

Let us examino а few particular cases : 

(i) Since, Sa? b X ба®ЬЗо==15а®ЬЗо, wo must have 

({5α5δ90) + (533527) — 3420, 
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=3x5xa* xa? xb? xbxe, 
and the divisor=5a°b7c, 
we have the quotient —3a*b. 
(ii) Since, (—2a*°b%ed) х(– 3a5c?) ^ 6a! 5b*c*d, 
we must have 6a*5b*c9d--(—92a!9b?cd)— —3a*c*. 
Thus, if the divideud —6a! "b*c*d 
“п 
` 


Thus, if the dividend =15a5b%c | 
κο ΜΙ 


=9x8x а10 x a5 x b° x cx o? x d, 
and the divisor= – 24100201, 
we have the quotient= — 3ac*. 


(iii) Since, (—5a8b*c*d) x (4b*c*) = — 90a b*c*d, 
we must have (—20a°b%c°d) --( - 5a*b5c*d) — 4b*c*. 

Thus, if the dividend = —920a*b5c*d 

=(-5)x4x a" xb" x xb*xc*xc*xd |... TII 
and the divisor = —5a*b*c*d, 

we have the quotient —4b*c*. 

Hence, from I, II and III, we are led to deduce the following rule 
for dividing one monomial expression by another : 

Take away from the dividend all those factors which maka up the 
divisor and to the remaining factors prefix the sign +, or no sign, if 
the two expressions have the same sign, and the sign —, if they have 
different signs. 

Note. We have at а" =(а° xa?) +a" =a" [ =a" ]. 

Similarly, a?°+a%=a", а?!-+а\*=а?, and so on. Hence, generally, 
a" 4-a?  a"7^, where m and n are positive integers and m > n. 

Example 1. Divide 18m*n*p by —6m*n*p. 

The dividend = 18m?n*p 
-6x98xm*xmxn?xp. 
The divisor? —6m?n?p. 
*. the quotient —3m. 
Example2. Divide —24a7b*c by —6a*bc. 
The dividend = —94a"b*c 
-(-6)x4xa*xa* x bx b* xc. 
The divisor- —6a*bc. Б 
.'. the quotient=4a°b*. 
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EXERCISE 18 
Divide : 
1. l6z! by --ᾱσ. 2. —18x* by 6z?. 
8. —20a'z5 by —5a*z?. 4. 30z'?y? by 19z*y*. 
5. —14a*b?c by — Ta?bc. 6. —90p!'?g*r? by 10p!?g^»?, 
7. —7021%92 by – 142195, 8.- 64а1%Ь165 by —8a?b'c*. 


9. —8l1m'?n'*p5 by 97m*n*p*. 10, —69a7b*c® by —923a*b*c", 

41. 957*9y?29 by --δρίθῃρϑ, 

12. — 494332393 һу = 1441701852. 

18. a** by αν, 14. 980305 by – 4215", 

15. 56m??" by 828°, 16. —913!555??? by 18051255, 
52. Division of a multinomial by a monomial. 
From Cor. 3, Art. 47, we have 

a(b-- c-- d- e-k f) — ab-- acc ad ae af + 
Hence, (abt ac ad * ae --)--a- bc dc e 
7 (ab- a) + (ао-® а) + (ad--a)-- (ae-- a) +e 
Thus, to divide a multinomial expression by a monomial we have 
to divide each term of the dividend by the divisor and take the sum of those 
partial quotients for the complete quotient. 
Example 1. Divide 4a*z* – 602° - 10az* by --θαα. 
эз — 
The required quotient = foto башт +10 
—4a°x* | —6а?т5 4, Laat 
τας -9ат ` —9ac 
= —9a?z t 3az* — ὄρ”, 
Example 2. Divide 925— 4z*a—92*a? by 325. 
= = рУ 4 = 8,9 
The required quotient 22" ж-о "9e , {за , - 9070 


7.805 8z5 Sz? 
78z* —$za - as. j 

Note, After a little practice the student can safely do away with the (inter- 
mediate) step in each case and write down the quotient at once. i 


EXERCISE 19 


Divide : 
1. 3а%° – 94505 by a?b?. 2. 2a°b—-3ab by —ab. 

` 8. 6a*5? —9a?b* by За?Ь°, 4. 190%? —Oz*y by —3z*?y. 1 
5. l4z'y^-21*y' by —Tz*y*. 6. 4mn? — 19m?n* +16mn by 4mn. 
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7. -—9a*z*--6a*?25 —9a*z* by —3a*a*. 

8. 19z5—8z?a*-4 90az* by —4z?. 

9. 10m5n*—15m n? —90m*n by 5m?n*. 
10. 8p*q?-—5p*q* – 3р?а* by —8p?q?. 
11. -1l4z5y5--91239y* – 982" y* by Ταν". 
12. 15a*z9—30a"z5—45a*z* by 90a*z*. 
13. -60x*a5— 752309 4 B0z5a* by —20z*a*, 
14. 195m*n*p* —l75m^*n*p* — 900m?n? p? by 25m?n*p*, м 
15. -—a?b*o*z*y*z* + да*Ь%с*д%у*г* — θα. ο αν ο" 

by —a*b?c?z*y*z*. 


MISCELLANEOUS EXERCISES I 
I 


. 1, What number will represent an interval of 5 hours (i) if the 
unit of time be half an hour ; (i) it the unit of time be 10 hours ? 


2. Tf æ stands for 17 and y for 25, what does z ~ y denote ? 


3. Define “Coefficient”. Distinguish between а numerical 
coofficient and a literal coefficient. 

What are the coefficients of z* in 152°, 2az*, Tab^z* and l0m*pqz* ? 

4. Distinguish between Jab and Jab. Find the value of 

Jab ~ab, when a=9, b=4. 

5. Ifa distance of half a mile to the north of a place be represent- 
ed by 40, what will represent a distance of 11 yards to the south of it ? 

6. Stato the result when a negative quantity is added to a positive 
quantity. Hence deduce that +(— b)= – 0. 
8-t ° D subtraction. Hence deduce that 4-6=-2 and that. 

8. Arrange the following numbers in descending order of magni-- 
tude : 2, 5, -3, 7, -8, -1,9, -4ν -12. 

II 
1. Ifa=4, b—5, find the values of : 
G) ab-axb; (ii) 45-ab; (iii) 74-70; (iv) 85—8Ь. 

2. What does a" mean? Distinguish between a" and n^. Find 

the value of a*-—4a95-- 623b? — 4ab* + b*, when a=7, b=5. 
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3. What is the relation between a and each of the following: 
Ya, Va, S/a and Уа? 

Find the value of Ма? δὰ x 1/55 —с%— де, when a=8, b=7,c=6, 
d=5 and 6-1, 


4. What is meant by the absolute value of a positive or a negative 
quantity ? Illustrate this by an example. 


5, Add together 3z?y, —8z°y, -19z*y, and 17z*y ; and find the 
numerical value of the sum, when т=4, y=5, 


‚ 6. Write down the sum of 169”, -8αγ", 9423у°, y* and —839z*y 
and find its numerical value, when 2=4, у=5, 


7. Subtract 44-18b-950 from 176-192-194, 
8. Simplify 32—[4у+{92-(2- ὄν +32)}] — (3% — 7y). 


III 
1. Express algebraically the following statements : 


(i) The result of multiplying the sum of a and b by.c is the same 
as the result of dividing т by the product of y and z. 


(ii) The square of the sum of z and Y is the same ag the result 


of adding together the square of z, the square of y, and twice the product 
of z and y. 


(iii) If the cube root of the result of subtracting n from m be 
divided by the product of the cube of m and n, we get a quantity which ` 
is less than the sum of the Square roots of z and y. 


(iv) Since, а is greater than b, therefore, three times a is greater ` 
than three times 5. 


2. AB,0D,E,F,G are a number of successive points on 
‘a straight line such that the distances AB, BO, CD, DE, BF, FG are 
respectively 3, 4, 6, 8, 5 and 7 inches. If DO be represented by 8, what 
‘number will represent DB, DE, DF, DA and DG respectively ? 


8. State the result when one negative quantity is added to another. 
‘Find the value of the sum of τα", —8a*b, —Bab2, --δδ, when a=6, b=4, 


4. Show by a numerical example that when any number of quan- 
‘tities are added together, the result is the same in whatever order the 
quantities may be taken, 


5. Ifa=16, b=10, c=5, d=1, find the value of 
(a-b)(5 Ja-b) + Al (a — bYc3- d). 
6. Ifa=4, b=%, prove that 


а5+15 


FË =at—ab+a2?b2— aba + р, 
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р 7. Add together 342+400—2°+10,  9л%—Ба1—-15+6% and 
181 - 9bc — 43 — 1022. 

x 8. Simplify a [55 fa- (3e 80)-:22— (a--25- aJ). 


IV 
È 1. If a=9, find the value of : 
š (i) J49- J4a ; Gi) v39- Via. 
2. Show by a numerical example that when any number of 


нөн are added together, they сап be divided into groups and 
1 © result expressed as the sum of these groups. 


1 3. If a=2, b=8, c=4, find the value of 
a-b+e b-c+a cmatb, 
atb-c btc-a cta-b 


= 4. Define an Algebraical Expression. Distinguish between 
& simple expression and a compound expression. 


Is 42abx* a simple or a compound expression ? Give the nameg 
With illustrations of the different classes of compound expressions, 
5. If a=2, y=8, a=6, b=5, find the value of 
M b(z- у) + AG aXb— 32) + УЬ = y)*. 


x. €. А cortain sum is divided between А, B and О; B receives 
9000015 more than A, and О receives b pounds more than B; 
_Д reooives z pounds, find an expression for the whole sum divided. 


E i ‚Ада together αἲ -θαῦ- 3403, 9Ь%— 309 to”, ао 40510 and 
8. Reduce to its simplest form 
195% - (y* — ду) ἵν" - (402 -- y*)} + fy? — (Bay — 29). 


v 


1, What is meant by the dimensions and degree of a product ? 
What is a Homogeneous Hapression Ὁ Write down two trinomial homo- 
geneous expressions, one of six dimensions and the other of seven, 


2. If you were asked to find the value of the expression 
GXb—c--dx e--f--gh, how would you proceed ? 


9. Define factor. What are the simple factors of 2abla+ b) ? 


4. If a=4 and z—2, find the numerical value of 
2 6 aa. 2 


даг Mar _ _ 292". 
(a—z)° аз, 9a-4z 64a 
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5. Find the value of (z?— 7z? 62-5) --(  3z 9x? - 4-- 57?) 
(711—425 +22 — 72?) + (9? -- 9-- 5z? — 40), when z=5. 
6. Prove that a—(b-c)=a—b+c. How is this generally proved 
when а, b, ο are all positive quantities and a is greater than b, and b 
is greater than с? Ё 


7. Simplify 2z— [32 —9y) - ((2z — 3) - (x+ 5y)H. 
8. When is one number said to be multiplied by another? From 
the definition deduce the result when —8 is multiplied by —4. 
Ў ҮІ 
1. Define the power of a number, and the index of the power; 
and illustrate them by a numerical example. 
2. If a=16, b—10, z—5, y —1, find the numerical value of 
(α- v) /Ə4be+z° + A (a— xb y). 
9. Show that a°+b°+0°—3abe=(a+b+c)(a? +b? --c* — ab — ac — be), 
(i) when a=3, b=4, c=5; 
(ii) when a =$, b=$#, c=. 
г 4. State the propositions from which the following result may be 
educe 
a-b+c-d+e-f=(a+c+e)+(-b-d4-f). 
‚ 9. Illustrate clearly by an example that 40—(—15)=55. 
6. Find the numerical value of the sum οἱ 7z?—95./yz z^, 
19 ψγ2-82'- 1807 and 97*--52* +7 yz, when z—1T, y=16, E 
7. State the operations indieated by the expression 
Ба — [4b - (3c - (2d — 7e}. 
8. Find the value of 
Каз + b° ο - 2% а+ b— (c— а)} + a$b-- o*d]fa3 — (5 + c2) - 12}, 
when a=4, b=3, c=2, d=1. 
VII 
1. Distinguish between : 
()a--bcanda--bxc; (ii) atand4a; (11) 3 Ja and Y/a; 
(iv) Ja-Fb and /а+Ь; (v) Jab and Jab. 
2. If a=1, b=2, c=3, d=0, find the value of : 
(i) a7b+b%c+c%d+d*a ; 
V. (at bcd) Wa d)-- (c δὲ 
(1) Ab — a3 + M4(c—a) — &/3(Ba-- 5b-- 3c — 2d). 
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3. Show that the expressions 
(a--b-c)*-a?--b9-c9, — (at+b)8+(b+c)®+(c+a)*+6abe and 
2a? 1- 3b? (a-- c) + 9b? +3c7(a+b) + 905 +3a2(b+c)+6abe are equal to one 
another, A 
(i) when a=2, b=3, c=4; 
(ii) when a=7, b=4, c—1. 
4 Simplify: (i) 1-[1-(1- (1-142); 
(ii) 3a— (ὁ-- 9c) - (a-- c - (8a — b- 2c) - (2a — 8b - 4c). 
5. Express algebraically the following statements : Е 
(i) That the product of the sum of the two numbers multiplied by 
their difference is equal to the difference of the squares of the numbers. 
(ii) That the square of the sum of two numbers exceeds the 
sum of their squares by twice their product. 
6. Find the value of 
17a—85b-— [πα-- 8ὺ-- (4(a — ὃ) -- (2a + 8d)}], when a=39, 2=52. 


7. If V=5a+4b-6c, х= --θα-- 9ὐ Το, 
Y-90a-'1b — 5c, Z —13a — 5b t 9c, 
calculate the value of V— (X+ Y)+ Z. [ Mad. U. Matric., 1888 ] 


8. From the sum of a—35--1c- 4d, – 3c 3a- 1b d, 4d $0 o— a, 
3a - $d-- b — ὅο and 8a — 65-- 3c 4d subtract Ἄδα --346 01 dc — Sd. 


VIII 
1. Prove that axb=bxa, when a and b are any two positive 
integers. 
2. If M stands for a(m--m) and N stands for b(m—m), find the 
M N MN, 
DENIS Б 
3. In the identity cla+b)=ca+cb, substitute : 
G) m+n for c and find the value of the product (m+n)(a+ ὃ) ; 
(ii) a+b for c and evaluate (a+). 
4. Simplify: (i) z(Z—z)+w(z-z)+z(e-1); 
G) 2, 222 mt. 
yz zæ æy 


values of 


5. Prove that 
| (i) a™+a™=a™", where mand n are positive integers and m > f; 


and (11) a+b+c=a+e+b=a+be. 
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6. If a-3ry-yz—-2z, b-98yz-zy-z» and с=8$гл—ту—}у, 


atbte 
find the value of =e 
7. Multiply а°19%1 529% + 35019 b 505g y*z* 
д ++ха®5Ь5с®9°л*®у* һу 24a b"c z?y*z. 
> 8. Divide 242901502012у10;8 -15,,155209105,108712 | 
+Ña29pA9015y8y19 10 by #at0p10010y5y5;8, 


CHAPTER IV 
SIMPLE FORMULA AND THEIR APPLICATION 
53. Definition. Any general result expressed in symbols is. 
called a formula. In other words, a formula is the most general expres- 
sion for any theorem respecting numerical quantities. 
54. Formula (a+b)?=a?+2ab+b?. 


[ (a+b)? =(at+b)(a+b)=alatb)+ b(a - b) 
—a? 4 9abt- b*. ] 


That is, the square of the sum of any two quantities is equal to the 
sum of their squares plus twice their product. | 

Cor. a2+b2=(a2+9ab+b2)—9ab=(a+ b)? — аф. 

Example 1. Find the square of 2z--3y. 

(Qa + 3y)? = (22)? - (2: (3) + (By)? —42* +12шу + 9y?. Ϊ 

Example 2. Find the square of 5z+4. 

(6x +4)? =(5z)° + 9(52).4 - 4? --95α7 +40z+16. 


Example 3. Find the square of 4a°+7b*. 
(49 + 55)? — (429)? + 9(4a*) (75) + (755)? =16a° + 56a? δ΄ +49b°. 


Example 4. Find the square of а+&+с. А 
(а+ъ+0)% =40+(+ 0), [ regarding b+ с as one term ] 
=а®+2да(Ь+с)+ (b+ ο)" 
=а#+2аЬ+9ас+ b? +9bo+ οὗ 
=a? +b? + +2ab+2ac + Abe, 


wn V aT 
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Ехашр1е Б. Find the square of a+ b+o+d. 
ο ος — Ka b) (c d), [ regarding a+b as one term 
X and c+d as another term] 
=(a +b)? - 9(a-- bcd) (e+ d)* 
=(a2+2ab +b?) 1-S(ac-- ad + bot bd) + (o? 9ed д). 
=a? + b° +0? +d? +2ab+ 2act 9a4+9be+9bd+ 2cd. 


Example 6. Simplify 


(a+b—0)2 +2atb-cla—b+e)+(a-b to)”, “ 
Putting z for (G+b—e) and y ior (a—b+c), we have the given 
expression =g? + ey ty? Tot Y? 
={(а+Ь—о)+(а—Ь+0)}* 
=(да)#=4а%. 


Example 7. Find the value of 9л®+80гу+95у%, when z=15 
and y= -9. 
The given expression = (32)* + 9(3л)(ду)+ (5y)? = (Ba +5y)*. 
But 3n-+5y=3 x15 +5 x (79) 45 — 45-0. 
the given expression =0, 


EXERCISE 20 
Find the square of each of the following expressions : 
1. 2+4. 2. 3a*2. 8. ct9y. 
4. Qa+Ty. Б. 3a+4b. 6. 5a+7b. 
7. αν Ἐδύα, 8. а? +90с. 9. 323-4-2y*. 
10. 4z*-y*. 11. a+9b+3c. 12. ab+boe+cea. 


13. 9p+3q+4r. 14. z?+y? +z’. 15. 908) 142. 
16. ο’ Ἐν ερ". 11. atyt2at+3b. 18. 8α40 ο 9d. 
19. 2a+g+4y+3z. 90. 4m+3n+3p+2q. 

Simplify : 

91. (c) 9o y) y) (o - 9. 

22. (к-у+)#+(у+—а)#+9(ш—у+ ay 2-0). 

23. (8a — 35-46) + (2a--3b— 40)? + (8a — 3b+40)(2a + 8b — 4). 
24. (ba — 158 + 9(5a —7b)(9b — 4a) + (9b — 4a)°. 

25. (дж -5y — 32) + (6y -- 32 — 2) + (02. бу — 826v 32 — т). 
Find the value of : 

96. 9:2-+192+4, whenz- -1. 27. 1622 +64z+ 64, when а= —2. 6 
98. 95m3--40mn-- 16n^, when m= – 18 and n=23. τ 
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29. 49a°+56ab+16b°, when a= —7 and b=13. 
30. 64a°+16ac+c?, when a=6 and c= - 49. 

91. 8lz%*+l8zz+z2, when z=7 and z= -67. 

82. 36p2°+139pq+191q2, when p=19 and q= - 7. 


3 
38. Itm-1 =4, show that m2 +(2) =a 


> 55. Formula (a—6)?=a?-2ab+62. 
[ (a- B -(a- Ba - B) ταία- b) - b(a — b) 
—a* —9ab4- b°. ] | 
That is, the square of the difference of any two quantities is equal 
to the sum of their squares minus twice their product. | 
Note. This formula is virtually included in the formula of the last article 
For, (a—5)* ={a+(—2)}? =a" +2a(—2)-+(—2)? =a" дар". | 
Cor. І. а?+1%=(а%—9аЬ+Ь%)+9аЬ=(а— b)? +2ab. 
Cor. 2. Since (a--D)* a? +2ab+b?, | 
and (a—b)?=a*-Qab+b?, 
evidently we have (2+5) —(a— D)? --4ab and (a-b)? = (a-- b)? — 4b. 
Example 1. Find the square of 3a— 4b. 
(3a — 45)? = (3a)? — 2(8a)(4b) + (45)? 
79a? —94ab 4- 16b?, 
Example2. Find the square of z— y-z. 
(z— у- 2)®={ш—(у+ 2)? 72? —9z(y +2)+ (y +2) 
=g? -æy — 92 y* +2yz+ z? 
=g? +y? + 2° — 92 - 2z + 9yz, 
Example 3. Find the square of 9л— ὃν 42. 
(2x —3y - 42)? ={дл— (3y 1-42) 
= (2)? — 9{8α)(ϑν +42) + (3y +42)? 
= 41° – 2(6ary + 8x2) + {(3y)? 1- 9{ϑψ)(45) + (42)? 
mág*- 12ry — lórz- 9y? +94у2+1622 
=4z° - 9y? +162 — 19zy — 1622 + 94yz. 
Example 4. Find the square of a-b-c+d. 
(a—-b- c d)* -((a— 5b) - (ο-- d)? 
—(a— b)* – 9(a— b)(c— d) - (c — d)? 
= (a* – 9ab4- b?) — 9(ac— ad. — ba+ bd) + (c? — 9cd + d?) 
7a? —2ab- b* — 90c4 9ad + 9bc — 9bd + οἳ — 964 + d 
=a? +b? οὔ +d? — 94b — 90 4-9ad + 9bo — —9bd — 2cd. 


| 
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Example 5. Simplify 
(ax— by + cz)* +(az— by — ez)? — 9(az Бу + cz)(ae — by -- ez). 


Putting m for (aw—by+cez) and m for (ax—by—cz), we have 


the given expression =m? +n? – Отт (т т)? 
= (ат — by cz) - (az — by — cà 
=(дса)® —4c*z?. 
Example 6. Find the value of 9a° —48ab+64b2, when a=15 and 
b=6. . 
The given expression = (3a)* — 9(3a)(8b) + (8b)? = (3a — 8b)? 
- (45-48? -(- 3)*=9. 
EXERCISE 21 
Find the square of each of the follow ing expressions : 
1. z-8. 2. 92-0. 3. 32—50. 
4. απ’: δη. 5. &m-3n. 6. pm-qn. 
7. р? – тт, 8. αγ -αγ". 9. οὖ -922. 
10. 3a?-5b*. 11. -zyz-abc. 12. 232—020. 
13. a*g*—b*y*. 14. a-2b- 90. 15. 90-94-45. 
16. 3m—4n—Bq. 17. a1-3b?-5c. 18. »-y-a- b. 
19. a-9c—-3b-4y. 20. 90-1. 91. 190-3. 
22. 500-2. 98. 1000-7. 
Simplify : 


94. (a+ 3b)? — 9(a--3b((a — 80) + (a - 89)". 
25. (да — b+ 5o)? (2a +4b+50)? — 9(да— b+ 6c 2a 40 c). 
26. (За+ 5b--T6)3- (Tc — 4-- 60)* -23a +5b+ To(To — 4a 6): 
27. (93 —y3 — 622)? — 22a? — y? — 62? (62? + λα" -y?) 

+(622 +912 — 03). 
28. (ab— bo + ca)? + (ab+ 450+ 20a)? — Aab- bo+ca)(ab+ 4bo- 200). 


Find the value of : 
29. a?b*—19abc4-366?, when a=4, b=7 and с=5. 
30. 22у –941у2+1442°, when z—7, y-9 and 2=6. 
31. 95(2+0)2 + 4#—10(ж-+ у), when z=47, у= —99 and 2= 129. 
32. 92 –490(а+5)+49(0+ D)*, when а= 87, b=57 and с=45. 
38. 6A(Tp— 54)° — 96(7р — 59) + 367°, when p=28, а=32 and т= 46. 


1 24(1) 
84. Ito- £ =4 show that eh [ο] 738. 
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56. Formula (a+b)(a-b)=a2-)b2, 
[(a-- bXa — 5) - ala -b)+ b(a — 2) 
` Eg 5%, ] 
That is, the product of the sum and difference of any two quantities 
їз equal to the difference of their squares. 
Note. Conversely, a? —b? =(a+b)(a—b). Hence, we can always find the factors 
of an expression which is of the form a*—b*. 
[ When one expression is the Product of two or more expressions each of the 
latter is called a factor of the former. ] 
Example 1, Multiply 3z--5y by 3z — 5y. 
(80+ Gy) (3 — бу) - (8)? — (5y)* - 9x2 -95y?. 
Example 2. Multiply a--b—c by a—b-c, 
(a+b-o)a-b+o)=la+(b—c)Ha- (b— ο)! 
=а%-(Ь-о)® 
=а%- (b? —9bc- c2) - a3 — b? 4 9bc— c*, 
Example3. Multiply œ? z+ y? by æ? -gry +y, 
(α’ ay E y? o? -sy + y*) ΕΕ ay) 
= (0%  y*)* – (vy)? 
=a opio a y^ -gy2 = 4 T ahy? +y", 
Example 4. Simplify (a? +ab+ b*)? — (a? — αὖ. 53)*, 
The given expression = (a? +ар+ 52)-- (a2 — ab+ δ᾽} 
X {(a? + ab-- b?) — (a? — ab+ 12)! 
7 (2a* 4-95?) x 9ab 
=a? +b) x 9ab=4ab(a + 03), 
Example 5. Find the value of (9796854) — (9726849). 
The given expression = (9726854 + 9726849)(9726854 — 9790849) 
719453708 x 5 =97268515. 
Example 6. Resolve into factors (a +b)? — (c- d), 
The given expression —((a-- 5) - (c — ἆλμ(α 1- b) (с d) 
Ξ(α b-- c dY(a- b— c4-d). 
Example 7. Resolve into factors 1625— 81z*. 
The given expression —(4a2)? — (9x)? 
7 (4a* + 97*)(4a* — 972). 
Again, 4a°— 9x? = (2a)? — (32)? — (2a + 3z(2a — 32). 
Hence, the given expr.— (4a? -97?)(9-- 32)(2a — 3a). 
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EXERCISE 22 
Multiply together : ^ 
1. 2+3 and 2-8. 2. 5r+13 and 5z- 13. 
3. c-92a and 2-20. 4. axt by and ac by. 
5. ат+т? and am—n?. 6. zy-yzand zy —- yz. 
7. c?-9yz and 2% +902. 8. αγ zy? and 20° - 2? y. 


9. 2+1, z-landz*-*l 10. a2+)b%, а – 0° and at +b, 


11. a+b+oand atb-c. 12. a+b+canda-b-e. А 


13. m2? + т +т° and m?—mn-n?. 

14. ο" +92у+9у° and z* —2zy * 9y*. 

15. απ-- Бу ορ and απ + by — cz. 

16. -—aa-by-cz and ах b+ ez. 

17. b*m —c*n-a?*p and b*m-* c*n — a*p. 
18. a?—8b?-- 9c? and a? +8b5 — 270°. 

19. a?*2*—9az--9 and a'm" * 2ac + 9. 

20. a*z*—a3z*--1 and a*z*-Fa*z* +1, 

91. т2+ J9mn-- n? and т? — J/2mn +n. 
22. z?- /Qe+1, o® + J9z-1 and z*-1. 


Simplify : 


23. (a*b-c)*—-(a- btc). 94. (a—-9b- 3c)? - (a-- 9b - 80)". 


95. (α’ {αγ ty’) – (2° -gy +y’). 
26. (к+у-а+)#—(ш-у+а-Ь)®. 
27. (2a+3b-50+7d)?-—(2a-3b+50-74)*. 


Find the value of : 
28. 2345 x 2345 — 2343 х 2343. 29. (53497)? – (53487)*. 
30. 498567 х 498567 — 498562 х 498562. 


Resolve into factors : 


91. 952° – 86. 82. 942 – 16с°. 88. 162 – 497°. 
34. 4р? 814°. 85. ασ – 646°. 96. 36х*—191у*. 
97. 49—644. 38. 14402 - 95d". 89. (2+0)? –с?. 
40. (а+90)2 – 9502. 41. 412 - (820-40). 42. a°- (00--30)3, 
48. a*-81b4. 44. (т-1)#—(а—)%. 45. 81:*—625у*. 
46. (4a--7D)* — (3a — 82)". 47. (8+5y)* – (22 - Ty". 


48. (a-9b-3:)9-(a--b-c). 49. (Óm-3n-5pY - (2n- 8p)". 


50. (3x-4y +72)? — (2x - ὃν +52)*. 
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57. Formula (a--5)*—a?--3a?b--3ab?--b?, 
5 ог, 7? -- b? --3ab(a +b). 
[ (a+b)? — (a-- b)(a-- 5) — (a-- θ)(αἳ --2ab +b?) 
=ala? +2ab+b*) - δία” +9ab+ b?) 
= 4° 3a*b *- Зар? +b? ; 
and this latter—a? --3ab(a-- b) - b* —a? +b? +3abla +b). ] 
, Cor. a*-b?*-(a*-- b? 3ab(a-- b)) - 8αδία + δ) 
Š =(a+b)°—3ab(a +b). 
Example 1. Find the cube of 3a+5b. 
(3a +5b6)® — (За)® + 3(3a)* (55) + 3(8a)(5b)? + (6003 
> =97a° +3(9a2)(5b) + 3(8a)(25b*) + 1955? 
=974° +195a2b +225ab? + 19505. 
Example2. Simplify 
(m — y)? (æ +y)? 3G — у)#(ж+ y) +3(ж+ y)? (n — y). 
ГС. U. Entr. Paper, 1876 ] 
Putting a for z— y and b for z-- y, we have 
the given expression —a? + 5? +3a2b+3b2a 
—a? + 3a*b4- 3ab? + b?, 
and 420 (0+0) - lo y) (c y)? = (92)? — 82. 
Example 3. Ifa+b=5 and ab=6, find the value of a?-- 2, 
We havo _ a?*-b*-(a-4- 5)? — ϑαδία +b), 
and .'. by the given condition 
=5°-8x6x5=125-90=35. 


8 
Example 4. If c+ 1 —p, show that ss (1) =p*— 8p. 


Since, а° + 0° = (2+ b)? — 8ab(a-- δ), 
8 
rasler) -2e i) 
ed esl e ( 1 |. 
- 2 1) 3[z + E 
Hence, the reqd. value — p? — 3p. 
Example 5. Find the cube of p-- qr. 
(р+а+т)®={(р+а)+т}5 
—(p- a)? -- 3(p-- q)?r 4- 3(p-- q)r? +r? 
=(p° + 8p*q -- 3pq? + q*)  3(p* + 2pq+q2)r + 3(p- gr? +r? 
=p? * q* +r5+8p%q+ 3pg? + Sp?r Spr? + 892 + 307° + Gpqr. 
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Example б. Find the value of αἱ +9n2y οταν" + 9715, when z=5 


and у= —9. . 
Tho given expression 2? +8z°(8y)+ 3a(3y)* + (3y)? = (ж - 3y)* 
=(5-6)#=(—1)#=-1. 


EXERCISE 28 


Find the cube of : 

1. 2+3. 8, 4011, 8. 3a+b. 4. 4ο τϑψ. 
5. ο’ +Qy. 6. ту+уг. 7. atbtc%d, 8. a+b+2o. 
9. 08/3. 10. z?-*y*. 

Simplify : 


11. (3m-5n)*-3(8m-- 6n)*(2m — ὅπ) + 3(3m + 5n)(9m = Бп)? +(9m—bn)° 
12. (8х—8)®+(9у—9лх)* + B3(z + γ)ί8α - ϑν)ίϑυ — 95). 
13. (8a—7b)® +(10b- 3a)? + 9b(3a — 7b)(10b — За). 
14. (50-9) (8—42)* +8(a+ 15x — 9)(8 — 42). 
15. (3—72)5--(&z — 1)? + 3(&z — 1 8- Tae + 2). 
16. (α-- 093 ° +(a+b-c)  6ala? - (b- 3]. 
Find the value of a? +b° : 
17. When a+b=6 and ab=7. 18. When a+b=7 and ab=8. 


x 241) 
19. Itat; 3, show that a^ * |; =18. 


8 
20. If z+ 1 = find the value of ΠΝ 


Find the value of : 
21. 25-622 + 192-8, when z= -2. 
99, αἱ +1202 +482 +64, when a= —5. 
98. B8a?4-36a2b-4-54ab* 4979, when a= —8 and b72. 
94, х°+18х° +108х +851, when z= =: 
95. Ita+y=6, show that 2*4 y? +1520= 125. 
26. If a2+b?=c2, show that a° + b^ +3а°Ь®с® =c5, 
27. Ifp+q=2, show that p°+q° +6pq=8. 
58. Formula (a—5)? =а° -3a7b+3ab7 -b?, 
or, =a? - b? -3ab(a - b). 
[(a— 0)°= (a— bY(a - b)* - (a — bXa* — 2ab-* b^) 
= аа? — 9ab b?) — bla? —9ab- b?) 
=a - 3ab t Sab? — D? ; 
and this latter—a? —3ab(a - b) - b° =a" — b? - 8ab(a — b). 
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Cor. a® -b° ={a°- 5? -3ab(a— b)E-3ab(a — b) 


=(a—b)°+3ab(a — b). 


Example 1. Find the cube of 37 4y. 
(3z — 4y)* — (87)? — 3(8ω)5(4γ) + 3(3zY(4y)* — (4y)* 


79125 — 3(9z?(4y) + 3(32)(16y2) - 64y* 
= 270° — 108z*y + 1447y? — 64у. 


 Example?. Find the cube οἱ a—b~c. 
la- 


b-o) —((a- b) - д5 
7(a— B)* – 3(a— ϐ)1ο-- 3(a— b)c? — сз 
= (a? – 8a?b + 3ab? — 03) -- 3(42 — 9qb+ b?)c + 3(a — b)c? — οὔ 
=a" — b* — c? – 342 + Sab? — 34c +340? — 853c — Зра + Gabe, 


Example 3. Find the value of 972% — 5409 +86z—64, when «99. 
The given expression (37)? — 999) 91 3(31).4— 8— 56 


7 (8x — 2)? — 56. 


Hence, the тед. value =(7- 9)? —56=195— 56= 69. 


EXERCISE 24 
Find the cube of : 
1, 2-2 2. 22-1. 3. 2-3a. 4. 8—4a. 
5. 2a-3b. 6. 5m-—4mn. 7. 92—50. 8. Qa-b-c. 
9. 9r-3y-z. 10. p?-42-,2. 
Simplify : 
11. (a--95)*—3(o4- 9b)*(a — 9b) + 3(a+ 2b)(a— 2b)? — (q— 2b)’. 
12. (3x - 8y)" - (2x — 1)? - 382 - 8у)(д® — TY — y). 
18. (5—8)*- (8: -8)* — 6z(5z — 8(8z — 8). 


Find the value of : 


14. 
15. 
16. 
17. 


18. 
19. 


m? — 19m?n.-- 48mn* — 64n?, when m=19 and n3. 
9748 — 135a? --995a — 195, when a=4, 

8- 9a *-27a* —97a?, when a=3. 

216— 144z - 10803 — 972°, when х=3. 


195 SEC AS 
Jf ατα S find the value of a?— Es 


dis s (1)? 
Ií e-5785 find the value of c?— 0115 
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90. It z—y 3, show that z?— y? —9zy =27. 
21. Ifp—2q=4, show that р? — 87° — 94pq —64. 
99. If9a-3b=5, show that 8a? — 270° — 904b —125. 


59. Formula (a +b)(a2-ab+b2)=a°+b°. 
[ (a-+b)a? а +b?)  a(a? — ab +b?) + (a? — ab +b?) 
(a3 — a2b  ab?)4-(a?b — ab? + b?) 
-a?4D*.] 
Note. Conversely, a*--b? (a--b)(a? —ab--b*). Hence, we can always Fesolve 
an expression into factors when it is of the form а?  b*. 
Example 1. Multiply z*—z2+1 by 2*1. 
Putting a for æ? and b for 1, we have 
25-23 +1=(д®)#-т*.1+1#=а*-аЬ+ 1°, 
Hence, (2 + et — 22 +1) =(а+ ba? — αὖ 1 b°) 
=a +b? 
=(ш%)5+1®%=ад°+1. 

Example 2. Multiply 9z° - 19z+16 by 804. 

Putting a for 3z and b for 4, we have 

92 — 12m + 16 (82)? — (ϑα).41545 
=a*-abtb*. 

Hence, (32+ 4)92 — 12x + 16) (a-- (a? — ab+ b*) 
=a + b? = (8x)? +4? 
=97g" +64. 

Example 3. Multiply 16a? - 20ab+ 95b* by 4a + bb. 

Putting z for 4a and y for 5b, we have 

16a? — 20ab + 25b° = (4a)? — (4a)(5b) + (δ0)3 
=g -ωμ +y. 

Hence, (42+50)(16а* —90ab-- 25%) 
=(z+w)(z2 — ey y?) 
=g?” +y = (4a) +(5b)* 
=64a° +195b°. 

Example 4. Resolve a? b? -- 8c? into factors, 

a3)? -- 8c? — (ab)? + (2c)? 

= (ab + 2c) (ab)* — (ab)(2c) + (2c)* 
=(ab+2c)(a*b? — дао +403). 
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EXERCISE 25 
Multiply : К 
1. z —r+lbyz+1. 2. 1l-2z+4z° by 14:99. 
8. 25p°-5p+1 by 5р+1. 4._49а#—98аЬ+16Ь° by Ta + 45, 


5. 64z*—94my + 9y? by 82+3у, 6. a*5*—4abc4-160? by ab+ 4c. 
7. а?л%—барт+95Ь° by ал+5Ь. 8. 95a? – 45ab+81b* by 5a+9b, 
Resolve into factors : 

9. a*41. 10. z*-8. 11. 8051. 12. 27a°+8, 
18. 8m*-64. 14. 64p°+195. 15. 8r°+216y°, 

16. 27a?--343y5. 17. 216a?z?--y?. 18. 97a*b? -64z?y*. 
19. 799a*b*c? 1000735223. 20. 1381a?b*z? 4- 99:9? 2?. 


60. Formula (a -6)(a?--ab--52)- a3 — p?, 
[ (a ba? ab-- b?)  a(a* + ab-- D) Қа +ab+ b?) 
= (a? a*b -- ab) — (a3b-- ab? + 59) 
=a8—b5,] 
Note. Conversely, a* — bs 7 (a — b)(a? +ab+ b?). Hence, we can always resolve 
into factors an expression which is of the form а? —*. 


Example 1. Multiply 4a?5*--9522 4-1 by 240% — 1, 
(Qab? = 1)(4a2b* + 24b? + 1) 
7 (2ab* -1){(Qab2)2 *F (2a5?).1-- 12) 
=(2ab?) -18 = 8489-1, 
Example 2. Resolve 64z* — 29° into factors. 
64z* — a*y* — (45*)? — (ay?) 
= (4x* — ay* (42)? + (452)(ay2) + (ay2)21 
7 (4x? – ay* (1675 + 4022 ta*y*). 


EXERCISE 26 
Multiply : 
1. 1190-43 by 1-22. 2. a*-3r49 by 2-3, 
9. 16a*+4a+1 by 40-1. 4. z*T9z*yz- 49? z? by z? - 9yz, 
5. 9m*+6mng+4n*q? by 3m — 9nq. 
Resolve into factors : 
6. 1253? - 1. 4. 8482? -8y*. 8. 91613 – 19515, 
9, 1-512%°, 10. 729m? —64a?n*. 
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61. Formula (х+а)(х+6) = x?-- (a b)x t ab. 
[ (z+a)(e+b)=z(z+b)+a(z D) 
a? (a D) ab. ) д 
- Note, It és easy to see that the above formula includes the following results + 
(1) (z—a)(z—b)=z*—(a+b)e+ab ) ` 
(9) (w—a)(a-+b)=2" + (b—a)e—ab | 
(8) (z+a)(z—b)=z*+(a—b)e—ab 
Tor instance, (ω-- а)(ж—Ъ)={«+(—а)){ж+(— D 
=z +(—a)+(-b))e+((—a)x(— b) 
=@?-(а+%)х+ ab. 
Similarly, the truth of the other result can be proved, which із left as an 
“exercise for the student. 
Hence, we can express the formula more clearly as follows : 
(z+ a)(a-+b) =e" + (algebraic sum of a and b)z (product of a and b). 


Example 1. Write down the produot of z+3 and 2+4, 
Since 344-7 7 } 7. the required product 
and 3x4= 12 καὶ 4212. 
Example 5. Write down the product of z—7 and 2+4. 
Since -7+4=- 8 ү 4. the required produot 
and (—Т7)х4=—98 =л*%-3л-98. © 
Example 3. Write down the product of z+5 and 2—9 
Since 5-9=- 4 } 9». .'. the required produot 
and 5x(-9)=-45 =д*-4ш- 45. 
Example 4. Write down the product of z— 2 and 2+7. 
Sino -2+7= 5 } ^^. the required product 
and (-2)x7=-14 =g 4 5r- 14. 
Example 5. Write down the product of z— 5 and 2— 8. 
Since -ὅ-8--18 } „^. the required product 
and (—5)х(—8)= 40 =g" 1803140.. 


EXERCISE 27 
Write down the produet of : 
1. rilandz42, 3. ο απᾶ στ. 8. z-banicté. 
4 z-83aniz-1i. 5. a-llanda*l6. 6. m-7 and m- 19. 
7. p*13andp-1l 8. p*i2andp-17. 9. 2-4 and 2+9. 


3i 
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10. z-5andz-10. 11, σ-19 ап 2+5. 12. k-18andk+9, 
18. a-bandati4 М. m-iéanim*6, 45. z-5andz-13. 
16. 2+7 ана 2+19. 17. a-3 and а—11. ` 18, σά and z-13. 
19. m+5 and m —16. 20. z-8andiz-10. 21. a+6and a-19, 
22. m-Tandm-*13. 23. z-10andz-16. 24. r45and 2—18. 


25. 2-16 and +10. 


CHAPTER V 
SIMPLE EQUATIONS 


62. Definitions. Any two expressions connected by the Sign 
of equality constitute ап equation, and each of the expressions thus 
connected is called a side or member of the equation. 


The term equation, however, is hardly used in this extended sense. 
When one expression is put equal to another the equality may hold 


either tor all values of the letters involved, as in (a +b)(a-b)=a2-b°, or | 
for some particular values of the letters only, as in 4z=8 (which is truo ~ 


only when 2=9). The latter class of equations alone are called equations 
more correctly, Equations of Condition), whilst any equation of the 
former class is called an Identity (or an Identical Equation). 


Thus, (z+1)+(9e+3)=3z+4 is an Identity, 


whereas (¢+1)+(x+3)=82+2 is an Equation А 
the former being true for all values ot æ, and the latter, only when «=2. 


The: letter, to which a particular value or values must be given 
in order that an equation may be true, is called the unknown quantity. 
It is nian represented by one of the last letters of the alphabet 
t, Y, 2, eto. 


Any particular value -of the unknown quantity, for which an 
equation is true, is said to satisfy the equation, and is called a root 
or a solution of the equation. 


To solve an equation is to find its root or roots, 
An equation containing only one unknown quantity, is said to be 


an equation of the first degree or а simple equation, when the unknown 
quantity occurs only in the first power. 


kc At. 
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63. Axioms, The process of solving an. equation is' primarily 
based upon the following axioms : 


(1) If to equals the same quantity, or equal quantities, be added, 
the sums are equal ^ — Š | 


(2) If from equals the same quantity, or equal quantities, be 
taken, the remainders are equal. 


(3) It equals be multiplied by the same quantity, or by equal’ 
quantities, the products are equal. a 


(4) If .equals be divided by the same quantity, or by equal 
quantities, the quotients are equal, 


` Cor. І. From axioms (1) and (9), we deduce an important principle 


к ‚ which is of great use in solving equations, and which may be enunciated 


ав follows : 


Any term may be transposed from one side of an equation to the other by 
simply changing its sign. 


For, lot w-a=bte, 
then adding a to both sides, we must have 


a-ata=btcta, [ Axiom (1) ] 
or, z—-btcta; 
again, subtracting c from both sides, we have 
z—a-c-btc-c [Axiom (9) ] 
=b. ? J 


Thus, —a, removed from the left side, appears as +a on the right, 
and +c, removed from the right side, appears as —c on the left. 


Similarly, if z —a—b—c-4d, we have z—a—-b+c—-d=0. 

Such removal of terms is called Transposition. 

Cor.2. The sign of every term of an equation may be changed 
without destroying the equality. 

For, let w-a=bto; у ç 

then (z-a)x(-—1l)=(b+e)x(-1), [ Axiom (8) ] 

on -—zta--b-c. 

{ 64, Simple Examples. We shall now work out some examples 
illustrating the general method of solving a simple equation by the 


application of the foregoing principles. The unknown quantity will 
always be denoted by т. 


1—5 
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Example 1. Solve 18r=54. 
N.B. The question may be otherwise put as follows : ‘If 18z=54, what is the 
value of z ?' ° 
Since, 18z=54, 
dividing both sides by 18, we get 
m -5, от, c—3. 
Thus, the required value оѓ z is 3. 
Example 2. Solve 3245-2419. 
N.B. The question may be otherwise put as follows: ‘If 8x 5-19, 2 
what is the value of z ?' 
Since, Sz 572-19, 
by transposition, we must have 
382-2—19-5, or, 95-14, 
and therefore ( dividing both sides by 2), 
ᾳ-Τ. [ Axiom (4) ] 
Thus, the required value of z is 7. 
Example 3. Solve the equation —11z-9(3—2)-39, 
Removing the brackets, we get 


—llz+6-2z=329, 
or —13¢+6=82, 
or, © -—1392-32-6, [by transposition ] 
or, -182=96. 


Multiplying both sides by —1, 
(-1)x(-182)=(-1) x 96, 


or, 132= —96, 
<. dividing both sides by 13, 
=-2§, ie, -9, 


Thus, the required value of z is --θ, 
Example4. Solve (z +9)(8e +4) —6e=10+(3z+9)(z +1). 
The left side—3z? +102+8—6 
=8х°#+4@+8; 
and the right side=10+32?+52+2 
—39z? +5z+19. 
Hence, 323 +4z2+8=3z2+5z+19, 
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Removing 32? from both sides, we have 


42+8=52+19, [ Axiom (9) 1 
Henoe, by transposition, Ў 
4r—52r—12-8, . 
or, στα, š 
and therefore 2= —4. [ Cor. 2, last article] 


Thus, the required value of z is —4. 


Note. The student cam easily see for himself that when e has this value, 
each side of the given equation becomes equal to 40. 


Example 5. Given ë +5= 5 Em. ; find z. 


Since, 6 2 +5= s i 


multiplying both ide by 12 ( which is the L.C.M. of the πι χμ 
we have 


19(8 +5)=10(3 +2), [ Axiom (8) ] 
or, 9a +60=42+ 8z— 72. 


Henee, by transposition, 
90-Ία--60, or, —5e=-60, 
and therefore ( dividing both sides by —5), 2=19, 
Thus, the required root is 12. 


EXERCISE 28 
Solve the following equations : 
1. 40=16. 2. 32=—15. 8, To= — 28. 
4 -52=95, δ. p--l в, ^g = 20. 
7. 8a+5(2-—2)=—16. 8. 5(1-т)+8(2—ж)= — 29. 
9. 4(2—z)+9(3—9z)=30. 10. 7(8-22)+5(c-1)=34, 
11. 4r+3=2r+5. 12. 9032-06. 
13. 5r—6-92z43. 14. 1δυ-9-11α-96. 
15. 4{α-8)-9(α- 6). 16. 9(z—15)-5(x—11)*-4. 
17. 19-32=52 +35. 18. 3(z—9)+7(9z—3)=5(1—9z)— 59. 


19. 132 4(52—8)+17=0. 90. l4(z—4)+3(e+5)=6(7-2z)+4. 
91. 892-7) 9(32-14)=15, 22. 3x — 13(9x — 13) = 4« 90. 
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28. 49+13(52+97)=8(5+2)– 3. 

24. 165(72-9)=13-9)+4(13-). ` 

1:25. 8z+5(z+7)+9(9z+93)— 9ία 4-6) - 0. 

26. (@—7)(4a— 99)= (9 — 59x — 17) +1. 

20. (32-922. 6) - (4— 321 — 22) 10. 

28. (353-060 - 7) (32: 3)92 —13) - (30+ 182 — 1) 
> 99. (z-- 99 4-5) 7 9(z 4-1)2 +13. 

30. (ο 14ο -- 7)- (c — 1 α’-6)--ϑίσ1-9) +5, 


dl Um T α v om 
81. 2+5=2 47, 80. 6-2-2-2 τ 
22.290 ὅσ 
198. σελ б + 19 
CHAPTER VI 


PROBLEMS LEADING TO SIMPLE EQUATIONS 


65. Symbolical Expression. The chief difficulty in solving 
ап algebraical problem lies in expressing correctly the condition of the 
problem by means of symbols. The student should, therefore, be first of 
all introduced to this art before the solution of any problem is presented 
{ο him. The following examples will serve as illustrations, 


Example 1. Ifa man earns 2 rupees per month, how many four 
anna pieces will he earn in half a month 2 


Since, 1rupee-4 four-anna pieces, 
ce 2 rupees =4z four-anna pieces. 
Clearly therefore the man earns 4z four-anna pieces per month. 


Hence, the number of four-anna pieces earned in half a month 
=} of Δα--Ώᾳ. 


Example 2. If an insect creeps up a pole z inches per minute, how 
many feet will it rise in y hours. 


Since, 1 inch=yyth of a foot. 


OPES] inches oth of a foot. 


` —sas Cs 
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Hence, in 1 minute the insect отеерв up 19th ft. ; 


in 60 minutes > » » D x 60 ft. 


Thus, in 1 hour the insect creeps up 5z ft. 

Therefore, in y hours it rises (ὅσ x y) ft. 

Thus, the required number of feet —5zy. Р 

Example3. Ifa man travels at the rate of v miles per Iob ἂρ 
what time will he finish a journey of 10 miles ? i 

Since, z mile is travelled in 1 hour, 


1 mile, » » lu of an hour ; 


10 miles are » » 10 hours. › 


Example 4. The digits of a number beginning from the left ‘are 
тапа у. How would you represent the number 2 


If the digits be 4 and 5, the number-10 x 445; 
ifthe digits be 5 and 7, the number=10*5+7 ; 


if the digits be 8 and 4, the number=10x8+4 ; 
&nd $0 on. 


Henoe, it is quite clear that when z and y stand for the digits, thé 
number is to be represented by 10z +y. 


EXERCISE 29 
1. The sum of two numbers is 15; if one of the numbers be w, 
what is the other ? 
2. The difference of two numbers is 20; if z be the greater, what 
is the other ? 


3. The difference of two numbers is 25 ; if z be the smaller, what 
is the greater ? 


4. What is the excess of 25 over y ? 

5. What is the defect of 22 from y ὃ 

6. If be one factor of 21, what is the other factor 2 

7. What number is less than 100 by 387? ` 

8. What number taken from 47 gives 3y as a remainder ? 

9. Ifa man travels 2 hours at the rate of y miles an hour, how 
many miles does he travel ? TED 

10. Ifa man travels at the rate of y miles per hour, in what timo 

will he finish a journey of z miles ? 
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11. A manisz years of age, how old will he be 20 years hence ? 
How old was he 3 years ago ? 
12. In days а man travels 60 miles ; what is his rate per day ? 


18. Ifa train travels 30 miles іп z hours, how many feet does if 
travel in one second ? 
„ М. ΤΕΙ spend z annas a week, how many rupees do I save out οἱ 
8 yearly income of 5z rupees ? 


ә 15. Write down5 consecutive numbers of which z is the middle 
. one. | 


16. Write down the sum of 8 consecutive numbers of which the 
middle one is z. 


17. What is the odd number next after 2m-- 1 ? 
18. What is the even number next before 2% ? 


3 M If z men take 10 days todo a work, in what time will y me 
oi 


20. Aroom is a yards long and b feet wide ; what is the measure 
of the area of the fioor in square feet ? Р 


21. In the last question find the number of square units in the 
area when tho unit of length is 4 feet ? 


22. How many miles can а person walk in 20 minutes, if he wal 
2 miles in y hours ? 


23. In what time willa person walk 16 miles, if he walks z milo 

in a hours ? ; 
‚ 24. Whatis the present age of a man who үғав(с-5) years ol 

20 years ago? What will be his age 30 years hence ? 

25. If the digits of a number beginning from the right are 2 and 
what is the number ? 

26. If 2,7, 2, be the digits of a number beginning from the le 
what is the number ? 


27. In the preceding question, if the digits be inverted, how woul 
you represent the new number ? 


66. Easy Problems. We shall now work out’ some proble 
which will fairly introduce the beginner to the subject of the prese 
chapter. The unknown quantity will invariably be represented by z. 


Example 1. 4 and B together start a business with a joint-capit 
of Rs. 540. If A's share in the capital be double that of B, find the 
share of each in the joint-fund. 


Let z represent B’s share. 
Then, A’s share in the capital is 9z. 
So, the joint-fund =g +22, i.e., —3z. 
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But, the joint-fund is Rs. 540, 

^. 82= Вв. 540, or, 2= Вв. 180, 

ie, В'в share is Bs. 180, 
and .'. As share is Rs. 360. 
Example 2. Divide 34 into two parts whose difference is 8. 
Let т denote the larger part. 
Then, 34— 2 denotes the smaller part. 
Hence, by the question, 

@-(34-т)=8, ог, 92z-—34=8; 

ἡ 922742; BL 
Thus, the larger part is 21 and the smaller part is 13, 
Example 8. What number is that of which the third part exceeds 

the fifth part by 4? 

Let z represent the required number. 
Then, by the given condition, 


2 = = =4; or, ὅᾳ-- 32=60, 


or, 9т=60; 2. @=80. 
Example 4. In 10 years А will be twice as old as B was 10 years 
ago. Find their present ages if А is now 9 years older than B. ᾿ 

Let the present age of B be denoted by c. 
Then, the present age of A is 2+9. 
After 10 years A's age=a + 9+10=a+19. 
Before 10 » B's » =z-10. 

by the given condition, 

2-197 9(c — 10), or, t4 19-92-90, 

by transposition, 27—2720--19, or, 2=39, 
i.e., the present age of B=39 years, 

» » » » A-48 » . 

EXERCISE 30 

1. A straight line, whose length is 9 feet, is divided into two 


portions, one being double of the other. Find the length of each portion. 


. 2. Abag contains as many rupees initas there are eight-anna 
pieces. Find the number of eight-anna pieces if there be Rs. 80 in all. 
3. Find two numbers whose sum is 50, and whose difference is 30. 
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4. Т Find a number such that it is equal to five times its defeot 
from 96. 


m δε Find a number which being multiplied by 8, the product will 
bé greater than half the number by 90. 


6. What number is that from which if you subtract 40, the 
difference will be one-third of the original number ? 


7. What number is that of which the excess over 35 is less by 22 
than its defect from 67 ? 


б 8. Four times the excess of a number over 16 is equal to the defect 
of the number from 416 ; find the number. 


9. Find 3 consecutive numbers whose sum will be 129, .° 


10. Find a number which when multiplied by 7is as much above 
182 as it was originally below it. 


11. Divide 90 into two parts such that three times one of the parts 
together with four times the other may be equal to 335. 


12. The sum of two numbers is 39 and one-fifth of one of them is 
equal to one-eighth of the other, Find them. 


18. Find a number whose fourth part exceeds its ninth part by 5. 
14. Find a number whose sixth part exceeds its eighth part by 3. 


15. Divide 21 into two parts, so that ten times one of them may 
exceed nine times the other by 1. 


16. A house and a garden cost £850 and the price of the garden 
= һз of the price of the house ; find the price of each. 


17. Divide £490 among two Persons, во that for every Shilling one 
receives, the other may receive half a crown. 


18. A and B, two shepherds, owning a flock of Sheep, agree 
to divide its value. “A takes 79 sheep, while B takes 92 sheep and 
pays 4, £35. Find the value of a sheep. 


19. The ages of two men differ by 10 years, and 15 years ago the 
elder was just twice as old as the younger ; find the ages of the men. 


30. A father’s age is three times that of his son, and in 10 years 
it will be twice as great ; how old are they ? 


| 


' 
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CHAPTER VII 
GRAPHS : PLOTTING OF POINTS 


67. Introduction. We have shown in Ohapters II and III how 
certain algebraic ideas and rules may be easily understood by graphical 
illustrations. In fact, graphical representation of anything, wherever 
it is possible, greatly helps to realise the nature of the thing represented. 
In the present chapter we propose to consider how algebraic quantities 
can be represented by points as a preliminary to geometrical represen- 
tations of algebraic identities and equations which will be considered 
later on. Such geometrical representations are called Graphs. 1 


. 68. Instruments required. The student should first of all provide 
himself with the following instruments and acquire skill in manipulating 
them with accuracy and neatness. 


(a) A hard Pencil. 
Note. Té must be well-sharpened so that the lines drawn may be very fine. 


(b) A pair of Compasses (also called Dividers). 


(c) Two Set-squares. 
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(d) A graduated Flat Ruler (of moderate length) showing 
tenths of an inch. 


(e) A Diagonal Scale, giving hundredths of an inch. 


Example 1. Through the point A draw a straight tine parallel to ВО, 
D B E c 


K 


Place the Set-square DHF in such a way that the edge DE may 
fall along BC. Then slip the other Set-square GHK into the position 
shown inthe diagram, so that HG may pass by А. Now trace a line 
along HG, which will evidently be parallel to ВО. 


Example 2. Through the point A in the straight line BO draw 
a straight line perpendicular on BC. 
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First trace a line DE, parallel to BO. Then place the Set-square 
@НК in such a way that HK may fall along DE, and GH may pass by A. 
Now trace a line along HG, which will evidently be perpendicular to BC, 


в 
| А 
Pos A с 
r ο H K E 


Example 8. Find the lengths of the straight lines AB and CD. 
A—— 


0 


(1) Ву means of the pair of Сотраввев and the Diagonal Scale we 
find that the length of AB is equal to the distance between the two 
a marked on the line 4-4 in the diagram. Hence, the required 
ength=2'24 inches. 

(2) Tho length of OD is found to be equal to the distance between 
the two points marked on the line 9-9 in the diagram. Hence, the 
required length= 1°69 inches. 

EXERCISE 31 


4. Produce the straight line AB to double its length. 
A—— ə ee 


9. Onagiven straight line AB a point D is taken supposing it to be 
the middle point. By means of a pair of Compasses, however, it is found 
that AD isa trifle shorter than BD. How is the mistake to be corrected ? 


7ο 


A B 


| 8. АВО is а triangle and D is а point on ΑΟ, as in the above 
diagram. Through D draw, towards AB, a straight line parallel to BC. 
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. 4. Inthe same diagram, through D draw, away from АР, а straight 
line parallel to ВО. 


5. In the diagram of example 3, through B, draw a straight line 
parallel to 40. 


6. From the vertices of a given triangle draw perpendiculars to its 
opposite sides. 


7. In example 3, measure the lengths of the sides of the triangle, 
` and also measure the lengths of AD and DO. ^ 


*69. Squared Paper. A specimen of a sheet of squared paper is 
given below. 


We have two sets of parallel straight lines on the paper. One set 
being parallel to the length, and the other parallel to the breadth of the 
paper, it is clear that every line of the first set is perpendicular to every 
line of the second. The distance between every two consecutive parallels 
is one-tenth of an inch, whilst every two consecutive thick parallels are 
half an inch apart. The whole paper is thus divided into a large number 
of small squares which are equal to one another, each side of each square 
being one-tenth of an inch in length. The paper is also divided into 
a number of thick-bordered squares, each side of each such square bein 
half an inch in length. It is clear also that twenty-five of the smal 
squares are contained in each of the thick-bordered squares. 


Note 1. Lines parallel to AB may be regarded as east-and-west lines, and 
those parallel to AD, as north-and-south lines. They may also be considered as 
horizontal and vertical lines respectively. 
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Note 2.. For the sake of convenience the length of a side of a small square may 
be denoted by the symbol a. 

Note 3. The paper may also be so ruled that the length of. a side of a small 
square is only one-tenth of a centimetro (1.6., a millimetre), instead of one-tenth of 
an inch. In that case the distance between evrey two consecutive thick parallels is 
evidently half a centimetre or 5 millimetres. (One centimetre is approximately equal 
to '99 of an inch). 

Example 1. Р, 0, R, S are four stations such that Q is 7 miles 
east of P, R is 11 miles south of P, and S is 18 miles north of Q. Hind 
the distance between Z and S. 


Taking the length of a side of a small square (¿.e., a) to represent 
one mile, we have P, Q, R, S as in the above figure, where PQ- Та, 
PR-11a and QS=138a. 

. With Ras centre and RS as radius describe an aro ої a circle 
cutting the east-and-west line through R at T. 
.. Now as RT=25a, we have RS also=25a. Hence, the required 
distance = 25 miles. 

Example2. An upright post is 8feet high. A string of length 
88 feet has one end attached to the top of the post and is held tight 
with the other end in contact with the ground. How far is this end 
from the foot of the post ? 


Let 3a (2.., 8 times the length of a side of a small square) represent 
one foot. Then 8 feet will be represented by 24a and 88 feet by 26a. 
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Let AB represent the post, во that AB=24a. Take a point C on 
the horizontal line through B such that ВО= 26a. 


. With B as centre and ВО as radius describe an aro of a circle 
cutting the horizontal line through A at D. Join BD; then BD 
represents the string. 

Now, AD is equal to 10a, which is 9a--a. Hence, the required 


distance =3š feet. 
EXERCISE 32 

1. Ais δὲ units of length east of О, and P is 4 units of length 
north of 4. How faris P from O ? 

2. В із 3 їееб west of O, and Q is 7$ feet south of B. How far is 
Q from 0? 

3. Cis2 yards north of О, and R is 69 yards west of C. How far 
is R from О? 

4. Dis9'linches south of O, and S 15 2'8 inches east of D. How 
far is S from О? 

5. Ais 2'7 feet east of О. Pis north of А and 4'5 feet from O 
How far is P from А? 

6. Q is 94 feet south of B. О is east of B and 2'5 feet from Q 
How far is B from 0? 


`< — 
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7. Bis 4$ yards east of A, C is $ yards north of A, and D is 
2 yards north of B. How far is D from 0? : 

8. B is 25feet north of А. Р is 40{ее& west of A, and Q is 
90 feet east of B. How faris Q from Р? 

9. Two vertical posts, 14 feet and 3$ feet high, are 198 feet apart. 
Find the distance between the tops of the posts. 

10. A ladder 30 feet long has its foot at a distance of 10 feet from 
a vertical wall. How far up the wall does it reach? (The diagonal 
scalo may be used if necessary.) 


70. If in a plane, a point and two straight lines passing 
through it at right angles to each other be given, the position of 
any point in the plane can be easily defined. 


In the plane of the paper as shown in the diagram given below, 
let XOX’ and YOY’ be the two given straight lines at right angles to 
each other. If P be any point in the plane, how to know its position ? 


We may regard XOX’ as the east-and-west line, and YOY' as the 
north-and-south line. Draw PM parallel to YOY’ meeting XOX’ at M. 
Evidently then Mis due east of O, and P, due north of M. Hence, 
if OM and MP be known, we know the position of P at once. 


Taking the length of a side of a small square as the unit of length, 
we have OM=9 units of length and MP=12 units of length. Hence, 
the position of P may be briefly defined as follows : 


9 units east, 12 units north. 
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Note 1. If Q be a point whose position is defined to be 5 units east, 8 units 
north, to find Q all that we have to dois to take a point 5 units due east of O and 
thence proceed € 8 units northwards. 


Note 2. Jf Rbe a point whose position is defined іо be 7 units west, 4 units 
South, to find R all that we have to do із to take a point T units due west of O ana 
thence proceed 4 units southwards. 


EXERCISE 33 
[ Squared Paper is to be used in every case. ] 


1 1. Find the points whose positions are defined as follows : 
(1) 5 units east, 7 units north. (2) 8 units west, ὅ units north. 
(8) 10 units west, 12 units south. (4) 15 units east, 6 units south. 
(5) 8 units west, 13 units north. (6) 14 units east, 15 units south. 


2. Tt is clear from Chapter II ( Positive and N egative Quantities) 
that ‘6 units west’ is the same as *—6 units east’ and ‘8 units south’ is 
the same as'—8 units north’. Hence, find the points whose positions 
are defined as follows : 

(1) 7 units east, —8 units north. 
(2) —10 units east, 6 units north. 
(8) —9 units east, —13 units north. 

9. In defining the position ofa point the words ‘east’ and ‘north’ 
may be omitted if itis accepted as a rule that the distance measured 
towards the east should invariably be mentioned first. On this conven- 
tion, find the points whose positions are defined as follows : 

(1) 8 units, 9 units. (2) 6 units, —11 units. 
(8) —18 units, 15 units. (4) -10 units, —14 units. 

4, We may define the position of а point still more briefly if the 
word ‘units’ be omitted. Find, then, ἘΝ points whose positions are 
defined as follows : 

@ 6, 4. (2) 13,8, (8) -7, 6. 
(4) 8, —6. (5) —10, - (6) -9, -1δ. 

71. Definitions. The student is referred to the diagram οἱ the 
last article. The given lines XOX’ and YOY’ with reference to which 
the positions of all points in the plane are defined, are called the axes 
of co-ordinates ; and the point О, where these lines intersect, is called 
the origin. 

The straight lino XOX’ is‘called the axis of x and the straight 
line YOY’, the axis of y. 


The lengths OM and MP which define the position of the point P 
are called its co-ordinates, OM being called the abscissa (or x-co- 
ordinate) and МР, the ordinate (or Убио). 


WX 
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| Тһе point 'α, y) or simply “z, y) means ‘the point whose 
“abscissa =x units of length, and ordinate = y units of length.’ 


E Note 1. When we speak of the ‘a and у of a point, we mean its abscissa and 
“ordinate. 


" Note 2. The abscissa is positive or negative according as M is on the right or 
E. 4 left of O. The ordinate is positive or negative according as P is above or below 


Note 8. ‘To plot a point’ is to find the position of a point when its co-ordi- 
"males are given. 


- .. Example. In the diagram fee below write down the оо 
ordinates of the points P1, Ps, Ps, Pa. 


Д The figure explains itself. Take the length of aside of a small 
Square as the unit of length. 


> 
" 
T 


р, ; (1) OM, =8 units and M; is on the right of O ; M, P, =10 units and 
Es above the line XOX’. Hence, the co-ordinates of Рі are 8 and 10. 


Pi (2) OM;=5 units and М» is on the left of О; МР, =13 units and 
Е. Eoo the line XOX’. Hence, the co-ordinates of Ps are —5 


1—6 4 
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(3) OMs=10 units and Ms is on the left of О; MsPs=11 u 
mh i is Ed the line XOX’. Hence, the co-ordinates of Ps а 
—10 and 711. 


(4) OM,=15 units and M, is on the right of O; ΜιΡι-10 [ 
ind n M the line XOX’. Hence, the co-ordinates of Ps are 
and —10. ; 


Example 2. Plot the points (—1,0), (0,1), (1,2) and (2, 3), and 
show that they all lie in a straight line. 3 


Let 5 times the side of a small square represent the unit of leng: 
and let Pı, Ps, Ps, P. respectively denote the four given poini 
Lee the positions of the points will be as shown in the figure givi 

elow, 


Now we find that a Flat Ruler may be so placed that its edge w 
pass through all the four points. Hence, they all lie in the sam 


straight line. 
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Example 3. Plot the points (3, 5) and (8, 19), and find the distance 
between them, š 


Let a side of а small square represent the unit of length, and let 
P and Q respectively denote the two given points. Then the positions 
of the points will be as shown in the figure. 


. With centre P and radius PQ draw a circle cutting the east-west 
lino through P at R. 


The distance required = PQ— PE -8'6 units. [ from the figure ] 


Example 4, Plot the points P(0, 4), Q(5, -4) and E(8,2) and 
find the nrea of the triangle РОВ. 2 
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Let a side of a small square be the unit of length. Then the posi 
tions of the points, P, Q, Ё will be as shown in the diagram. Count 
the number of small squares falling wholly inside the triangle PQR, 
Of the remaining squares through which the sides pass, find the number 
ofonly those, half or more than half of whieh are within the triangle 
and reject the others. Since each small square represents a unit of area, 
«the total number of small squares thus counted will give the area of the | 
triangle pretty accurately. 

Counting by the above method, the number of small squares in the | 
vriangle PQR = 97. 

Hence, the required атеа 97 units of area. 

Example 5. Plot the points A(3, 2), B(12, 2), C(11, 8) and D(2, 8). 


Find the area of the quadrilateral ABCD and read the co-ordinates οἱ 
the point of intersection of АО and BD. 


Take a side of a small square as the unit of length. Th si- 
tions of the points, А, B, О and D will be as showin Шашу. A 


Counting by the method of Example 4, th 8 
in the quadrilateral ABOD=4. ον е number of small square 
Hence, the area required =54 units of area. 
Also, from the diagram, the co-ordinates of E, i inter- 
section of 4C and BD are 7 and 5. 5 ho dere Т 


EXERCISE 34 


1. In the diagram given on the next pase, what are the co-ordi- 
nates of the points Pi, Ps, Ps, Ps, (i) when the unit of length is 
represented by a side of a small square, (ii) when the unit of length is 
represented by 5 times the side of a small square ? 
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9, Inthe following diagram what will be the co-ordinates of the 
points if the unit of length be represented by three times the side of 
a small square ? А 


3. Plot the points (—4, —4), (7, 7), (13, 18), and satisfy yourself 
that they lie in a straight line passing through the origin. 


4, Plot the points (—8, 4) and (10, —5), and satisfy yourself that 
the straight line joining them passes through the origin. 


5. Plot the points (8,5) and (-4, —11) and find the distance 
between them. Р 


6. Plot the points (—7,9) and (-12, 21), and find the distance 
between them. 


7. Plot the points (—11, 13) and (3, —35) and find the distance 
between them. ii ] 
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8. Join the points (0, 0) and (5, 5), and produce the straight line 
both ways. Find the ordinate of the point on this straight line whose. 
abscissa is 11, and the abscissa of the point whose ordinate is — 13, Я 


9. Join the points (0, 7) and (19, 0), and produce the straight line 
both ways. Find the ordinate of the point on the straight line whose 
abscissa is —18, and the abscissa of the point whose ordinate is —14. 


10. Join the points (—4, 0) and (0, —8), and produce the straight 
line both ways. Find the ordinate of the point on the straight line 
P νο abscissa is —10, and the abscissa of the point whose ordinate 
в -94, 


11. Plot the points A(3, 9), B(3,7) and C(8, 5), and find tho area 
of the triangle ABC. 


12. Plot the points P(—2, 5), Q(6, 5) and R(8, 9), and find the area 
of the triangle РОВ. 

18. Plot the points D(5, 2), E(6, 8) and 11, 12), and find the area 
of the triangle DHF. 


14. Find the area of the quadrilateral whose vertices are (11, 2), 
(3, 2), (8, 7) and (11, 7). Obtain the co-ordinates of the point of interse- 
tion of its diagonals. 


15. Find the area of the quadrilateral whose vertices are (i) (16, б), | 
2,3), (11,14), and (5,11); Gi) (3,6), (54) (17, 16) and (9,18); 
iii) (—19, 5), (—19, -10), (16, —10) and (16,5); (iv) (0, 1), (10, 8) 
2, 13) and (— 9, 8). 

16. Construct a triangle whose base is 12 centimetres and the two 
other sides are 5 and 13 centimetres respectively, Find the area of tho 
triangle, the altitude and the angle opposite to the longest side. 

17. Construct a triangle whose base is 6 centimetres and the two 
other sides are 3 and 5 contimetres respectively. Measure tho altitude | 
ав accurately as possible, 


18. Plot the following series of points : 
(i) (6, 0), (6, 3), (6, 4), (6, 6), (6, 8) and (6, 10) ; 
Gi) (2,7), (3, 7), (5, Τὴ, (7, 7), (8, 7) and 10,7) — — 
Show that they lie on two straight lines respectively parallel fo 
the axis of y and the axis ofa. Find the co-ordinates of their point 0 
intersection. 

19. Plot the points (3, 4), (4, 8), (5,0), (—4, —3), (4, =3). Find 
their distances from the origin and show that they lie on a circle with 
the origin as centre. 

20. Plot the points 4(5, 2), B(9, 2), 0(5, 8), D(9,8) and E(T, 12). 
Find the area of the figure ABDEC and the co-ordinates of the point οἱ 
intersection of AD and ВО. 


MISCELLANEOUS EXERCISES 87 


MISCELLANEOUS EXERCISES II 
πι © 
1. From the idéntity (a+b)?=a7+2ab+b’, deduce the square of 
t—y-—2 by putting z for a and —#— z for b. 
2. Establish the following formule : 
(i) a2+b2=M(a+b)°+(a- 5) ; 
lii) 4ab=(a +b)? — (a — 0)". ° 
3. Prove that 
(у-г)(у+-—ж)+(а—ж)(@+т— у) +(ж— yc y — #)=0. 


4. Prove that 
(а—Б)(а+1)(ф+1)-а(ф+1)#+Ма+1)#=(а-— Б)(а+Ь+да8). 


5. Ifa=at+m, b=y+m, c=z+m, show that 

а? +2 +02 — bo— ca ab a? +y? +27 - ya «m — my. 
6. Ifs=a+b+eo,prove that 

(ав + bo)lbs + acY(cs- ab) =(ф+ c) (c a)%(a + 0). 
7. Divide (m+n)? —97p? by m n— 3р. 


8. Find the quotient when the dividend is (9z° -1τοψ 18033, 
the remainder is 49/91 + Бу)? and the divisor is ὃα”'-οψ +16y". 


9. 112-2 = and y ὃ = 9, find the value of ay? tae 
` 10. Show that 
(w—y+2)3 + (wt y—2)° terle- y 2)(aty—2)=82". 
п | 
Solve the following equations : 
1. 3(0-3)-92-9) +2-1=0+3+9(0+9)+3(0+1). 
2. (2-3) -5)= (2-9-7). 
3. 92+1)00+3)+8=(92+1)(2+5). 


| Find the value оѓ z, when 
4. (a+b)|b-z)=b(a- α). 


3 p, "10-р. при. pme n 9р 2m ү 2n, 
mn np pm mn np pm 
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9r*7 9r-8 c-11, В Ол—д 
6. ЫЯ ar ЛТ Pi 7. 4ш Sa 2+ Б +24, 

22-9 .8 c-l10 2-9, 920—1 82-2, 40-31, 
AMAT T Nott zumal Tm 


10. 3(z-1)-8(2:—3)--3(1- 92) - 542-5). 
III 


1. Find the number to which, if 29 be added, the sum will exceed 
four times the number by 8. 


2. Find a number whose 7th part exceeds the 9th part by 4. 


‚8. А man saves one-tenth of his monthly income and spends one- 
third of the remainder in buying petty ae At the end of the month, 
he has Rs. 300 in his pocket after meeting all the current expenses which 
amounted to two-fifths of the total income. Find his income per month. 


4. A merchant invests two-fifths of his capital in sugar business, 
one-third in jute and halí of the remainer in cloth and has £300 cash. 
Find his capital and the money invested in each business. 


5. Ais twice as old as B and four years older than C. The sum 
of the ages of 4, B and C is 96 years. Find the age of each. 


6. Two sums of money are together equal to £54. 12s., and there 
ie аз many pounds in the one as there are shillings in the other, Find 
© sums, 


7. Plot the following points опа squared paper and verify that 
they are the angular points ofa rectangle. Show that the length of 
each of the diagonals is 5: 

(14, 2), (713, 9), (-18, —9) and (13, -9). 

8. Oisa fixed station. А is 20 miles north of О. Bis 4 miles 
east of 4. О is 17 miles south of B. Show that the distance between О 
and C is 5 miles. 

9. If, in the above example, А be 19 miles west of O and P be 


5 miles north of А, and B be 19 miles east of О and Q be 5 miles'south 
of B, show that the distance between P and Q is 26 miles, 


10. Plot the following points on a Squared paper and verify that 
they lie on a straight line through the origin : 
(—8, —10), (1, 2) and (3, 6). 


| 


ОНАРТЕВ ҮШ : 
HARDER ADDITION AND SUBTRACTION 


I. Addition 


‚ 19. In Chapter ТЇЇ, we have explained the following laws of 
addition of algebraic quantities and expressions : 
š (1) If any number of quantities are added together, the résult 
will be the same in whatever order the quantities may be taken. Thus, 
atb+c=btct+a=c+atb, eto. [ Art. 31] 


This is called the Commutative Law of Addition. 


(2) When any number of quantities are added together, they can 
be divided into groups and the result expressed as the sum of those 
groups. Thus, 

atbtc=at(b+e)=(at+b)+e=b+(c+a), ote. [ Art. 32] 

This is called the Associative Law of Addition. 

(8) When any number of like terms with. numerical coefficients 


‚ are added, their sum is a like term whose coefficient is [pes io the 


sum of the coefficients of the terms added. Art, 32 
Thus, the sum οἱ 5z, —9z, Τα, бх is 162, since 5-9) 1116-16. 
This process is known as collecting terms. 
... The ordinary rule for adding together compound expressions with 
‘like and unlike terms has also been explained in Art. 33. 
"We have so far applied these rules to simple eases and now propose 
to consider more difficult problems. 
73. Compound expressions with fractional coefficients. 
If compound pilier e ἠδ. fractional coefficients are to be added, 
first simplify each expression if necessary and then put the expressions 
under one another so that like terms stand in the same vertical column, 
and draw a line below the last expression, then add up each vertical 


column and put the result below it. Simplify the coefficients in the 
result by Arithmetical Rules. 


The following examples will illustrate the process : 
Example 1. Add together : 
7 


eo ,y_2, 9,4,1,,7 909 qr. 
3*5 7 107+ 72+ g7* a and у? 321757 2b. 


90 


ALGEBRA MADE EASY [ CHAP. 


The Ist expression= irt iy- фа 
The 9nd expression — fe- fo t Mz + 19a 
The 3rd expression — -e+ gyt ὃς -2 
the sum = 5430 9г+19а—9Ь 
[ In the sum, 
the coefficient of α--}-----ᾷ--α-[-ᾱ--ᾷ--9, 
the coefficient of y-71-$5t$— 255-1952 7, 
, the coefficient of г= παμε ΜΗ σπα 
the coefficient of a=0+19+0= 12, 
the coefficient of p=0+0—9= -9. ] 
. Notice that Places of like terms in ‘a’ are vacant in the Ist and 8rd 


expressions, Wor Convenience, the coefficients of ‘a’ in these places may be taken a 
zero. Similarly, the Coefficients of the like terms in “b' may be taken as zero in 
Ist and 2nd expressions, 


- —3z , 92-47, 
Example 2. Find tho sum of — 1-3% аг 


ες ie 9r—4y , 30—92 42-60, 
а аео од μα πα στ 


Simplifying each of the expressions by collecting terms and 
proceeding as above, the sum follows. Thus, 


The Ist oxp.=(§ -4) z+(-4 +ys\y+(-sh+ ale 
τα -9 σ1(-1 +4) у+(—{4 + = ie 
° The 2nd exp.= (5-8) z+(— 59 y*(74 + Bz 
-ᾱ -ῃ sid +3) y*(-3 + 4)г=-#ш+{у 
The 3rlexp.- —ylo+(—§ +8) y-(-8 +: 
τα -2) @+(-4 3 у+(—{4 + De—-dz 


the sum = — kz +3 


[ In the sum, 
the coefficient of z=1— $-i-f465-:, 
the coefficient of y=0 14404, ] 


Example 3, Find the numerical value of the sum of 


3 98 V З rs aus 


ane EO -in + Tat εαν, when 2=98, y=79, a=5 and b=4. 
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In this problem, the numerical value can be obtained easily from 
ihe sum of the expressions, 


The lstexpression- $2: + 3/5 – 200° + 430^. 


The 2nd expression = - 4x* +17а° – 370° 
The 3rd expression= 2:5 342+ $b° 
The 4th expression= 322° — у? + Ta? — 89b? 

the sum = 8 a+ b° 


=52°2+45=5x5+4x4x4=95+64=89. 
E 


[ In the result, ү 
the coefliciont of z°=  8—384-0438—3-2250:20—9—0, 
the coefficient of y®=s%+0 — 3r — ñ= "94+ 41-0, 
the coefficient of a? = —20+17-38+7=24-23=1, 
the coefficiont of pt = 49 — 37 +Ё- 32 =49=4лра-4% 
-52550—3—].] 

74. Compound expressions with literal coefficients. Co- 
efficients which are not wholly numerical are called literal. Thus, 
tho coeficients of ὦ in ат, 6ba, (ctd—e)z,... being a, 6b, (c+d—e),... 
respectively are literal. 

Tho terms az, 6bz, (0+d-e)x,...... if considered in respect of 2 
d in ed litoral coefficients only and are also called like when thus 
considered. 


If ат and bz be two like terms in 2, 
their sum = az + bz — (0+ b)a. 
š Hence, the sum of two like terms is a like term whose coefficient 
is the sum of the coefficients of the two terms. By Art. 47, Cor. 8, this 


rule for addition will be true even when the number οἱ terms 18 greater 
than two. 

Thus, the rule for addition of like terms is same for all coefficients 
numorical as well as literal. 
о It, therefore, follows that the rule for adding compound expressions 
is same for both of these coefficients. 


The following examples will illustrate the above rule. д 


Example 1. Add together: 
(6+ 02+ (0+а)у+(0+20)2, αα by * cz and z+ +z, 
` 
Arranging the expressions so, that like terms may stand in the 
quus vertical column and adding up each such column, the sum follows. 
uS, 
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The Ist exp.=(b+c)x+(c+a)y+(atd)z 
The 2nd exp.= az +by cz 
The 3rd exp.= т Ἐν +z 
the sum =(а+Ь+в+1)ж+ (а+Ь+в+1)у+(а+Ь+е+1)з. 
[ In the result, 
the coefficient of z=(b+c)+a+1=a+b+e+1, 
the coefficient οἱ y=(c+a)+b+1=atbt+c+l, 
` the coefficient of z=(a+b)+c+1=a+b+o+1.] 
Example 2. Add ether: (b-—c)z+(ce—a)u+(a-b)z, (b-c)y 
ο nt o а and (b—c)z+(c—a)z + (a — Б)у. 


The expressions contain like terms in respect of z, y and z. Hence, 
arranging like terms in the same vertical column and proceeding as 
before, the result follows. Thus, 

The Ist expression (b—c)a--- (c a)y -- (a— b)z 
The 2nd expression —(a— b)z+(b— c)y +(c—a)z 
The 3rd expression (c— a)z *- (a — b)y (b c)z 


εν the sum=0. 


[ In the sum, 
the coefficient of z—(b—c)-- (c— a) -(a— Б) 
—-b-ctc-ata-b-0. 
Similarly, the coefficients of y and z are zero. 1 
le 8. Find the sum of (az — by) + (bz — cz), (ay — bz) + (by — az) 
and (cz— az) + (cz— by). 
Each of these three expressions contains like terms in respect of 


T, y and 5. Arranging each expression in terms of т, y and z and 
proceeding as in previous examples, the sum is obtained, Thus, 


The Ist exp.= aztbz-by-cz— (а+Ьш- by- cz 

The 2nd exp.=-brt+aytby-cze= —be+(a+b)y- cz 

The 3rd exp. -az-by-9):2 = -ᾱρ- by +2cz 
the sum= (a-bd)y. 


[ In the sum, ; 
the coefficient of v=(a+b)-b-a=a+b-b-a=0, 
the coefficient of у= —5-- (a-- 2) --ὃ-- -btatb-b-a-b, 
the coefficient of z= --ᾱ-- ο--θο--0. ] 


Note 1. When compound expressions with brackets are to be added to like 
compound expressions it is more convenient to retain brackets as in Example 2. 
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Note 2. The expressions to be added should be simplified by collecting terms 
if necessary as in Example 8. 


Example 4. Find the sum of 
(a? + b?) + (b? + 02)у + (c? + a)z, (b? + с%)т + (e° +a’), 
(c? + a?)p-- (a? + b°)q and (a? + b*)j + (b? c*)k. 
The expressions contain like terms in respect of (05 +02), (οἳ +a) 
and (a?+6*). Hence, arranging like terms in the same vertical column 
and proceeding as before, ΄ 
The Ist expression z(a? + b?) + y(b? + ο) +2(c? + а?) 
'The 2nd expression = m(b? +с?)+ (с? +a?) 
The 3rd expression= (a? + b°) + p(c? + a?) 
The 4th expression —j(a? + b?) + k(b? + c°) 
ο the sum (z-- q-3Y(a* +2) +(у ++ hb? + с®) +(g+n + plo? + a?) 
[ In the result, Ç 
the coefficient of (a2+b*)=a+0+g+j=atatys. E 
Similarly, the coefficients of (5° +с°) and (с +a?) ате (y+m+h) 
and (z+n+p) respectively. ] 


EXERCISE 35 

Add together : 

1. Qw® –бту+у?, 4y?— Ia? -5e +2у, 3ry -5-- y — 6y? and 3—4у+8@. 

2. ађо+ аЬ –Ъ%0%, B5a?b-19b?c? – Заһо, 8b*c*— Да?Ьь+ афс and 
2a*b + 5b?c?. 

3. m?*n?-3mmp-*9m?n*-6m?n?, "ттр 10? + 5m?n? – т?п, 
тп? — mnp-- 9m?n* and. —7m°n? + т?п? — 4m°n°. {РА 

4. 19a9b?z —99b*z?a-- 3725 a? b + 45a? b*2*, 95b*2*a.— 16a? 0 ο” 
— 183b? 52942, 3202b°x? — 99:*a?b- 90a*5*z — 98b*2^a and —9z5a*b 
— 14a? b?x — 60a? b? + 38b? z a. 

Б, —15а5Ь*с* t Tc*a*b5 — 94b*c5a5  9TTa^ b*c*, 19c*a*b5 — 15a* b*c* 
4- 98a*b*c* — 8b*c*a*, 99Ь*с®а5 4- 11a*b*c* — 9a*b?c* — 16c*a*b* апа 
—8а5Ь®о5 — 10с6*а®Ь5 + 3b*c°a® — 18a*b*c*. 

6. οὔα 5 —8ЬЗс® — 9803α +19а°Ь®о°*, 16с®а® — 14a9b?c? — 19a*b? - 
-1955ο5, 9Ταΐ 6705 - 19035? + YTc*a* —90b*c3, 996%% – 6a?b*?c* — 91450 
—13с®а® and 100363 +3a°b? + 453a? — 9Ta*b*c*. 
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7. ба%—18р9—58%о5—95аЬо,‚ 38c?—37a?—Tabo--99b?, 96abc— 1105 
+1145 +43a°, 1903 — 18a0c-- 4a? +91c and. — 142? +1965 +91abo— 940°, 
в. Ft he pP ana Bay + 82. 

Bo, 4y 102, 9y 42, 2 | Bz Ge, Sy. 
9. ΣΕΤ ee ως 

dey | 4y^z ὅσα Ty?z | Oz*m Ταν 6οΐα | Am?y ϑγῦς. 
ἘΠ tug v5 13 ^7 E ip ο ag A age ag 
11. Ta^b , 9b*c | Lea? 4 13ab*. 8b*c , 10c*a , 12a*b 17bc? 


a το 5 πι oaas ара 
Wab* | 18b0” , 100a? | 1lac*. 
5 * 35 αι "Bl 


12. 3 а? E 3 bea? + š bd, 3 cab? + 1 abe? + даза, 1 iat 


+ gie d-e g cab? and raf + 3 fd ong, 
14. κ 3y + aye "m δε τα, € + = 4 22 = За T 
15. M + к-а + 44-20, 30—88 + 8а db +®-® bd 
‚16. 2% im m сиг + Bae ax, ca "d gi d +42 be and 
απ 90у aU — 3ez | 5az— ca, 
ca ca ca 
itum ane келш COND D D 


by-em у cz—ay , am— bz, 
νι, Gaye” ατα 

If а=5, b—4, a=8, y=7, find the numerical value оѓ: 

18. (46a* + 38b* — 8Tabz? — 105y*) + (ATabz? + 85y*—56a* — 5855) 
+(57у* + τοῦ" + 23a* + 63abz°) + (- 8563 + 8y* —9Tabz? —89a*) + (Bat 
—45у* — 99b* + 5abz*), 
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19. (85zy* + 907ab* — 98bz* — 62ya* — 83abz*y) + (68bz* + 102ya* 
—65ry* — 87abt + 53abz?y) + (06abz?y –75ар* —95ya* + 43bz* + 53xy*)- 
+ (28ya* – 292у* — 65abz?y + 45ab* + 96bx*) + (—89ab* —43ya* + 69abz? y- 
+620“ —39bz*). 

90. (57atba + 95b*zy — 148α΄γα + 37y*ab — 953a?b?a?) + (682*ya. 
—- 99y*ab— 63a* ba + 13a? b*x? —85b*ay) + (35y*ab + 182b*ay + 82a? b?z* 
*36z*ya + 96α” 5) + (—50a?b?z? — 78a*bz + 9T7y*ab - 172*ya — 59b* my) 
+ (612 *ya — 90b*xy + 148a? b?z? — 1y*ab — 19a* ba). e 

Add together : 

21. (a? +b?)(m+n)+(a?—b?\(p+q)+o7l, — (a? — b®)(m+n)+(a? ο”): 
X (p-- q)-- c?m and nc? +a? +b") + kla? — 03). 

92. (w@+y)2at+(y+z)2b+(zt+a)%c, (w-y)?at(y-z)*b+(z-2)%c andi 
9(x? — y?)a + 9(y? — z?)b + Az" — х®)с. 

38. ab(a— 5), b«(b с), ca(c— a) and a*(c— b) b*(a — c) * c*(b а). 

Supply the following omissions : 
24. a*-b?-c?—ab-ac-bc-i 1-1(b— c)? (c— a)? 4 (a — Б)? 
95. (b-c)r*-(c-Fa)y-(a--b)z? 1 }- (а by? 1 ce). 


П. Subtraction 


75. In Art. 85, we have explained that to subtract a is the same- 
as to add —a. Thus, z—a-z*(-a) Similarly, to subtract nn 
expression is to add it with its sign changed. The ordinary rule for 
subtracting one compound expression from another has already been: 
explained in Art. 38, and has so far been applied to simple cases only. 
We shall now consider harder examples on subtraction. 


Example 1. Subtract az--by-cz from (b+ c)y-- (e + a)a + (a + b)m. 


Arranging like terms in т, y and z and applying the rule explained: 
in Art. 38, the difference required is obtained. "Thus, 


The minuend =(a+b)æ+(b+e)y+(e+a)z 


The subtrahend = ac by cz 
the difference = ba+ cy+ az 


[ In the remainder, 
the coefficient of e=(a+b)—a=a+b-a=b. 
Similarly, the coefficients of y and z are c and a respectively. ]) ` 
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Example 2. Subtract (b—c)?yz-- (c— a)*zz * (a— b)*zy 
M from (b--c)*yz- (c-- a)*za + (a + b)°zy, 
The minuend =(b+ o)? yz + (e + a)*zz + (a+b) sy 
The subtrahend = (b — c)*yz-- (c — a)?2z 4- (a — b)*zy 
the remainder = 4beyz+ — 4cazm+ 4abzy 
[In the remainder, 
the coefficient of yz=(b+c)?—(b-c)? 
=b" +2b0 +c? – (b? — 9bo + c2) 
7 b* -9bo-- c? — b? +2bc—0? =4be, 
Similarly, the coefficients of zz and cy are 4ca and 4ab respeoctively.] 
Example 3. Supply the omission in the following : 
(80+ 8b)a + (3+ 4c)y + (4c + 9а)г= (a+ b)e+(b+c)u+(e+a)z+Í |, 
Evidently, the omission сап be obtained by subtracting (a+ b)z 
+ (Ь+с)у+(о+а)г from (2a +3b)z + (35 + 4c)y+(4c+2a)z. Proceeding as 
in examples 1 and 2 above, the result of subtraction can be easily found 
to be (a+2b)a+(2b +8c)y + (3c + a)z. 
Example 4. Subtract 2'5ax— 3'7by —8 352 from ϑϑαω +2$by + 688z. 
The minuend -32az- 9$by--688z 
The subtrahend-9'5ar- 3'?by—8 397 
the remainder = Zaz4- *Sby + 8882 
[In the remainder, 
the coefficient of az—32— 25—-35-4-1&10—5 
the coefficient of by-2$-(-871)-9443]— 38 παπα. 
the coefficient of 2—6$8— (—8'32)= 688 + 830 — 948 + 740 
=e tegga аза 1 


Note, Asin addition, fractional coefficients in the remainder must be simplified 
by Rules of Arithmetic. 


When compound expressions with brackets are to be sublracted it is more 
convenient to retain the brackets, as in Examples 1-3. 


EXERCISE 36 
Subtract : 
1. το 6z*y By? — 139748 + 9y* 
from 325 —5aty +9z5y2 — 70% +6у*, 
2. 8m*nz-—l0n*zm-4-1l4zr*mma- 20m?n?z — 9732525, 
from 5m°nz— YIn?zm +26e° mn — 13m*n?z — 19n?z m, 


w чу us 
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9. 9T2*—98z5y-- 492*y? — Ag y" — 6722 y* + Bary? — 93y* 
from 482° – 31z5y — Tety? — 3975y* — 414244 +64шу5 — 53y*. 
4. -—9yzbc? + Ayz?bc — 9ax* — 9y? zbc + θα τω ý 
from 3az* — 5a?2? + 6yzbo® — Ty? zbc + Syz* bc, 
190%2%у — 152?y5z +27 + 11zyz* — 192? 27? — 197375 
from 95- 162*y*z — 172y*z5 -912525y — 6*y22? + Bryz*, 
б. 49z?*y'z* —932?y*z* --95*y* 2? — G6z?y*23 + 96x? y*z* + 35x*y?23 
from 2914822 — 3725529 +542352“ — 4513 y*;* — 154258 T80z3y*29. ο 
7. —99z*y?z5 + Ἰδαΐψίρ) + 1305у52* + 58085 — 94m5y5z* 
-86ο΄γ’ο" {тош 412*y*2* — 87*y5z* — 99л*у52® + 692525 — б5525у9а5% 
+37z5y*z8, 
8. What must be added to 322 —5ry--6y2 +7yz in order that tho 
sum may be —2?—9?— yz ? 


9. What must be added to —5z?--19:?y3— a? ba  bbzy? + ТлуаЬ 
in order that the sum may be 2° +122 + a35z — 9bzy? —2wyab ? 


10. What must be added to 5z*—6z*y--77*y? -8zy* — 19y* in 
order that the sum may be 3z*--5z?y? — 19y* 9 - 


11. What must be added to 82^ — 32*y + 6x y? τομ +180y* 
= 210° in order that the sum may be — 7z" — 4a: y? +13125 +99y5 9 


12. What must be subtracted from 2a°+5ab—6b? in order that the 
remainder may be a? +2b? ? 


18. What must be subtracted from 57?—6zy--4y? —8r— 10y +15 in 
order that the remainder may be æ? my + 3y? -- 4m -5y +6? 


14. What must be subtracted from 34° – 4a*b--5ab*—8b3 in order 
that the remainder may be a? —9ab* 4-753 9 


15. What must be subtracted from -—8z*y--42*y? — 11g? +19? 
7 18y+27 in order that the remainder may be 4a*y – 92? y? — 112° 
+2022 — 30y +56 ? 


„ 16. From what expression must 3a? — Tab--8bc--9b* be subtracted 
in order that the remainder may be 2a? +3ab+3bc-+2b" ? 


17. From what expression must -3z°+5y?—Tey+8r—9 be sub- 
tracted in order that the remainder may be z?—89? - 9zy- 11z4 7 ? 


18. From what expression must —7a*—8b%c-18ac?+3b* be sub- 
tracted in order that the remainder may be 4a? — 35c4- Tac? — 853 ? 


19. From what expression must 91z9—37zy?449y3— 1803 +19ғу 
— 89 be subtracted in order that the remainder may be –952 +15ту 
-87y? + Tac? — 48201594» 


1—7 


g 
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Subtract : 
20. yz By MY from Hla -- 243y +2022. 
21. —`35ат+1#у+`11тг from —ябал thy +" 8mz. 
22, llT7a?cr-49'81c?by —63 18c?z 
from 39'39c?by + 9`87а?са — 62 T3c*z. 
23. ТЫ τὲς + айу + DURO 9 Βία + 3'5ту + Зп 
from ὃ 312+ EM —8nz- о. -9'5my— за? o 
?4, Supply the omission in the following : 
(i) 3'9z--5/3y--542-( )22x-3y 62 ; 
(ii) 17z--93y--X81z—59r - 1 Ty +402 -( ); 
(iii) 1'24-+15'5912 +16m? +14р 
=( )- (22a +3521? +4m? +16р). 
Subtract : 
35. be(b—c)-ca(c— a) + ab(a — b) from be(b- c) - ca(c +a) + abla +b). 
26. a*(b—c)-- b*(c— a) -c*(a — b) from bc(b— c) - ca(c — a) + ab(a — D). 
27. (b—c)*--(c- a)? - (a— b)? from (2a? +b? +c? — ab — bc — ca). 
98. (14-α αλα (0--b4: b?)y-- (17 c c?)z 
from (1--a)?z + (1 D)?y + (1 + c)?z. 
А man earned (az+by+cz) rupees per month for a year and 


aS (1044111905) rupees during the same year. How many rupees will 
he be left with at the end of the year 2 


90. If out of (50r--71y--18z) sheep, (184-19 and (15y+8z) be 
sold and (32 -- 932) die, find the number of sheep left. 


CHAPTER IX 
HARDER MULTIPLICATION 


76. We have explained the following rules of multiplication of 
Algebraic quantities in Chapter IIT. 


(1) axb=bxa, [ Art. 42 ] 
abe=bea=cab, ete. [ Art. 43] 
i.e. the value of a product is the same in whatever order the factors 
may be taken. 
This is called the Commutative Law of multiplication. 
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(9) (ab) x c=a x (be)=bx (ac)=axbxe, [ Art. 43] 

i.e. the factors of a product may be grouped in any way. 

This principle is known as Associative Law of multiplication. 
(3) a(b+c)=ab+ac. [ Art. 47] 

This is known as Distributive Law of multiplication. ^ 
(4) a™ x a"=a™", where m and n are positive integers. 

This is known as Index Law of multiplication, 


We now proceed to consider products of compound expressions ай 
harder examples on multiplication. 


77. To prove that (a+b)(c+d)=ac+ad+bc+bd. 


Putting z for c+d, we have 
(a. bc d) = (a-- b) —a(a b) 
=та+аЬ [ Art. 47] 
=am+ bz 
=a(e+d)+b(e +a) 
—ac- ad t bc bd. 
Cor. Since;a—b-a--(- b) and c—d=c+(—d). 
(а= (с-а) 2 ia C7 bc C7 a) 
—ac-- a( - d) - (7 b)c* (7 b)C- d) 
Ξαο-- ad — bc bd. 
78. To prove that (a--b--c--d----)m- n ptq4--) 
=a(m+n+p+q+---)+b(m+n+p+q+-:-:) 
+ce(m+n+p+qg+:-)+d(m+n+p+qg+-:-:)+ &c, 
Putting z for m+n+pt+q+---, we have 
(a-- bct d -)m-ntptqt--) 
=(a+b+c+d+*::-)z 
=am+ bag σα da ~ 
=а(т+»+р+а++)+Ыт+въ+р+а+) 
+ce(m-+w+p+q+--)+d(m+n+p+q+::)+ о. 


Thus, to multiply one multinomial expression by another we have 
to multiply every term of the one by every term of the other and take 


the algebraic sum of these partial products. 


Example 1. Multiply 2a +3b by 4a+5b. 
(4a +5b)(2a + 3b) =(4a)(2a) + (4a)(8b) + (50)(8α) + (5b)(3b) 
— Ba? +12ab + 10ab + 150? — 8a? +99ab + 15b? , 
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Example 2. Multiply 32- 7у by 3α- 5y. 

(2a — 5y)(3z — 70) = (2:32) + (222) 7 Ту) + (7 5932) + (7 5yY ~ 7v) 
—62? — May – lory + 35y? 
762? —292y +35y?. 


EXERCISE 37 


: Multiply : 
5 1. 2a+3b by a+b. 2. 9m-3n by m-n. 
3. a+b+c by а+Ь+с, 4. a-b*c by α- 0ο. 
δ. a—-b-c by a-b-c. 6. a-9b5—3c by 2a-b- с. 
τ. 9:-8y-42 by z-y— 2. 8. -5rt9a-8b by -x-atb. 
9. zc*-y*tz* by x-y- 2. 10, ту+уг+гш by vy—yz— za. 


79. Arrangement ofan expression according to descending 
or ascending powers of some letter. 


"When the different terms of an expression contain different; powers 
ofany letter, if we arrange the terms in such a way that the term 
containing the highest power of that letter is put first on the left, the 
term containing the next highest power is put next; and so on; and the 
term which either contains the lowest power of that letter, or does not 
contain that letter at all is put last, then we are said to arrange the 
expression according to descending powers of the letter considered. 
If the order of the terms be reversed, the arrangement is said to be 
according to ascending powers of the letter. Thus, the expression 
a^a? + 3a*cy —5a®a°y? +4a ty" —9az*y*-Fz5y* as it stands may be 
considered as arranged either according to descending powers of a, or 
according to ascending powers of y, but if it is arranged as — ba? z*y* 
4-m5y5--4a?z*y*--a 9z*—9az?y* -3a*ry, it is arranged according to 
descending powers of z. 


80. When one expression is to be multiplied by another arrange 
both the multiplioand and the multiplier aceording to descending or 
ascending powers of some letter-common to them, and proceed as 
exemplified below. 


Example 1. Multiply o? - 5? — ab by αὖ- 0? + a°, 
Multipieand ^ —a?-ab- b° 
Multiplier =a*+ab—b? 
Product by a? -—2a*-a?b- а?Ь° 
Product by tab = +a°b-— a?b?—ab? 
Product by = b° = = ab? + ab? + b* 
complete product=a* —8a?b? +b* 
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Note. The process shown above may be described аз follows F 

The multiplier has been placed under the multiplicand after having arranged 
them both according to descending powers of a, and a line has been drawn below the 
multiplier. The successive products of the multiplicand by the different terms of the 
multiplier beginning from the left have been placed in diferent horizontal rows in 
such a manner that each set of like terms may be in the same vertical column. A line 
having been now drawn below the lowest of the rows, the complete product has been 
found by writing down the sum of each vertical column immediately below it. 


Example 2. Multiply 20—32° —5az by – 32° +9а° + баа, 


Arranging the multiplicand and the multiplier according to ascend- 
ing powers of z, we have 


- 


Multiplicand = 24° --ὅαα-- 3z* 
Multiplier =2a° +5az — 32° 


-10a*z—- 6a*z* 
*- 10a*z — 95a*z? — 15az* 
— 6a?az?  15az? θα 
Produet= 4a* -8Ta?z* *9z* 


Example 3. Multiply 20% —5ab? — а* 4-3? b? 
by 2a* — 3a?b - 4ab* — 5a? b*, 
Arranging the multiplicand and the multiplier according to descend- 
ing powers of a, we have 
Multiplicand = —a*-t 24?b--3a?b? — 5ab* 
Multiplier ^ —9a*- 3a?b — 5a? b? + 4ab* 
— 2a$ + 4a7b+6a°b? — 1005? 
+3470 6а%° — 94555 +15a*b* 
+5a°b? — 10453 — 15a b* + 95a? b" 
— 4459 + 8a*b* +12a°b* — 20a? b* 
Product- -24° +7a7b --5a*b? —39a^b* + Sa*h* +37a°b° — 90a*b* 
Note. In this example, the multiplicand and the multiplier are each homo- 
geneous and of the 4th degree, whilst the product also is homogeneous and of the 
Sth degree. Similarly, it may be seen that whenever the expressions to be multiplied. 
together are homogeneous, the product also is homogeneous, and the degree of the 
product is equal to the sum of the degrees of the expressions. This law is of great 
importance in testing the accuracy of a multiplication when the multiplicand and 
the multiplier are both homogeneous, for in this case if the product obtained does not 
turn out tobe homogeneous, we are sure there has been an error somewhere. 
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Example 4, "Multiply та*-та@-— p by 2° pz—1. 
Maltiplicand=ma? —nz р 


Multiplier 


N.B. То find the product of expressions in which both vulgar fractions and 
decimal fractions occur as coefficients, it is convenient to reduce all the coe ficients to 
fractions of the same kind (either all vulgar or all decimal) and apply the rule of | 


multiplication, 


In this example, as ту, when reduced to a decimal fraction, will involve a very 


large number of decimal places, we reduce all the coefficients of the multiplicand as | 


καθ Ἔγα-1 
та*— mna?— pg? 
pma? —pnz? — p*z 
— mao? Ἔπαω p 
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Product 7 mz* — (n — pm)z? — (p+ pn. m)z? + (n— p*)a+p 
Example 5. Multiply λαο” 5b?z*y- 8 cz y? +1`050%у® 
by 2ш? -- 3'5may  1'ony?. 


also of the multiplier to vulgar fractions. 
Multiplieand = 52423 + 50°: + cry? + 3592? 
Multiplier 


Ξ9ἰσ" + {тлу + ту? 


Bala +t4b2lety+ Току? + Ιον 


+1фата*у Ευ mo y? + 39cma2u +AT η πιουν“ | 
+ Pans y? +88b2na2y9 + 31 nzy* + 289?ny* 


Product = 424105 + (1$0*1-- T5am)a*y + (Tcl + $8b*m + $8an)c? y? 
+ (35971 + 4Pom 88b? n)? + (M g?m + 33en)ey* + $89?ny*. 
Example 6. 


a*—a?*b? + b^, 


G) 


Gi). 


Multiply together  a*-ab-b?, 
а --αὖ b? 
ajcabtb? κ 
a* — a*b t a? b? 

*a*b— a30* ab? 
— жа? аБ+ъ* 
at + a*5* + b* Я 
a* + a*b? + b* 
a*—a*b*-b* 
a> +a°b? + a*b* 

ais аё? —a*b* e. а20% 
w +atb*+a2?b° + b° 
ав +a*b* +08 


Thus, the required product —a? + a*b* + b*. 


a?°+ab+b? and . 
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Note. When the mumberiof factors in a product is more than two, the 
product is called the continued product of those factors. ë 
The factors should be arranged in a suitable order so as to lessen the trouble of 


multiplication im such products. 


81. Detached Coefficients. If both multiplier and the multi- 
plicand contain powers of the same algebraic quantity or be homogene- 
ous expressions of the same quantities, the labour of multiplication 
may be lessened by detaching the coefficients and placing them in 
proper relative positions.! Jf any power be missing, zero must be inserted - 
as its coefficient. 


The following examples will illustrate the process. 


Example 1. Multiply z?—4z-4 by 2-2. 


αὖ - 4514 

a -9 

1-4 +4 
=9 +8—8 


the producb- 2° – 62° +19z—8. 


Example 2. ` Multiply 32° —9z+4 by 2+5. 
3х5 +0.х°#—9ж +4 
2+5 
3420-244 

+15 + 0 —10+90 


.`. the product = 3z* +15z° — 9z? — 6z +20. 


EXERCISE 38 


Multiply : 

1. 950° +30ab+9a? by 8α- 50. 2. 9α- 80740 by 2a 3b — 4c. 
8. z?-r49 by z? 2-9. 4.. a? —2ab- b? by a? +2ab - b. 
5. aiaz*rlbya*-a?41. 6. 05—00° tz? by 2° αγ" +y’. 
7. m*—m2n?+n* by т2+п°. 8. ρα +р*+а* by а p. 
9. а + бар? – ба?Ь by ὅδ᾽ +a? + Gab. 

10. 2?—32?-3z—1 by-a?+3e+1. 

11. 92az5--a*--3a?z?--z*--9a*z by a? * x? — дат. 

19. a°+3a2b+b*+3ab? by 3ab? — 0° + a* — За?Ь. 
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18. α’-111α- 45595} by 9--2? - 9y, 

14. 1j92z-tz*-92*--32? by 12-2? - 9. 

15. b*-a?b? --a?b-a*-- ab? by a*b? — a*b-- b* — ab? + a^, 
16. z*-zy-zzty?-yztz* by r+y+z, 

17. a?-b*-cc*—bc-ca—ab by a bc. 

18. 5a*b-- 45? --9a? – 3ab? by 9ab* — 3a?b-- a3 — 553, 

19. az*-bz-cby pc-q. 20. mz?°-nm-+ by nz-r. 

7 21. aa*- brc by z?—-bz- c. 

22. ак? —bm?+cm-d by bz? — m+ d. 

23. pz*—(g—r)r-s by ma? —nz — s. 

94. az?--9hvy-- by? by la+my +n. 

25. Üa*--m*zy cn? y* +2922 9/* y c? by pat + qm t r. 
τ. 12^ y Boy? + у ΠΝ 

27. #х*+#ш°у+@ш*у% тузду by ge? +yry?. 

28. l'r5--982?--1929x*--325:2-4-.5 by Ὥζα +1'89x +9. 
29. '057a?--1095a?b--2/091ab? + 9/85? by 7a? 4-9ab - 9b? 
90. 2:35*--3'15z?y - Y ταν * 9'07y? by læ? + пау +ny*. 
91. faz? + $bz*y + fcay® +2dy* by Zax? — 8bz + су. 
32. 15am? —19bm?n-4-l3emn? – 176015 

by 1 бат + Y9bm?n +1'3emn? + Y Gdn?*. 
Find the continued product of : 
38. 2a+3b, 9a — 3b and 4a? 4-9D?, 
34. 5ax+6by, 5ax—6by and 95a? x? -- 36522. 
95. αὐ +atyt+y®, z* -- y?, zy and ay. 
86. αἱ +30y+5y?, z? —9zy - 5? and @*— xy? + 95y*. 
37. aa ΑΟ руё ауру and 
ag — by, 


Assuming a” xa”=a" to be true for all values of m and m 
prove that : Ў 


38, a?xa?=a. [а> а-и] 

39. айх =g, 

40. аха kasa. [ааа ас] 
a à 

41. а= γα. 


CA а 
[ Ga) mat καϊκαϊ ie HERE aig, duas s] 


ΓΕ ο πι MR P sr r aI WV 


Ix.] HARDER MULTIPLICATION ‚2 106 


3 
£= 


42. vie 8/23. 43. 2“=4/2%, 

4g ol κο ος ον 45. у®х lx у=. 

46. 272 χαδαὸ, [27° ха5=27%5=0°,] 

47. εἷκ pice 

48. απ μας, [e -- aix is ο ы бы: s pus Ja] 

49. 075-55, 50. z exe Paar’, x 
Write down the product of ` x 

51. 82 and 9:3. 50. sy . - a. 

58. onty? and 3:85. 54. CEA апа — ЕСЕЙ: à 

55. 4a-*b® and —20°b-*. 56. Фау and -fay 

БУЫ т "moi and —3adtsc*., 58. δα το and κ) 

59. --θαδὸ 20? and satoto τί, 

60. ahy ty $ and — Poa т iy xj 
Multiply : 

61, Ja +o? by al εὐ), 60. 22-0 руп δ), 

63. 320-4? by 323 4g. в. а-ай +0 by αὖ +b. 

65. ai καντε γῇ by а= οὖ, 

66. αἲ - αν νο) by al ctp +0, 

67. "m sol —3y8 by 228452842 ay. 

68. ad aio κάν pane by wan. if 


69. Eu n) y- γᾷ by rti ys. 
70. а Pa 5 WE by at [2 
71. adea zŠ =@° sjt- 8283 3 рулуна. 

79. a?" – да +2 by a^ tz. 

18. a^9—4a-3b-t4a tb? 0% by a ° – 90 ^b U^. 

7A. wt. S yi κους Ьу 275% —3ж By! +2y°. à 
75. 2475 480730 δ. οὐ” by 20-8 +80 Do δ eap. 


. а multinomial expre 
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Apply the method of detached coefficients to find the product 


76. 2z*--3z--9 and 3л+5. 77. αἱ -20--16 and 2z - 3. 
78. 30° +5r+6 and ο’ -3z 4 9. 79. αὐ +pa+r by pata. 
80. $х*+®ш°+5 by $22 +042, 


CHAPTER X 
HARDER DIVISION 


82. The principal rules for division explained in Chapter III, 
may be stated as follows : 


(i) a+b=ax i ; 
Gi) a--bc-a-bc ; 
(ii) a+bxc=axc+b; 
and (iv) a”+a"=a"-", where m and n are positive integors 
and » > n. 


The rule (iv) is called the Index Rule for division. 


The Law of signs and tho rule for division of а monomial or 
ssion by а monomial have been explained in 


Arts. 50-52. We now Propose to consider division of опе multinomial 
expression by another. 


83. Division of one multinomial expression by another. 
Let us consider a particular example. 
We haye (2a? +3ab+4b?)(a + 3b) 

θα" (ο 3b) + Sab(a.-- 3b) + 4b? (a + 3b) 

—2a? +9a2b + 13ab? +1908. 


Hence, (2a* +9q%b + 18ab? + 1959) +(a+3b) 
—9a? +3ab+4b?, 
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_ Now, let us review this result and see in what way, given the 
iri ge and the divisor, we can discover the quotient. The points 
noted are : . 


(i) The dividend and the divisor both stand arranged according to 
descending powers of a common letter, namely, a. 

(1) The first term of the quotient namely, 2а2=945 а, 2:е.,=( the 
1st term of the dividend )+( the 1st term of the divisor ). 

(iii) If we subtract 2a°(a+3b) from the dividend, tho remainder is 
3a?b--1dab*--190?, and the second term of the quotient, namely, 
Sab = 3a?b3-a, ¿.e.,=( the 1st term of this remainder )+(the Ist term wf 
the divisor ). 

(iv) If we subtract 3ab(a+3b) from the above remainder, the new 
remainder ів 4ab?+12b*, and the third term of the quotient, namely, 
4b? =4ab* +a, i.e (the 1st term of this remainder )+( the 1st term of 
the divisor ). 

(у) If we subtract 4020-30) from the preceding remainder, - 
nothing remains and the division is complete. 

The process noted above can be shown as follows : 

a+3b | да® +9a2b+18ab? +19b5 | 9a* +3ab+ 4b? 

ο KOADE ss -- 

За?р + 13ab2 +12b° 

Sa?b* 9ab? κ 

4ab? -- 1909 
Aab? 1903 


Hence, we deduce the following rule : 

Arrange both the dividend and the divisor according to the 
descending powers of some common letter and place them in a line as in 
the process of Division in Arithmetic. 

Divide the first term of the dividend by the first term of the divisor 
and write down the result as the first term of the quotient. Multiply the 
divisor by the quantity thus found and subtract the product from the 
dividend. 

Regard the remainder as a new dividend and see if it is arranged. 
according to the descending powers of the common letter. Divide its first 
term by the first term of the divisor and write down the result as the next 
term of the quotient. Multiply the divisor by this term and subtract the 
product from the new dividend. 

Then go on similarly with the successive remainders wntil there 18 
no remainder. 

Note. That the rule stated above gives us a correct result is evident. For, the 
different quantities, that are one by one subtracted from the dividend, being the 
partial product of the divisor by successive terms of the quotient, their sum is equal 
to the product of the divisor by the whole quotient ; and as this sum is clearly equal 
to the dividend, the dividend is equal to the product of the divisor by the quotient, and 
this is what it should be. 


T 
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Example 1. Divide 2+ — 42° +12æ-9 by z?—92--3. 


Both the dividend and the divisor, as they are, are arranged 
YA Ud tò descending powers of т. Hence, we may proceed at once 
a8 follows : 


2? -In+8 | o* —4r*--192—9 2% {90-83 
: ο B® + Be? 010 
9z? — Ta? + 19» —9 


| 
š 
+ 
g 
5 


Thus, the required quotient=z?+9z—3. 

Note. In the dividend it must be noticed that the term containing а is wanting 
and hence the second term which contains x, has been put a little apart from the first 
as if leaving unoccupied the place of the absent term. This point should be attended 
to, although not strictly required, for the purpose of having like terms placed under 
one another ; for instance, in the above example, if the second term of the dividend 
stood close to the first, —2x* would come under —4z*, and 3z? under 12x, and this 
might confuse the beginner or otherwise lessen the neatness of the process, 


Example 2. Divide 167*--362? 4-81 by 42° +6z+9. 


а ан y” ТУ 


MEE ee O 


4x? -+6a+9 | 160* +86a:2 +81 | 420% -62+9 
16т®* + 240° +3622 — V: 
—24х5 +81 
941° —3602-54т 
3622 +542 +81 
3622 +542-+81 


Thus, the required quotient=4z°—6z+9. 

Example 3. Divide 29 — 4z* —9z5 + 3r? +8r-12 by 22-4. 

М. В. Iiis not essential to arrange the dividend and the divisor according to 
descending powers of some letter common to them ; the arrangements may as well be 
according to ascending powers of that letter. The only thing indispensable is that 
both the expressions should be arranged in the same order, be it descending or ascend- 
ing. For instance, let us work out the present example by arranging the expressions 
in the ascending order of the powers of x. 


=44+23 | —12+8ж-+8ж°— 903 — 435 +y? ( 8-9rtz* 


— 12 +327 l 
8z — 928 —4g* +g 
8x = 22 
—4z* +m ! 
ας κ 2° 


Thus, the required quotient=8—9z+m*. 
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Example 4. Divide a*b*--9abc? — ac? — b*c? by ab + ac — ob. 
The dividend, when arranged aecording to desconding powers of а, 
becomes (b? —c?)a? --9bc*a — b*c* 
The divisor, when so dauid becomes (gus bc. 
Thus, the dividend has become a trinomial and the divisor 
a binomial 
(b-- c)a — bc а-та + .a— 020° [ (b—c)a + be 
(b? —c*)v? – (020 be*)a. _ 
(b*c- ET b*c? 
(03ος bc?)a— b3c3 -- 
Thus, the required quotient-ab- ac + be, 


Example 5. Divide αἲ +03 –с°  3abc by a b— c. 
The dividend and the divisor, arranged according to descending 
powers of a, become respectively a? +3bc.a+(b*—c*) and а+(6- ο). А 
. Thus, the dividend has become а trinomial and the divisor 
а binomial 


20-0) аз +3bc.a + (b° — οἳ) (77 67das to 
в —c)a? - 


а фа, τα еи ) 
= (b— c)a: Ке с)2.а 


Thus, the required’ a quotient=a?+ m tc? — αὖ аса bc. 


Example 6. Divide (b—c)a? 4-(c— a)b? +(0 — b)c* by а? —ab— acd bc. 

Let us arrange the dividend and the divisor according to descending 
powers of a. 

The dividend —(b— сда? — bša + c*a-- b*c — bo? 

por даз — (b — c?)a + be(b? — ο”). 

The divisor =a?—(b+c)atbe. 

Thus, the dividend has become a trinomial and the divisor also 
a даш 

а (Ь+в)а+ be | (6-а = (b° – с)а + belb? – 0?) ( (b— c)a- (b? — c?) 
(b—c)a? — (b° zeha + bo(b — Qa. 
(62е? sls — (b - 3c — bc? —с®)а+ belb? — c?) 
(b° —c2)a8 — (b° + b*c — bc? —c*)a + bolb? —c?) - 

Thus, the required quotient=ab—ac+ 0° —c* 

Note. Tt must be noted that the expressions which are enclosed within brackets 
as coefficients of different powers of a are all arranged according to descending powers 
of ο. Sucharrangements add to the neatness of the process and, lessen the chance of 
confusion. 


110 


Divide : 
. m*-9r414 by 2-7.. 


. 24° – Tab--6b? by a— 9b. 
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EXERCISE 39 
3. 30°-172+10 by 32 — 9. 
12x? – 82 -32 by 4x - 8. 4. ὅδαὶ--θἴω--14 by llz+9. 
6. a*-ta*y*-- y* by z* my y". 
8. 


41° — 9a? by Qa+3a. æ +a? by ατα. 


. a*—a*b- Tab +353 by a — 3b. 


32? + 382° +427 +18 by 322-476. 


. 829-2002 + Ir ys by 322 — Ser + үү. Ç 
„ %а%у5—уңа%у%Б+-бупуЪ® — 8.5? by 100° yt riab. 


tam? + рат +3gtamn? +126» by $a?m2 +38amn+42n?. 
ο dry? -Ayt by 597 - 6. 

Жу? ἔσγ' ауэ + рогу -hety eio by dry? фаул", 
Hmn? + фтп ^ — Semin + int by kmm dm? + Jon. 


5 


.)$a3y? + ας - Aa? y* – Бау“ – dsa*y by Фау - ły? + gra". 


If z-- y-- z— – За, find the quotient when 


(20-4 — z(8y — z— z)(92— » — y) is divided by a? +ala+y)+ay 


.Divide : 


19. 


3G — y)* -(y— 2)? (z —z)°] by (α-- yy - 2). 

m° —9a?z? -- a? by 2% —9az-- a2, 

Αν) + y* +09 by ву - c? + y?. 

29  (a-- b--c)z* + (ab-- ac bo)z - abo by +0. 

αἳ * (b-c—a)z?  (ca— ab — bc)e-* abc by æ? +(b- aye — ab. 
a? -c a*b-F a*c— abc — b*o— Ь0° by а? — bo, 

a*(b4- c) — b*(c-- a) -- c*(a + b) - abc by α-- ῦ-ο, 

a*(b-- с)+1%(а—с)+с°(а— b) - abe by а+Ь+с. 

αἱ — 9az? + (a* — ab — b*)z + a2b + ab by z-a- b. 

a? +b? +e — Sabe by a- b+ce. 

2° +02 14 Szy by c y— 1. 

z? —8y? -972* — 18yz by z -2y — 32. 

c? —y?-F z? -Szyz by m—y +z. 

80’ — 97% — 2% — 18ryz by 412 +9y? +22 + Gry +9zz— Sys. 
a*(b — c)-- b*(c— a)-- c*(a— b) by a— b. 


^ 


x.] 


94. 
95. 
36. 
37. 
38. 
39. 
40. 
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(a? — bz +om)a — bela t a)-- (c—b--c)z? by (z + aes b). 
clab- z)-- (a — δία-- Ce + ala? —ab) by (x—b)(x-c). 

a3(b — c) +b%(c—a) - c*(a— b) by ab be=ac—b*. e 
αἳ (03 = c) + b*(c* —a) +о%(а% =b?) by:a2b— be? — ac +ас. 
ту®-+Е9у5а—@жу°а+хуг®—шх°у-9уа9+х°а—тг° by у+2- 2, 
b(a? +a?) + азда? — a?) + а®(ш + а) by (a+ b)(z +a). 
(a—b)2c? + (а— Ь)с® – (c? — а?)Ь® + (с a)b? by (a— bc? —(c—a)b*. 


[ Arrange the given expressions according to descending powers of c. ] 


41. 


(am + by)* + (az — by)? — (ay — bz)? + (ay + bz) 
by (a+ Б): — 3ab(z? — y*). 
ГС. U. Entr., 1888 ] 


[ Simplify the dividend and the divisor and then апы "the two expressions. 
according to descending powers of z. ] 


42. 


(1+ y2)(L-- 22) 3- y(1-- 22)(1-- 2?) - +2*)\(1+y7) — 
by 1+zy+wz-+ ze. 
ΓΟ. U. Entr., 1878 ] 


[ Arrange the expressions according to οι ης porem ‘ot 2. L 


43. 


(4х5 — Зат)? + (4y* — 3a? y)* – а° by 2% +y? — a°, 


[ B. U. Entr., К ; 


Assuming the formula a"--a"-—a"-" to be true for all values of 


т and n, show that : 


44 a?-1. [a9-a"-" - a" ea" —1.] 

45. aei, [a7 =a" 2 a9 -9" 21-0". ] 

46. c τα 47. да-а, 

Divide : 
48. atb? by ασ 5. 49, а 200 by a^ tiles. 
50. 15202 by ο λα 9г1—1бу1 by 80° +4y?, 
Γη, . 53. азаб tb by a! rat +b. 
δὲ. ἀας-.9ποΐρδ +908 by 228 sat if. 55. a-b? by at b. 
56. 4α-1ο +199 Vp 8 90720-8 - 956-9 by 2a-54-3a 10 1 - 5575. 
57. θες oss у eros Зу`®—49у © by 3e ena бу doy +. 
58. ab? byat-b?. 59. wt yte—Sabyte® by cB eyed 


- ^ Г 


+ 
w 


* 


Ё ‘ e` 
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84. Inexact Division. It may so.happen that the dividend is 
not exactly divisible by the divisor. For instance, if in example 9, * 
Art. 83, the dividend were 16z*--36z?-F6z--86, the second remainder 
would be 36z* +602186, and hence the final remainder 6z--5. As6245 
cannot be divided by 4z*--6z--9, the division in this case would be 
incomplete and the result might be expressed as in Arithmetic, thus : 

4 2 
162 +3629 62-80... 6.045 Ortb 


4a? +6049 DET Ux 


The right-hand side is called the complete quotient. The portion of 
the dividend which is thus left as a residue not divisible by the divisor is 
okon of as the remainder in division. Hence, if D denote the dividend, 
х the divisor, Q the quotient, and R the remainder, we have tho follow- 
^ ing invariable relation between these symbols D=d x QR. 
. ... 85. Detached Coefficients. If both the dividend and the divisor 
contain powers of the same algebraio quantity or be homogeneous 
expressions of the same algebraic quantities, the labour of long division ` 
can be much sayed by detaching the coofficients and placing them in 
proper relative positions. 
» The process is illustrated by the following examples : 
Example 1. Divide 6:*+-132° +392 +372445 by 322-97 +9, 
s 84249 | 6+13+39+37+45 [9+3+5 
ἘΝ OTA TABS on ш 
f + 9+21+87 
; + 9+ 6+97 — 
3 15+10+45 
e 15+10+45 
*. the required quotient is 92? +3% +5, 
By the ordinary Method : 
8ο" +9z+9 | 6z*-- 1823 -- 3923 -- 37x +45 | 20% +30 +5 
Gr*-- 4z*--18z* м 4 
9w? +217? +372 
К 92° + 62% +972 7 


1522+102+45 T vti ó 
15z* +10х +45 I ы 
the required quotient is 222 +3ш+-5. 1 
Example 2. Divide z?—27 by 27+32+9, í 
N.B. If any power of z either in. the dividend or in the divisor be absent, the 
term involving that power is to be supplied with a zero coefficient. 
1+8+9\1+0+0—97 [1-3 
1+8+9 


" -. the required quotient is z — 3. 
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EXERCISE 40 
Apply the method of detached coefficients to find the quotient of 
the following : 

1. 2m?-9m?n--18mn —6n? by 2m— 3n. 

2: a*—3a?b--3ab? — b* by a? -ᾱἒ. 

3. 97*—-8z5y—3zy? —9y* by z* +y’. 

4. 92a*-— 86a*z? —106a2? by 2a? - Baz. 

5. .3+92+42 bz? — 4241-95 by 12-92? | d 
6. c*—4z?-19z—9 by αὖ 22-3. 

7. 1a*—9a*b? +24ab* —16b* by 9α” — 3ab + 4%, 

8. a*--4a*z? *- 16z* by а? - 9az 140}, 

9. a*+4b* by a? +2ab+2b°. 
10. 955*—'7z*—9z*--182*—382—8 by z? —92? - 1. 

1. 2*-81byz-3. 12. a°—32 by a-2. 

18. . 83-90 + 2z* 52? — Τα" +20" by 1-3z z*. 

14. 89z*--40— 45z? +182* — 672 by 62? -8— 72, 

15. 62-02% by 2-z. 16. 11ᾳ5--905 byz*41- ол. 
17. l3ab°+9a2b2 θα” – αὖδ t 4b* by 4ab+b2 +343; 

18. a?b—15b* —8a*b* +a* + 19ab > у a? -- 8b? – 240, 

19. z°—a by αὖ —2z?a * 2a? —a*. 
20. 8a*5?--3b5--a5 —9a*b* —9ab* — a*b by 2ab — 3b ra^. 5 
21. y*425—9z?y? by z* - y* — 2zy. 

Find the complete quotient of : 


αἳ 11z-- 35, m+. 
22. т+Б 28. τη 


ү eel Find the remainder when «*+pa*+qetr is divided by 
po q. 


25. Divide 1+2a+4a" by 3-1, retaining four terms in the quotient. 


86. A few important results. 
The student already knows that 
z? — a? — (x — а)(ш+ a), 

and = z?—a?-(r—a)(z* * za t a?). 

Hence, z^—a* [ which -2?(z—a)-*-a(z*— a°) ] 
— (a — ак *- a(z? +za +a), 
(c — alle? +z?a+ za? + ae). 

1—8 
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Hence, z5—a* [ which=z*(z—a)+a(z*— α΄) ] 
= _ =(ш-а){ш* +a(z° -z*a-- za? +03) 
=(z—a)(z* +zša +ga? ra? + αὐ). 
Similarly, i$ may be shown that m—a is a factor of z°— a*, of 


ж-а, of 2®—а5; and во on; hence, generally, т-а is a faotor of 
2" — а" where n is any whole number. 


We conclude, therefore, that for all positive integral values of n, 
2"—a” is divisible by т-а. 7 
> 
Again, since, z^-- o^ — (z" — a") +94", of which z^ — a" is divisible by 
2-а and 2a” is not, .'. ο" +a” is not divisible by а-а. 
Thus, when т is a positive integer, 


®-— а always divides z" — an, } 
but never divides z" +a”, 


(4) 


Cor. 1. zt a divides 2% —a" only when n is an even integer. 
For, when т iseven, (—a)"= а", t and .'. z^ »--ρη--(-- a)", } 
"when n is odd, (—а)"= –а", t and .'. а*-а"=@"+(-а)"; 
р also, а+а=а-—(-а). 


à Now, from (4), we know that e -(—a) divides 2"—(—a)", but not 
w"-(—a)'. Hence, 2+ divides z" —a^ when n is even, but not when 


nis odd, 7.e., 2-- a divides z" — а" only when n is an even integer. 


Cor. 2. x+a divides z" + а" only when n is an odd integer. 
For, when n is odd, (—a)"— —a", and . #*+a"=2"-(-a)" ) 
when т is even, (—a)"= a”, and .'. z"* a^—-2" -(-a)^ ; 
also, xz a7 z—(-— a). 
Now, from (А), we know that а—(—а) divides z^—(—a)", but not 3 
z"-(-a)' Hence, z+a divides z"-Fa" when n is odd, but not when- 
n is even, 4.e., z + a divides 2" +a” only when n is an odd integer. x 
Thus, we have obtained the following results ¢ : 
2-а divides z" — a” always, } 
ж? +a” never. 
£t a divides 2" — а" only when n is even, } 
z^ +a” only when n is odd. 


TV 


t This follows from repeated applications of the laws of signs in multiplication ; 
thus, (—a)'—a*; hence, (—a)*=(—a)x(—a)?=(-a)xa*=—a?; hence, (—a)* 
-(-a)x(-a*-(-a(-a?)9a*; hence, (—a)*=(—a)(-a)*=(—a) ха*= —a^ ; 
and во оп. Thatis, any power of —a is positive or negative according as the index 
of that power is an even or an odd integer. 


1 These results have been formally proved in Chapter XXIII, 
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EXERCISE 41 
Verify by actual division that the following expressions are 
divisible by za : ч 
1.. αὖ +a. 2. α΄-α", 9. αὖ Γαΐ, 
4:"Ὦ5 —a*. 5. cta. 6. οἳ--ᾱ-, 
Verify by actual division that the following expressions are not 
divisible by gta: 
7. m= as, 8. ο Έα. 9. z^-a*, = 
10. т°+а%, Пола, 12. дна, 
Write down the quotient of : 
13. s'-lbyz-l. 14, z*-y*byzty. 15. 2'-1byz-1. 
16. c^'*y'byzty. 17. z*-1byz-1. 18. z*-y" by z* y. 
19. s'-lbyz-1l. 920. x+y" byaty. 


OHAPTER XI σα 
FORMULZE AND THEIR GRAPHICAL REPRESENTATION 


87. The different formule established in Chapter IV are stated 
below to facilitate any reference to them. А complete knowledge of 
these special products is essential for performing many algebraical 
Operations with neatness and accuracy. It is, therefore, desired that 
the student should commit them to memory so that the necessity even 
for occasional references may be altogether done away with, А 

(i) (6+ 0) = a* +945403, 

(ii) (a-b)? =a" --θαῦ +b. 

(iii) (ας b(a— ὃ)-- a* - b*. 

(iv) (a-- b)* =a” + 3a?b + Sab* +03 = д ++ Sabla-- D). 

(v) (a— b)? =a- 8a*b + 3ab* — b* =a — 5* — Заа D). 

(vi) a*-- b — (a-- ba? — ab - b?) = (a-- b)? — 2ab(a + b). 

(vii) a*—5* — (a— 500% + ab-- b*) - (a— b)? + 3ab(a — D). 

(viii) (2+0 1 b) - +(а+)ж+аЬ, ` 

(ix) (z—a)(z + b) ea? +(b—a)z— ab. 

(x) (x — ale — b) 9 z* — (a-- bye ab. 
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88. Application of Formulz. 


Example 1. Find the produot of 999 x 999 and 9988 x 10019. 
We haye _ 999x999— 999? 
—(1000 - 1)? 
=1000?-2x1000x1+12 [Formula (ii) ] 
= 1000000 — 2000 3-1 
— 998001. 


Also, 9988 x 10012 — 10012 x 9988 
` = (10000 + 12)(10000- 12) 
=10000° — 192 [ Formula (111) ] 
=100000000 —144 
=99999856. 


Example 2. Find the value of 2931° +10695 + 12000 x 2931 x 1069. 


Putting a for 2931 and b for 1069, 
the given expression =a? + 25 +12000ab 


=a? +b? +3abla +b) 

[ since, a +b=2931 +1069=4000 ] 
=(a +5)? [ Formula (iv) ] 
=(4000)5 
=4000 x 4000 x 4000 
=64000000000, 


Note. The student is referred to the examples worked out in Chapter IV for 
further illustrations. 


89, Algebraic quantities expressed as the difference of two 
squares, 
We havo a*+2ab+b?=(a+b)2, 
and a?—9Gb-- b? —(a— D)2, 
Subtracting, 4ab — (2+ 5)* — (a — δ), | 


or, abo dab) -a- t - (822^ E 


Hence, the product of any two factors 
=square of ( š x the sum of the factors ) 
— square of ( $xthe difference of the factors ) 
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Example 1. Express (z+y+9z)(z+%) as the difference of two 
Squares. 


(aveo) o {eure Gea (cea) αμ)" 


28 (2+2) E (ren 
9 2 


=(z+wu+z)° — 22, 


Example 2. Express (z--1)2z--3)(r--5) as the difference of two= 
squares. 
The given expression 
={(ж+1)(дх+8)( 5) - (2x? +5% +3)(e+5) 
ου [em ermy 
9 2 


=(02-+32+4)2 – (0% - 9; — 1). 


Example 3, Express (α-α)(α 1-8α)(α 1 8α)(α 44) as the difference 
of two squares. 


The given expression 


= (а +a)(e + Aa)H(z +9a)(z + 3a)} 
2° +бат + 4a2)(e? + baz + 6a2) 


¿: {95 + бат + 4a2)+ (z2 +5az + ва) 
2 


= [= + бах +642) — (22 + bag t a 
2 
= (z? + bag + ба?) — (a2)2, 


.. Example4. Express (r-9a(z-4a(z-6a(x-8a)tTa* as the 
differenoe of two squares. 


The given expression 

={(w+2a)(a+8a)}{( + 4а)(ж + 6a)} + Τα" 

= (0 +10az+16a2)(z2 +10az + 24a?) - Ta* 
{= +10аж+ 16а?) + (a? +10ат+ зат 


-{«*+10и+аш#)-. лшн ταὶ 
3 


=(z° +10az 1-90α5γ5- (44°)? + Та* 
=(ш*+10аж+90а°)*—16а*+Т7а* 
=(z° +10az + 20a")? — (84°)? 
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EXERCISE 42 


> [ The following examples are to be worked out with the help 
of the formule of Art. 87 } 


Find the squares of the following : 3 
1. 5z+9w. 2. 16a-13b. 8. «+100. 4. 3000, 


5. a-999. 6. y+10001. 7. 988. 8. 1012. 
= 9. 1005. 10. 99'6. 
Find the cubes of the following : 
11. 22+5. 12. 105. 18. 995. 14. 80076. 


15. Show that (a-- 5)? -- (a — 2)? —9(a? + 03). 
Hence, find the value of a° +b°, when 
(i) a=5004, b=4996 ; (ii) a=1019, b=988. 
16. Show that (a+b)? —(a— 5)? —4ab. 
. Hence, express the following as the difference of two squares : 2 
(i) 4@+2,(дх+ у); (11) (бт+10у)(4х+6у); (ii) (@+98)(s +102); 
(iv) 505x495 ; (v) (д2х +100°4)(2x + 996). 


Tind the following products : 


17. (a+x)[a- za? +z). 18. (2a+3)(2a—3)(4a?+9). 
19. (a?—ab- b?Y(a? +аъ+ b*?)(a* — а%5% 4- D). 
20. 98x 109 х 10004. 21. 96x104 х 10016. 


22. (Qa+a)(4a?+4ar+a). 
23. (a—9Ya-*2Ya* +4a+4)(a* -4a+4). 
24. (c4)? — 4x 16). 95. (2y—3)(4y*+6y+9). 
96. (ж+9)(ж#+92хж+4)(ж— 9) (02 — дл +4). 4 
27. (9x--105)2z--15) 28. (6л2—95)(6л+483). 29. (6α- 9δγίθα-- 
Simplify the following : 
80. (2üatz4 y) 49(2az- yX8a—z-— y)-(Ba-z— y)?. 
91. (17a--20z--19y)? – 2(19z + 18y + 17a((20z +19y - 17a) 
+(19z+18y + 17a)*. 
82. (16a-Fz- y) * (4a-z— y)? 3(16a zt y)*(4a- z— y) 
t 3(16at-z- yy(4a-z —- y». ` 
38. (I21a-z- y)? - (116a z t y)? — 15a(121a-* + у)(116@+ж+ у). 
84. (ba—82z)?-- (6a - 8x)? 1 88α(δα — 8л)(6ба+ 8z). 
85. (05480 — 162)? -3(3z — 3y +16г)%(дж + 3y — 162) 
+ (8z — 3y-- 162)? + 3(8x — 3y + 162) + 3y — 162)? — 1202". 
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Resolve into factors : 


36. z°+5z+6. 97. 5y?--65y- 900. 
38. a*-4b*. : 39. (ty)? 15(z- y) 286. 
40. (5a+8b+9)2 — (404-6). 21. 82° +195у°. 


42. (Ba--19z)?-64. 48. (16a438)-4. 44. ör- zy - 30zy*. 
Find the value of : 
45. (16a +2b)? — 9(13a-- 2b)(16a+ 25) + (13a 20)*, 
when a=5 and = 7891. 
46. (91w +5y)* — ϑίθ1α 1 by)" (87: 1 ὄν) 
+3(912+5y)(872 + Бу)® — (87z +57)°, when 2=2 and y =89. 
47, (589963)? — 2 х 589963 x 589863 + (589863). 
48. 90009 x 89'998. 49. 99983 – 9288°, 
50. 49856 x 49856 x 49856 — 8 x 49856 x 49855 — 49855 x 49855 х 49855. 
_ 91. Factorize (ж+ 9)(дл+1)(ба+9)—8л* by expressing it as the 
difference of two squares. 
52. Show that (ax+tb)(br-+a)labe® — (a? +b*)x+ ad} can be expressed 
as the difference of two squares. 
53. Express (Bz+1l)9e+5)Ú8z+5)4e+3) as the -difference of two 
Squares, 
54. Express (72+34)(72+ baY(T + 9aY (Tac + lla)t61a* as the sum of 
two squares. 
90. Graphical Representation of Algebraic Formule. Some 
of the formule are illustrated below by their geometrical representa- 
tions on squared paper. 


(1) To demonstrate graphically, the identity 
(a--b--c--d--e)k-ak-F bk ck dk ek. 
Let OX and OY be the co-ordinate axes, O being the origin. 


< 


Let А, B, 0, D, E be the points on OX, such that OA=a, AB=b, 
BC=c, Ср=4 and DE=e. Also, let P be a point on OY, such that 
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OP=k. Complete the rectangle OPUE. Through A, B, Ο, D, E draw 
AQ, BR, Ο8, DT, EU parallels to OP so as to meet PU in Q, R, 8, T, U 
respeotively, so that the figures ОРОА, AQRB, BRSC, CSTD, DTURE 
are each a rectangle. 


Now, rect. PH=rect. PA *- rect. QB t rect. RC rect. SD 
+rect, TE. :'' (1) 
But rect, PE- OE.OP-(04 AB4 BC+ CD+DE).OP 
=(atbt+ctdte).k; 
=, and rect, PA=04.0P 
=ak; 
rect. QB= AB.AQ= AB.OP 
=bk; 
rect. RO=BC.BR=BC.OP 
zo 
rect. SD- CD.CS- 0D.0P 
=dk ; 
rect. TE=DE.DT=DE.OP 


=ek ; 
from (1), (a+b+c+d+e)k=ak+bk+ch+dk+ek. 


(2) To demonstrate graphically, the identity 
(a+6)?=a2+2ab+62. 
Let OX and ΟΥ be the co-ordinate axes, and O be the origin. 
Let А and В be two points taken on OX, such that OA=a and 
AB=b; also let L and P be two points on OY, such that OL=a and 
LP=b. Then, OB=OP=a+b, Complete the square OPRB. Let AQ 


be drawn through 4 parallel to OY to meet PR in Q; also let LMN be 
drawn through 7; parallel to OX to meet AQ in Mand BR in N. 


Then, fig. OR=fig. OM+ fig. AN--fig. LQ+fig. MR. vi) 
Now, fig. OR- 0B.0P 
=0B.0B `7 OP=OB] 
=OB?=(a+0)?; 
fig. OM=04.0L=04.0A 
=a? - 
fig. ANC AM.AB-OL.AB 
=ab; 
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fig. LQ=LM.LP 
=PQ.LP=ab; 
fig. MR=MN.MQ=QR.LP 5 
=b.b=b?, 
[ү 
I P @ R < 
b ajb Г b 
{з N 
α a ajb a 
| |Ο] } a B X 


from (1), (a+b)? —a? +ab+ab+b? 
—a? 4 9ab4 D*. 


(3) To demonstrate graphically, the identity 
(a—-b)?—a? -2ab-- b?. 


Let OX and OY be the co-ordinate axes, and O, the origin. 


Take two points A and B on OX, such that O4—a and OB-b. 
Complete the square OPQA, on OA. Through B, draw BE parallel to 
OY to meet PQ in R ; cut off a length PL from PO, equal to b. Through 
L, draw LMN parallel to OX to meet BR and AQ in M and N respec- 
tively. Produce PQ to T, making Q7=PR(=b). Complete the square 
QTSN, on QT. 
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Since, 


Also, since, 
and 
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OA —a and OB —b. 
BA-7a- b. 
OP=0A=a, 
PL-b; 
OL-a-b; 
AB-OL. 


Now, fig. BN=fig. OQ-- fig. NT- fig. OR- fig. RS. 


But, fig. BN-BA.BM—- BA.OL 


= ВА.ВА= ВА? 
Ξ(α- 0)? ; 


fig. 090— 04.0P — 04.04 


= 04? —a?. 


fig. NT=sq. on QT 


=sq.on PR 
=; 


(0. 


xi.] 


(4) To demonstrate graphically, the identity 
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fig. OR=OP.OB=0A.0B 


=ab; 


fig. RS=fig. RN+fig. QS 
—fig. RN+fig. PM 
['- fig. QS=fig. PM, each 
being equal to b°, ] 


—fig.PN 
=PQ.PL 
=ab, 


from (1), (a-b)? =a? +b? — ab — ab, 


a? - b?- (a - b)(a- 


b). 


9.6. 


=a2+b2—9ab. 


Let OX and ΟΥ be the co-ordinate axes, and O, the origin. 


v 
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ο ΤΠΕ ΙΑ 
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Take two points, А and B on OX, such that OA=a and OB=b; 
also, take two points, P and L, on OY, such that OP=a and OL b. 


Complete the squares OPQA and OLMB. Produce BM to meet 
PQ in В and LM to meet AQ in N; also produce MN to Т, making 
NT-NA(-b) ; and complete the rectangle NTSQ. 


rect. BN=rect. QT, 


Thus, 
also 
and 


PL-0P-OL-a-b, 
AB=0A-OB=a-b, 
PL=AB, 
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Now, fig. PA- fig. BL=fig. PN+fig. BN 
: =fig. PN+ fig. QT 
=fig, РТ, oth - (1) 
But, fig. PA=sq. on ОА 
παῖ; 
fig. BL=sq. on OB 
=b; 
— fig. PT- PS.PL 
=(PQ+QS).PL 
=(PQ+NT).PL 
=(a+b)a- b). 
from (1), a* - ?* - (a— DY(a- 0). 


(5) To demonstrate graphically, the identity 
(a+b)(c+d)=ac+be+ad+bd. 


Let OX and ΟΥ be the co-ordinate axes, and О, the origin. 


On OX, take two points, A and B, making OA=a and AB-b; 
also, on OY take two points, P and D, making OL =c and LP-d. 


Complete the rectangles OPRB апа OLNB. 


Through А, draw AMQ parallel to OY to meet LN in M and 
PR in Q. 
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Now, fig. OR=fig. OM--fig. AN+fig. LQ+fig. ΜΒ, + (1) 
But, fig. OR=OB.OP. 
=(04+ ABYOL LP) 
7 (a4 bXc-- d) ; 
fig. OM —- OA.0L;— ac ; 
fig. AN- AB.AM 
=AB.OL=be ; VE 
fig. LQ=PQ.PL E 
=04.PL=ad ; 


fg. MR- QR.QM 
=AB.PL=bd; 
from (1), (a+b)(c+d)=act be+ad+ bd. 


(6) To demonstrate graphically, the identity 
(a+b+c)?=a?+b2+07+2ab+26c+2ac. 


Let OX and OY be two perpendicular straight lines, through O, 


BC Take three points, 4, B and C on OX, such that Οβ τα, AB-b, 
2079 


Complete the square OCRL on OG, so that 
OL=00=04+AB+BO=atbte, 


= +fig. AS+fig. PN+fig. NH+ fig. EP--fig. BH (U) ` 
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-Let D and E be points оп OL, such that 
à OD=a and DE=b, whence EL c. 
Through А and B, draw AP and BQ parallels to OY to meet LR 
in P and respeotively ; also, pow D and E draw DTSH and 
EMNF parallels to OX to meet AP, BQ, CR in points, Т, S, H and 
M, N, F respectively. E 


Then, fig. OR=fig. OT--fig. TN+ fig. NR +fig. DM 


Now, fig. DM= DT.DE= 0A.AB=ab, 
and fig. AS=AT.AB=0D.AB=ab. 
Similarly, fig. NP=fig. NH — be, 
and fig, EP—fig. BH=ac. 
Also, fig. OR=sq. on 00-00? 
=(04+AB+ ВО) -(a4-b4-c)*, 
fig. OT= 0A.0D= 04.04- 04? -a?, 
fig. TN=TM.TS=AB.DE=AB*=}?, 
fig. NR=NQ.NF=EL.BC=BO?=c? ; 
4. from (1), 
(α b-- c)* =a? +b" +0? +ab+ab+bet+betactac, 
б.е. 7a? +b? +02 +94 4-9bc + 2ac. 


EXERCISE 43 

Find, graphically, the value of : 
1. (i) (5+6) х11; i) 15; (ii) (6-2), 
2. Verify graphically : 

(i) 9*-7*-39; (ii) (7+3)?=100 ; 

(iii) (3+5)x2=3x2+5x2 ; 

liv) (т+а)(х+Ь)=#+(а+Ь)х+аЬ; 

(v) (e-a)e-b)=22-(a+b)n+ab; 

(vi) (z — aYc-- b) ^ z* — az + bz — ab. 


3. Calculate, graphically, the area of. а square described on 
8 Straight line whose length is equal to twelve feet. 
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4. Find, graphically, the area of a room, 5 ft. long and 3 ft, broad. 


5. A rectangular garden of length 9 yards and breadth 3 yards 
has got a path of uniform breadth surrounding it. Ifthe breadth of the 
Deth be one yard, find, graphically, the total area of the garden and the 
path together, 


6. In a square plot of land of side 10 yards, a square pond of 
length four yards is dug. Find, graphically, the area of the remaining 
portion of the land, 


7. Find, graphically, the area of a rectangular plot of land whose ~ 
length is 50 yards, and is five times its breadth. 


У 8. А rectangular eourt-yard of length 10 yards and breadth 5 yards 
is to be paved with square stones. If the side of the stone be one yard, 
find, graphically, the number of stones necessary for the purpose. 


9. A square garden of side 20 yards has within it a walk of 
uniform breadth equal to one yard running round it. Find, graphically, 
the area of the path, 


10. A rectangular court of length 20 yards and breadth 10 yards 
has two paths, each of breadth one yard joining the middle points of the 
opposite sides, and symmetrically situated about the lines joining those 
middle points; find, graphically, the area of that portion of the court, 
which is not covered by the path. 


CHAPTER XII 
SIMPLE FACTORS 


91. Definitions. When an expression is the product of two 
or more others, each of these latter is called a factor of the former. 


. A Àn expression is said to be resolved into factors when those expres- 
sions of which it is the product are found. 


[ A few simple cases of resolution into factors have already been incidentally 
treated in tho chapter on Formule and their Application. Those cases, however, 
will not be altogether passed over in the following articles as the present chapter is 
intended for a more systematic treatment of the subject. ] 

Note. In this chapter we shail confine our attention to rational and integral 
expressions only (i.e., expressions free from radical signs and in which no letter 
occurs in the denominator of any term), and by the factors of an expression will be 
meant the rational and integral expressions of which it is the product. 
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92. Simple Cases. Any expression, all the terms of which have 
got a common factor may, on inspection, be at once resolved into two 
factors, one of which is simple and the other compound ; thus ; 


(1) a*z-- az? = az(a 4 z). (2) 2a°b? — 8α5 δ᾽ = a?b*(2a — 3b), 
(8) 24z*a* — 40x?a* +56z2a5 —8z*a*(3z? — Бла + Та), 
EXERCISE 44 ч 

Resolve into factors : | 
1. ab+ac. 2. а°%БЬ5+а5Ь%, 8. z5y*—-95*y*. | 
4. 905 γρ -4αγ᾽ρ-θαγα; 5. 4a5b—6a*b* — &a*b?, 
6. az*y-—5a*z?y? + Зах. 7. 9Sa*y?2? — 19x?y*2? + 91x? y? 2^. 
8 28a8b5-—49a5b5, 9. 7221995 + 108r%y2°, 


10. 39a^b"c" —65b5c"a* — 916a" 7, 
93. Expressions of the form a? - b2, 
Tho method of resolving into factors an expression of this form has j 


already been treated in Art. 56, Note. À few more examples are added” 
here for the exercise of the student. 


EXERCISE 45 
Resolve into factors : 
1. 9a?-160*. 2. 4a?-—95az?, 8. 86α΄-1. 
4. 10z*-1. 5. 1655 --9ᾳ. 6. 1655 --6ἱᾳ. 
7. 1-10a*. 8. αὖ -8]αν, 9. 36-2*a?. 
10, 642*-4959. — 11. 191-m*. 12. 4925419 8]. | 


18. а°5%—950%42%. 14. 8129-6429. 15. p*q* —100p*. 
16. 144z'—925z*a*. 17. 199a?—943a"z*. 18. 98a*z5— 19802. 


19. 3947'"a? – 4845549, 20. 92452818 — 605m 155", 

21, (a-3b)*-95c?. 22. a*-(8b-5c?. 93, (c4)? -(s- y). 

24. (8-99) 1 — (2a--z)*. 25. 4(a—b)* --θ(ο-- d). 

26. 492° – (5/- 38). 27. (82+5)2 - (9s - 7)2, j 


28. (α{ὐ-ο)θ-(α-δ-1ο). 29. (2a—3b--4c)* — (a--4b — bc). 
80. 64(a--3z—4y)* —9(2a—2z-- 3y)*. 
91. (42° ба?) —(0z*—4a?)*. 82. (5a?—3a- 7)? — (6a? — 3a — Τ)3, 
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94. Expressions which by mere inspection can be put into the 
form а2 02, The following examples are intended for illustration. 
Example 1. Resolve into factors a*+a7b?+b*, 
at -- a*b? --b* — (a* + 9a? D? + 5%) - ab? 
7 (a? +b*)? — (ab)? 
={(a* +b?) + а (а + 3) -- ab} 
= (a? -- ab-- b?)(a* — αὖ b), 
Example 2. Resolve into factors z*--4. _ 
@*+4= (z* + 4х9 +4)- 45? 
7 (02 4- 9)? — (27)? 
={(a? - 2) +9zH(z2 +2) — Qa} 
7 (02 -- 9x - 9) (x? — 9л 1-9). 
Example 3. Resolve into factors z*—6z? +1. 
ο΄ — 62? - 1— (z* — 202 4-1) 40° 
= (0% —1)* — (22)* 
š = (22-1) + 2c}? -1)- 9α} 
ν = (2° -- 92 — 1)(z* — 9л- 1). 
Example 4. Resolve into factors a? — δ) + 9be— c?, 
à? — 03 --9bo— c? =a? — (b? — 9bc4- c?) 


Р; =а (0-0) 
7a (b— c)Ma- (0-0) 
» 7(a4- b— c)(a— b4 c). 


Example 5. Resolve into factors 9(ab--cd) — a? — b? +02+ 1°. 
The given expression —(c? + 2cd + d?) — (a° — 2ab + b°) 
= (0+ d)? - (a- b)* 
={(c+d)+(a-b){(c+d)-(a-d)} 
=(c+d+a-b(e+d-a+b). 


EXERCISE 46 
Resolve into factors : 
1. zr*tr*41. 2. αὐ [α΄ 11, 8. attan’ tot, 
4. a®+ata*t+a®. [ O. U. Entrance, 1887 ] 
3 Б. д*+64. 6. 4*+81. 7. 904.396. 
8. а*+9242 +9. 9. 2*-—72%+9. 10. 45+ 1-83 +9. 


11. 40*-1622+9. 12. 4a*+3z*+9, 
18. 4a*-37a?--9. 14, 4a*+625. 


rg 
n 


I 
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15. 92*+9822+16. "46. 9а*—95а%+16. 

17. 9u*-332"+16. 18. 9ᾳ3--αἳ 116, 

19. 160z*--4z?o? +954а*. 20. 9a*-—19a?z? -- 95;*. 
1 81. at +824 144, 29. a*-35a?b? +9554. 


23. 36a*— 16752 +54, 24. 49m*+16n*—60m2n?. 1 
25. 64а* +812:*, 26. 42*+(7а)*. 

27. д%-уї+2у2-2%. 28. 442—2 –902 +60. 
29. 9:*—4y?-419yz — 92°, 30. a*—4b* – 9502 + 90bc. "Я 
91. 30rzz--16y*-92?—95:?. 32. а42+40:—9с2 —4d? — dab + 19cd. 

83. (x*—-92ry)- (22 - дуг), 94. 422 —1+94° -- 503 --19za — 10b. 
85. 92—42 – 49:2 — 8013-98) 4-95. 

36. 16a*—16c?—9D? — 94a -- 94bc 4-9, 

97. 49390203 — l4xy — 9523 — 4, 


88. 167*--49by - 9/* 40a — 495? +2502, è 
39. 49z* — 1-- 16y? — 642? +16z — 56zy. | 
40. a*—-b*—c*--d* - 9(ad — bc). E 
95. Expressions of the form a?--5? or a3 — 52, 


The resolution of such expressions into faetors has already been 1 
considered in Articles 59 and €0, Notes. A few cases, however, of a little 
more complicated character may, with advantage, be added here. | 
Example 1. Resolve into factors a° +2°, f 
Since, αἳ 0? =(a+ b)(a? — ab-- 5?), 
wehave a?-a?-(a9)94-(z9)* 
7(a* *-z?)((a*)* — (αϑγία) + (z9)9) 
7 (a? * z*)(a* — a*z +g.) 
7(a- z)(a* — az--a*)(a* — 4323 4-25). 
Example 2. Resolve into factors a° — z. 
Since, a? — b* — (a — ba? -- ab-- 53), š 
-wehave 49—20° =(03) — (α9)5 í 
= = (a? —a*)(a2)* + (а5)(д5)-+(шв)зү 


=(а®—:5)(а9-а®л5-+ г) 
= (a — Ya? - az z*Y(a* -- a9 4- д), 
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Example 3. Resolve into factors 642" — a5, 
64z" — та = z(64z — a°) 
={(8>°)# — (αϑ)ϑ} 
=z(8z° + a5)(8z3 — a?) 
= 211022) + a*H(22)3 — a°} 
= «(2x + а)(4ж*— 2ra + αδ)Η(8α – a)(4z2° + 2wa + a), 
=z(9z+a)(9z— a)(4z% — 9ла + a2)(4z° +9za+ αϑ). 
Otherwise : 
64z" — za? (6425 — a°) 
7 z((4z*)? — (а®)5} 
—a (4x? — a? (162^ +4070? + at) 
=2(2x+ a (2 — a) (162^ +8z2a2 + a*) — 45203] 
=>(2z + a)(9z — a)((4z* + а%)# — (дла)®} 
Ξα(ϑα + a)(9z — a) (4? + a + 9za) (4x? + a? — 9za) 
=a(2a+ aY(2z: — a) (4x? + 97a + a?) (4x? — 9xa 4- a). 


Note. Although the resolution can be effected in either of the two ways shown 
above, it is generally found convenient to adopt the first method. 


* EXERCISE 47 
= Resolve into factors : 
1. `а49°—85®, 2. а*-97ак°. 8. 512z°+1. 
4. а°—519Ь°, 5. 97α51-19δα5, 6. m*-n*. 
7. 349z?--519y?. [Ο, 0. Entrance, 1882 ] 
8. б4х1%—1, 9. а%— 64213, 
10. 19525 – 916а®. 11. 64a13b+343ab*8, 
12. 7290292 — 642220, 18. (a?--b?)* -Ba?b*, 
14. (27?—3y?)9 +q, 15. (24° – 3) --ὖ-. 


, 96. Expressions of the forms x?--px--q resolved into factors 
by inspection. : 


From the relation z° +(a+b)e+ab=(z+a)(z+)b), it is clear that 
| ὅο resolve an expression of the form z*-- pr--q into two factors we have 
_ to find two quantities a and b such that at+b=pand ab=q. This can 
| be done by inspection whenever a and b aro rational and integral. The 
Student can very well refer himself to the examples worked out after 
E 61, for a clearer comprehension of such cases. P 
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Example 1. Resolve into factors 2?+172+30. | 
We Have to find two numbers whose sum =17, and product =30. 


, The pairs of numbers whose product is 30 ате: (i) 1 and 30, (ü) 3 
and 15, (ii) 8 and 10, (iv) 5 and 6. Out of these 4 pairs we must pick ouf 
Pod which the sum is 17; the second pair, therefore, is the one 
sought. 


Thus, 2 and 15 are the numbers required. 
= Hence, z°+17e+30=(z+9)z+15). 


Example 2. Resolve into factors z* — 11z--94. 


We must find two numbers whose product = +24, and sum= -11, 
Olearly then the two numbers must be both negative. 


The pairs of negative numbers whose product is 24 aro: (i) -1 
and —94, (ii) —2 and —19, (iii) —3 and -8, (iv) —4 and -6. Out of 
these 4 pairs we must pick out that of which the sum is —11; the 
third pair, therefore, is the one sought. 

Thus, the required numbers are —3 and ES 

Hence, — z*-11z-94-(r- 3o - 8). 


Example 3. Resolve into factors m? +6z — 40. 
We must find two numbers whose product — 40, and sum = +6, 
,, The pairs of numbers whose product is —40 are: (i) 1 and —40, 

(i) -1 and 40, (ii) 2 and —20, (iv) —2 and 90, (v) 4 and —10, (vi) -4 
and 10, (vii) 5 and —8, (viii) -5 and 8. Out of these 8 pairs we must 
pick out that of which the sum is +6; the sixth pair, therefore, is the 
one sought. 

Thus, the required numbers are —4 and 10, 

Hence, — z*-6z-40-(z- AY 4-10). 

Note. From the fact that the sum of the two numbers is positive it is clear that 


the positive number must be numerically greater than the negative. Hence, we might 
at once reject the first, third, fifth and seventh of the above pairs, 


Example 4. Resolve into factors 22 — 5z— 36. 


We һауе to find two numbers whose produot = — 36, and sum — -ὔ, 
Clearly, then the numbers must have different signs and the negative 
number must be numerically greater than the Positive one. 


Henco, the only admissible pairs of numbers whose product is —36 
are: (i) land —36, (1) 2and —18, (iii) 3 and —19, (iv) апа —9. Out 
of these 4 pairs we must pick out that of which the sum is —5 ; the last 
pair, therefore, is the one sought. 

_ Thus, the required numbers are 4 and Sth 


Hence, z2-5z-36=(z+4)a—9). 
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Example 5. Resolve into factors a° Tab-- 19b*, 

The factors will evidently be a+pb and a+qb where p,and 4 are 
such that p+q=7, and pq =19. 

Arguing as before it is easy to see that 3 and 4 are the uiid 
whose sum is 7, and product 19. 

Hence, a®+7ab+12b°=(a+3b)(a+ 4D). 


Example 6. Resolve into factors m? —12mn +20n?. 

We have to find two numbers whose sum = — 12, and product=20, .—. 

Arguing in the usual way we find that —10 and —2 are the 
required numbers. 


Hence, m2— 19mm + 90n° = (m — 10n)(m — 9n). 


Example 7. кеа into factors a*— a? — 19. 


Putting т for. a°, the given expression becomes αὖ — 2—19, and it is 
easy to see that z -2-12=(2- 4+3). 


Hence, at—a*-12=(a? – 4) (42 +3)= (a-- 2Y(a — 2Y(a* +3). 


Example8. Resolve into factors (2° +2)? —3(z* +9z)— 18. 
Putting a for 2% +92, the given expression becomes a?-—3a- 18, 
and it is easy to see that 
а? --θα-- 18—(a — 6Ya *- 3). 
Hence, the given expression =Í(z% + 27) — 6H(z? + 9) + 3} 
—(z? +9z— 6f? + 2л+ 8). 


Example 9. Resolve into faetors 


(δα +b)? + (Ба + Ь)(а + 9Ь)— 20(a + 2D)*. 


Putting, т for 5a+b and y for a+2b, the given expression becomes 
x? +z — 9072. 


Now it сап be easily seen that 
z gy —90/2=(z+5tw)z- 4y). 
Hence, the given expression 
=l(6a+b)+5(a+9b)H(6a +b) — 4(a.-- 2b)] 
—(10a 4 115a — τὸ). 
Example 10. Resolve into factors 8z? +9z —8. 
First Method: Find the product of the coefficient; ofa z? and 
the term independent of gm. 
In the present case, the product =8x(—3)= —94. 


. Now, resolve —94 into two factors whose sum —the coefficient of 
T, 1.0., 9, 
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By trial, the factors are бапа —4. 
Thus, the given expression —8z* +6z—4z—8 
--9α(4α + 8) — (4x 4- 3) = (4x + 3)(22 - 1). 
Second Method: The given expression -8z? 97 — 9 
=4(8 x8r? -9Χχ8α-8χ8) 
=1(0%+94- 94). [ Putting a for 8z ] 
Now it can be easily seen that a*--22—94-—(a--6)(a—4). . 
- Hence, the given expression = &(a +6)(a — 4) = (8r + 6)(8a —4) 
=H{2(4a +8) x 4(2 — 1)) — (4x + 3)(2z — 1). 


Example 11. Resolve into factors 122+7a-10. 


First Method: Find the product of the coefficient of e° and the 
term independent of x; resolve the product into two factors whose 
algebraic sum is equal to the coefficient of т. 


In the present case, the product = 12 x (—10)= —190. 
By trial, the factors of (—120), whose algebraic sum=the co- 
efficient of x, t.e., +7, are +15 and —8. 

Thus, the given expression=12r? --15ᾳ--6ᾳ-- 10 

=8a(4a +5) - 9(4х 1- δ) -{4α 1- δ)ίϑα -- 9). 
Second Method: The given expression 1903 +7z—10 

= 2019 x 122° +7 x 12r - 10 x 19) 

= h(a? +7a—120). [ Putting a for 19] 
Now it can be easily seen that а +7a—120=(a+15)(a—8). 
Hence, the given expression =74(122 + 15)(12x — 8) 

= Yal3(4z +5) x 4(3z — 9)} = (4r + 5)(8« — 9). 


Example 12. Resolve into factors 132° – 2002 +7a?. 

First Method: Find the product of the coeficient of z° and the 
term independent of z. In the present case, the product=13 x 7a? —91a^. 
Now, resolve 91а? into two factors whose algebraic sum = the coefficient 
of z, i.e., — 20а 

By trial, the factors are —7a and —13a. 

Thus, the given expression=182?—18ar—Tax+7a* 

—13z(z — a) -Tal — a)=(z— αγ18α — Та). 

Second Method: The given expression 18z? —20ax+7a* 

= 10131819 —900х130+13х 7а) 
= 35(0° -Way +91a*) [Putting y for 132] ` 
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=(y? —13ay -Tay + 91a?) Ë: 
— 1000 — 13a) - Taly — 13a) ὃ 
7 (у - 13aYy - 7а); 
the expression —35(13z – 13a)Y(13z — Τα) ^ 3s x 13(z — а)(18ж2— Τα) 
=(ш- а@)(182- Τα). 


EXERCISE 48 

Resolve into factors : 

1. 2% +32+9. 2. 2°+52+6. 3. а 14α 18, 
4. ϱἳ--δᾳ1-4. Б. αἳ +7a+10. 6. 2*-72+19. 
7. к? +92+15. 8. 2?—-92z-15. 9. «?-182+86. 
10. z*-5z-—86. 11. αὖ- 141194. 12. αὖ- 995-40, 
18. αὖ -Τα-80. 14. αὖ -9ς- 48. 15. αὖ -16α- 86. 
16. х*®+9л—96. 17. αὖ +115-49. 18. οὐ 1140-79, 
19. αὖ 32-40. 90. αὖ - 119-80. 21. αὐ --295--96. 
22. x°—1l0z—56. 23. αὖ-α-49, 84. οἳ -Ὢ- 10, 
25. cz*-99r4190. 26. αἱ -1δω--θ0. 27. 0% -9212— 19. 
28. х°+5х—84. 29. xz*—90z4-90. 90. z?--98z- 78. 
91. 22-62-79. 82. αὖ -95α 1-84. 93. 2° –962+88, 
94. к? +72 -190. 85. "91-80. 36. ο’ +82 —84. 
97. а%—а—56. 38. m?^—9m- 90. 39. а°+17а— 60. 
40. a?-15a-454. 41. p?-—99p-48. 42. т? +т- 79. 
49. m?+27m-90. 44. а? – 99415190. 45. αἱ +72-18. 
46. а%— 490—102. 47. a?-19a+€0. 48. αἱ -195-64. 
49. a?-26a-120. 50. 2*+8r-105. 51. х*—ту-—42у%. 
52. αἲ- 1915 48903, 53. m?-mn-30n?. 54. a? +ab-12b7. 
55. a*-9ab—-15b*. 56. z*-T7:y-8y3. 57. т*+32у 40у". 
58. p*-14pq--48g?. 59. р? +9ра- 804°. 60. z?--90ry—96y*. 
61. а*+4а%—5. 62. 2*+92* –15. 63. “+322 – 98. 
64. οὐ +9: --8. 65. οὐ - 1045116. 66. z*--26x* — 27. 
67. a*-7a*-8. 68. 2° – 90041564. 69. a*—11o*-— 80. 


70. 2!*—T755—8. 71. (а2 +9)? — (a* 1-94) -9. 
72. (z? +3e)°+3(z2+3z)+9. 78. (z*—27)* —9(2*—22)- 8. 
74. (a*—3a)* — 3(a? — 3a) - 4. 75. (z*— 42)? — 4(z? — 42)— 5. 
76. (z*?—-2)*—8(z?—:)4-12. 77. (αἳ — 52)? 4- 10(c? — 52) - 94. 
78. (a? +7a)? — 8(a? + Ta) - 180. 
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79. (а®+ба)#—89(а#+6а)—8390. 80. (z°—8cz)?—99(z—8z)+180. 


81. 9z72*z—105. 82. 6a*-a-15. 

83. 8m*-6m-9. 84. 62° +72у – 94у?. 

85. 10a?-41ab+21b?, 86. 19° – тт – 90”. 
87. 1903280) – 5у°. 88. 2022 -αὖ-- 98023. 

89. 182% 512у+35џ*. 90. 122° +935у —94y*. 


97. Quantities of the form х?+ рх+9 resolved into factors 
Эбу expressing them as the difference of two Squares. 
The method will be best illustrated by the solution of a few typical 
cases. 


Example 1. Resolve into factors z? —7z+19. 
αἳ -Ία19--ᾳ5- Tz (3)? - (2? +12 
[ adding and subtracting (3)? ] 
= {09 - Ta + (9*1 - (62-12)-(0- * -4 
7(c- 8) 3-2 -31-( - 3) 4). 
Note. ЈЕ must be noticed that we have added to z^ — Πα the square of half of 7 
(i.e., the square of the half the coefficient of к) to get a perfect square. Generally 
speaking, w? + Зав (or, z? – Заз) becomes a complete square when а? is added to it. 


Example 2. Resolve into factors z?--9zy — 8j? — 42? - 19yz. 
The given expression 
=(z° + 9xy - y?) - (9y? + 425 — 19y2) 
=(a+y)? - (y -22)* 
le v) (8y - 22) v) - (8y — 22)! 
=(z+4y— 92) — 2y + 92). 


Example 3. Resolve into factors 37? --11z —4. 

82° + 11z- 4—3(z* αλλα - 8) 310 + Ade + (At)? - 022-8] 
73((z +44)? — 0-8) -3((z +34)? — 3891 
-ϑία +) +EH, [5 M$g-08)9] 
=3(z+4)(e —3)=(z+4)(8z-1). 


Example 4. Resolve into factors 8z? —10z+3. 

8x? - 10258--8[α" — 392-8] - 8s? — fa + (8)? - (84 - 8) 
Ξδία-- 8* - 4—8((c— ϐ)--ἑ}ία - 8) - 4 
78(z-3)z-3)- (2 — Pia(z —2)) 
= (2x — 1)(4z - 3). 


ү 
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Example 5. Resolve into factors 203 +5а— 125%. 
942 + 5ab— 120? —9(a* +#ab— 65") 


-afar+ ἢ Ba - - «e 


=9{(a + 4b)? – 58002} 
ο 4b) + σ £6) — λε δὲ 
=9(a+4b\a- $b) - (a-- 4b(2a— 3b). 


Example 6. Resolve into factors az? +(а#+1)ж+а. 
az? + (a? +е+а=а{ш puc rti ati} 
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-afz „+1 "n "Us cH. μα. 1j 


- emptus 
ена) 
=a(z+a)(e+ 1) 


(c аас +1). 
Baley it may be shown that 
3 — (a3 +1)2+а= (x - aYaz - 1), 
M (a2 - 1e a=(z+ayae-1), 
aw? — (a? - 1)z — a (x — aax 1). 
Note. It is useful to remember these results as we are thus enab 


down at once the factors of any expression which agrees in form with 
considered above. For instance, we can at once say that: 


822 —102+8=(e—8)(82—-1), 
4a? —152 — 47 (z— 4) (42-1), 
ὅσ} 4-942 — ὅ-- (z4-5)(2 — 1) ; and so on. 


Example 7. Resolve into factors 
4{α5 +20 +5)? +112" +9:+5)00° + 62) + Αα θα)”. 


a] 


led to write 
any of those 


Putting a for z2+9z+5 and b for a?+6a, the given expression 


becomes 4a? + 17ab-- 43, and it is easy to see that 
Aa 4- 17ab +4b? =(a+40)(4a4 0). 
Hence, the given expression 
f(e? +9245) +4003 + βα)Ηέ(α” +20 +5) + (a? 462) 
— (5? +260 + 5)(5a* + 142 +20) 
=(2+5)(5a - 102? + 142 +20). 
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EXERCISE 49 


Resolve the following expressions into factors applying the method 
of this article : 


1. 2? +4943. 2. т*+6х+5, 8. z*-8z4-15. 

4. z*—-10r491. 5. ο) -9ς-48, 6. a*—4r—45. 

7. αὖ - 1951599. 8. 22-62-55, 9. а®%+2аЬ—с%+9Ьс, 
10, z*-492z—y*-F9y. 11. 2° +62-у2+4у+5. 


12. а? Γδαῦ-- 5b? — c? -- 6bc. 18. z*-6zy-5y? - 2? γε. 
"14. a*-10ry-16y?—4;?--19yz.15. a?-—19ab— 1803 — 903 4-49bc. 


16. z?--19zy — 922 --36yz. 17. a*—-14ry - 15y? — 952? +80уг. 
18. 22?-5:7-3. 19. 322-52-29. 20. 32°+142+8. 
21. 42°%+72-9. 22. 62% +2-9. 28. 62*-5r-4. 
24. 6*4 77-3. 25. 803 90-16. 96, 4z*--4r—85. 
27. 62*—-c-12. 28. ϑοΐ 165-139, 29. 922-92-35. 


90. 9z*-5r- 49. 91. 32° +13230. 82. 192% +=-6. 
38. 2a*--Tab—15D?. θα" — 132y +602. 

35. 6%%—11тт- 105°. 8p? + 5pq – 1903. 

97. 8a*—14ab— 1503. 10m? + 1lmn – 622. 

39. 19z*-18zy -4y?. 15a? — 11α0- 19ῤ5, 


41. 2%a*-5ab+2b?, За? — 8ab - 825, 
49. 3z*-8ry-3y*. 4a? 4- 15a — 4, 
45. 4a? —1lTab--4b?, δα” — 947 — 5. 
47. ба? —26ay +5y?, 6z* + 37x +6, 
49. 6a*+35ab—6b°. ба? —35ab — 602, 
51. 7a°-50ab+7b?. Ta? +48ab—7b?, 
58. Ta? —48ab— Τὸ". 8z* +682 — 8y*. 


g Ë 8 2 ë Š Ë & Š ë # Ë 


55. 92° – 82ay+9y?, 

57. 9(a--D)* 4 3(a-- b) - 9. 
58. x? +?) — 3zy(z* + y2) – 92, 

59. 9(a*--D?)? - 5ab(a? +b2)+9a2b2, 

60. 4(z?—4zy4- y2)? t l5zy(z? — dey 4- y?) - Ay?y, 

61. 25*—5z*—19. 62. 8a*—14a25?—9pb*, 63. 9a*+2a*b? —39b*. 
64. 8r^—65z*-8. 65. 4a*—17a*b*--4D5, 


10x? + 992у — 10y?. 
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CHAPTER XIII 


EASY IDENTITIES 


98. We have explained the significance of 'Identity' in Art. 62. 
Tn fact, an identity is a statement that two expressions are equal for all 
values of the letters involved. Eaoh of the two expressions constituting 
ап identity is called a side or a member of the identity. 


Thus, 5z —9z +82 is an identity, since the expressions 5z and 9z-- 3a 
are equal for all values of z. The sides of this identity are 5r and 
Qa +30, 5x being the left-hand side and 22 + 32, the right-hand side. 


Similarly, (a--5)*—a*--9ab--b* is an identity, since the equality 
of both sides holds for all values of a and b. Asa matter of fact, every 
formula established in Chapter IV is an identity. 


99. An identity is proved when its two sides are shown to be 
equal, 


To establish the equality of the two sides of an identity, reduce 
each side to its simplest form. Identity is proved if these forms are 
found to be equal. A better method, however, is to reduce one of the 
sides of the identity to the form of the other by simplification and 
transformation with the aid of the formule enumerated in Chapter XI. 


. „Sometimes the sides of an identity may be conveniently expressed 
in simpler forms by substituting letters for groups of terms in the 
identity. Such substitutions must be effected wherever necessary. 


The following examples will illustrate the process : 


Example 1. Prove that (¢+3b)?+(a—3b)?=2a? + 1803. 

The left-hand side=(a? +ба+9Ь°)+(а#—баЬ+9Ь%) [ Arts. 54, 55] 
=2а° +18Ь%. i 

Example 2. Prove that 

a3 +b? +02 — ab — bo — ca - M(b — c)? +(c—a)? - (a — b)*]. 
The left-hand side=3[9a2 -- 2b? +20? —9ab — 9bc — 9ca] 
: =ї[(а® +b?) + (b? +0) + (c? + a?) - 28b — 2bc — 2ca] 

=3[(b° — 9bc-- c?) + (c? — 2ca +a?) + (a? — 2ab + b*)] 
=4[(b-c)? (c — a)? + (a — 5)*]. [ Art. 55] 
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Example3. Prove that 
„@+бу-84)*+(ш- 5y-- 82)? -Gr(z-- 5y — 3г)(а- 5y - 32) =8л®. 

Substituting a for z-- 5y —3z and b for z—5y-- 32, we have 

the left-hand side=a°+b°+62.ab 
=a°+b°+3abla+b) [since, a--b—(z--5y — 82) 

+(e- бу +32)=2% ] 

=(a+b)° [ Art. 57] 
—(22)* =8л®. 


` Example4. Prove that 


(ὁ 1-ο){ὸ — о)+ (c - α)(ο -- a) -- (a b(a — 5) -0. 
The left-hand side=(b2—c%)+(e2—a2)+(a2—b2) ^ [ Art. 56] 
: =b? - 0? +2 д2 +42020), 
Example 5. If s=a+b+o, prove that 
(as + bc)(bs + са)(св + ab) =(а+ b) (b c)*(c + а)?. ІС. U. 1902 ] 
as+be=a(a+b+c)+ bc 
= а +a(b+c)+be=a2+ab+act be 
=alatd)+cla+b)=(a+b)atc).  [ Art. 61] 
Similarly, b3+ca=b(a+b+c)+ca=b? 4- I(a-- c) - ac 
=b?  ab- bc-- ac — (b-- c((b-- a) ; 
and — оз+аб=с(а+Ь+с)+аЬ=с*+с(а+)+аЬ 
=e" Fca- cb ab (c a)(c4- D). 
`. the left-hand side 
=(а+Ь)(а+ с)(Б+ c(b-3- а)(с+ aY(c 4- δ) 
= (a-- b)*(b- c)*(c- a)2. 
Example 6. Prove that 4225? — (a2 +b? —c*) 
=s(s— 2a)(s — 9Ь)(в — 2c), where s=a+b+e, 
The left-hand side =(2ab)* — (a? +b? — ο3)5 
={даЬ+ (a° +b — c?) gab (а? +b? — c2) 
= (а? +9ab+b°)— cHe? — (a? +b? — 9a) 
={(a+ B)? — сс — (a — 5)8} 
=(a+b+0)(a+b-c)(ct+a—b)(c—a—b) 
=(a+b+c)(at+b-o)(c+a-b)(c—atb) 
=(а+5+)(а+Ь+в—9с)(бо+а+БЬ—9Б)(Б-++в+а-— 9a) 
—s(s — 92c)(s — 2b)(s — 2a) 
= s(s—2a)(s — 2b)(s — 2c). 
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Example7. If 2s=a+b+e, prove that 
(s-a)? +(s—b)5+3(s— a)(s— ὃ)ο”- ο". z 
Wo have, c=2s—(at+b)=(s—a)+(s—0). 
Henco,  (s—a)®+(s—B)* + 3(s—a)(s— b)c 
=(s- a)? +(s- b)? - 3(s  aXs — bs — a) +(s—B)} 
—-((s-a)-*-(s- B]? =c°. 
Example8. Prove that (z—y)*-(y—2)* t(z-2)* ° 
=д(ш-у)(а- 2) +9(y— 200—2) +9(z —z)(z— 9). Z 
Putting a for z- V 
b for y-z | we have a+b+c=0. 
o for z-c 
Honce, 
002 400 — ο]5-ε(α- μμ 2) + Aly — 2 ολο 
=(а#+Ь+с®)—{да(—с)+9(—а)+2(—Ь)} 
=a? +b? +0 -9a0-- 2ab-- 9bc 7 (a bt c)* 70 ; 
"s (@-1)#+(у—а)#+(а—д)° 
—9(z - ye- 2) 9(y — Ay — 2) (2 — aX — 9). 
Example 9. If 9s=a+b+o, show that 
As- aYs — bB)+9(s— 08 — c) -9(s — os а) - 2s? -a° -b° — e. 
Since, 92+9у+92= (0+0) +(0+2) FC 2), 
we must have, 2(s—a)(s— b)+2(s—B(s—c) +9(з—о)(з— a) 
={(s—a)(s—b)+(s— bXs— c) Ks — 008—0) 
4 (s — oXs — a) -f( — 008 — a) + (s — aXs — Dh. 
Now, (s—ays-5)--(s- Bs o) =(8- 008 a)*-(s- ο) 
=(s—b)\2s—a—ch=(s— b)b. 
Similarly, (s—b)(s—c)+(s— 0(8— a)=(s— до, 
and  (s—c)(s—a)+(s—a\(s—b)=(s—a)a. 


Непсе, the given expr еввїоп = s 9 ARUT id AE 248 


=952 - а - b? - c*. 


& 
[ 


Example 10. If a+b+c=0, prove that a? + 0% -- c? = 3abc. 
Since, a+b+c=0,c=-(a+b), : 


the left-hand side=a° +b°+{—(at B* 
= аЗ +b — fa? +b? -3al(a + b) ГА. 57] 


= —3ab(a + δ)--8αδί - (a+ b)] = 3abc. 
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Note. Evidently the identity а®*+Ь%+с® = Sabe is true ad if a*btc-0. 
Such identities which are true only for some particular value of the pue involved 
is called Conditional Identities, У 


Example 11. If a+b+c=0, prove that 
a* +ab+b?=b? +be+c?=c*+eata*, [ Allahabad, 1993 ] 


= . finee, a+b+c=0, we have by transposition, 


ч: ЗЕД а= –(Ь+о), b=-(cta), с= (0+5); 
Pea a? +ab+b? ={—(b+c)}®+{-(b+c)}b+b2 eee 
T Vm [ since, а= —(b+c) ] 
mu Te og a. το” - (b+ c)b + b° 
$ > =b? +2bo +0? —b* – be +b? 
* ` —b*-bctc?, 
Also, ‘at Kalb M -a* tal (c+a)}+{-(c+a)}® 
τμ [ since, b= —(c+a)] 
i а? — alc a) - (c-- a)* 


—a? —ca—a?* c? Ἔθεα +a? — c 2+ ca+a%, 
Henoe, a° +ab+b2=b? - bo c* — c? +cat+a%, 
Alternative Method : 
a? t ab b? —a(a-- b) - b° 
-i- (0 oK c) b* - (b-- c)o- 52 
7 bo c? + 02 = b? bot c?, 
Also, δ} +be+c?=b(b+c)+c? 
={-(ct+a)K—a)+c? 
=(cta)atc®=cata*+c%=c%+ca+a2, 
Honce, a? +ab+b? =b? + bo-- c? — c2 - ca t a2, 
Example 12. If z-b-c*a, y-c— ως Ξα-- ὃ Το, prove that 
(b—a)x+(c—b)y+(a-c)z= 
We have 
(b-a)x=(b-a)(b-c+a)=(b-a){lb+a)—c} 
=(b- AOA (b — a)c— b? — а? — bc-- ac ; [ Art. 56] 
(c—b)y=(c- bYc— a-- ὃ) 7 (c— Df(e-- ὃ) -- al 
=(c- CXTRA ας 
(a-c)z=(a—c)(a—b+c)=(a-c){la+c)—B} 
7(a—cYa-- c) - (a — c)b — a? — c? — ab-- bo ; 
(b— a)z (c7 by (a— ος 
=b?—a? t c* - b* + д2 — c* bc ae— ca- ab — ab4- be=0. 


| 
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Example13. Ifz=b+o, y=c+a, 2=а+0, prove that 
s? +y%+2*—yz-2ze-cy=a*t+b*+c*—be-ca—ab, . 
The left-hand side = [9z2% + 2y* - 97? — 9yz — 2z% 92у] 
-ἐ[ω’-9αυ +y?) + (y* 29 + z) 
+(z2-Q22+2*)] [re-arranging terms ] 
-M(z— y)** (y - ο) +(z —z)°] [ Art. 55] 
=4[{(b+c)—(c+a)}* +{(c+a)—(a+d)}? ; 
+Í(a+b)— (b+ 0)}°] [ substituting for т, у, z i M. 
=3[(b—a)°+(e— b)* - (a — c)*1 Ж 
= (0° – 2ba +a?) + (c° -20b + b°) + (a? -no von е "E 
= (94° + 95* +2? — 9bc—9ca—9a0)] [collecting terms ] 
—a* +02 +02 — bc ca - ab. ' SR A. ^ 
Example 14. If2s=a+b+e, prove that i > 
(8-а) +(s—b)? -(s-c)* 1-55 —a?--b?--c?. [ Allahabad, 1926 ] 
The left-hand side du y 
—(s* — 2as-- a*)- (s? — 9bs + Ь®)+(в®— доз +c?) - s? 
—4s? — 9s(a-- b-- c) - a? D? +c? 
74$? — 9s X 2s a? +b?  c* 
745? — 45? +a? +b? +02 =a? +b? +o, 


EXERCISE 50 

Show that : 
(a? az — z* (a? — az a?) - a* — ат? - 92az? — zt. 
(a? = aa t z*Y(az — a? - z?) = z* — a?z? -9a?z — а*. 
(a-- b-cK(a— b— ο)-Ε (b- c - aXa — b- c) - 9t(a — b — ο). 
9(z* — ж) + ϑα{α 1-1) --α{αΕ 1) (2: +1). 
z*-- gt act 1) (94-1) — 22( 1) 2" (c-- 1)*. 
(a? + b*)(c? + d?) = (ac — bd)? + (ad + bc)*. 
(а+ b)? — (c- d)* - (a+c)? – (b+ d)? =9(a+b+c+ ἆλία — d). 
(a-b--c- d(d—a- bt c)2c? - (a b- 4). 
The pons of (b--c)? —a? and a? — 5% — c? +960 is 2420? + 9 3 8 
+90202 д4 ро 

10. (atb+e®— йе в)#+(а+с-— b)? — (b+ c— a)? —8ac. 

Prove that : 
11. (a? +52 +02)? — (52 4-62 — a3)? — (a? — 53 + c2)2 
+(a? +b? – с?) = 842°, 
12. (b-ct+d+a)(d+a—btc)+(c—d+a+b\b+c+d—a)=4(ad + be). 
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(b+e+a-d)b+o-a+d)=9(ad+b)— -@-ю-с4@+4°). 
A(ad+ be)? — (а®% — b® — c? + d*)* 
=(a+dt+b-olatd—b+chb+cta- aoto- а+а). 


. (r-ytz)?*(y-ztz)* (zc y) 900-0 zy zo) 


+9(у—а+аж)(2—ж+ у) +9(а—ж+у)(а—у+ г)=(ж+ yt 2. 
(a2+ b° +o2)(z + у? + 22) (ал+ by + cz)? 
—(ay — bz)? (cz — az)? +(bz— οὐ)”. 


. (ate)? — (b-- c)? -- Βία” c)(b-- cYa — b) ^ (a — δ)". 
. (z—ay- bz)? (a+ ay — bz)? Εθαία-- ay - bz) (e tay — bz) -8α". 


4(α b-- c)? — (a b)? + (b c)? + (c a)* 
+2(a+b\(b+c)+2(b+c)(ct a) + 9(о+ а)(а+ b), 
S(a-- b-- c)? — (a-- b)? + (Ь+9с+ a)? + 6(а+ b+ 2c а)(а+Ь+ c). 
9T (a-- b-- c)? =(а+8Ь+ 2c)? - (2a +0)? 
-- 9(a 1 3b4- 2c)(2a ^ ο ία’ Ь+ c). 


. Ifs=at+b+c, show that 


(s— 3a)? + (85 35)? + (s – 8c)? = 3((a — D)? + (b — o)? (c — αγ]. 
If ab+bc+ca=0, prove that 
(i) a? +b? -c? =(a+b+0)? ; 
(1) αἲ 93 + 2202 + 24° = — 2ab(a + b+ ο). 
If 90ο y z, prove that 
Ay? z? – (y*  z* 0") = 16s(s — m)(s— yXs — 2). 
Prove that 
(z+9 +19z)° +(z — 2y — 192)? + bala 2 + 192) — 2y — 192) 


= (Bc 6y — 2)? (z— бу – 32)? +6z(5z + бу — z)(z — 6y — 32). 
. Prove that (a--2b--8c)* + (a — b —3c)* + 9(a-- 9b 3cY(a. — b —3c) 


7(3a-- yz)? -- (a y - – b)? -9(8a4- y  z(a-- y 0). 


. Show that (r—y)*--(y- 2? +(z- 2)" =8(ш— у)(у— 202—2). 
. Prove that (r—-y)'-(y—-2Xz-2) 


=(у- 2)? -(z-zY«- y) (2-0) — s — yy- 2) 
= - i - vy — 2) (η -- 22-2) («aX — y). 
Prove that (a-b)? – (b— c)? ~ (с-а)? 2 9(b — cY(c— a), 
(b— ο (с-а)? – (a — 5)? —9(c — α)ία- b), 
(са)? - (a - b)* - (b - ο) =9(a— bb — c). 
Proye that (α-- 0) - (a— b(b — c) + (b — c)? 
=(b-c)?+(b—c)(e—a) +(c—a)* 
—(c—a)* 4 (c— aXa— 5b) (a — b)*. 
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1. Arrange the following « expression : (i) according to descending. 
powers οἱ y, and (ii) ην {о ascending powers ofz: 
wet ay? — 2080) -ту*в—ш°-++туг®—9уа5 –9у%2; 
2. Find the value of: 


My SES s[i- Ыв-5(ь- -)] 


when 2= -$ and у=9. 

b HM p= Ë p Di prove that — p! ερ. 

4.. Write MEN the quotient of 2^ —y* by 2-7. 

5. Simplify (a+b+c)*-(a- -b*o* *(atb- 9" όνος af, +, and 
find its numerical value when a=b=c= -4. 
! 6.' Find the.sum of m= (s -y+ z)z- y—2), E 

0° - (yc z)(y x —z) and 22 -(z-2* yet z— »). 
7. Reduce (a—b+c+d)(a+b+c-d) to the form 4% B*. 
8. Resolve into factors 4z? +12xy - 9y* — 8z — 12y. 
п 


1. Find an expression which exceeds ο paria DA Ur by- 


as much as it falls short of four times 
2025 + 132 — ту + 38a — c)ey? + 510°. 
2. Resolve the sum of the following expressions into simple 
factors : 
(b—1)m* +am® + (e — Бут? —bm—2, am? - (c — a)m? +(a+b)m+1 
and (a — b-- 1)m* — (2a — b)m? + (a + b)m* — (a _2b)m +5 


з. Multiply абоз eod east +1 by 20-920 +1. 
4. Prove that ((ac-- bd)z + (ай — boy]* + {lac + bay = (ad — boe}? 
=(a? + b*)(c* - d*)(z? + у®). 
5. Hind the continued product of v-a, 2—0 and 2-с. Hence 
show that (z—3)*—2* – 92% +97z — 97. EL 
6. Divide z'—pz*-4 qz? —qz* ^ pz-1 by -1. ó 
7, Find the quotient when the proluct of. ut + a5b —a*b* +аЬ5 4-b* 
and a*=ab+h® is divided by a*—a 208 + 0% and show that its detect 
from (a? + b2)° is 226°. 
8. Resolve into factors : е" 
G) ab-ac-b*-bc; (1) b° —19ac.- 4a* — 90°. š 
1—10 à { EX. 
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1. Find the sum of * б, 
-. (А Me Jala? e (bo — Ја + καλα” + (аво от n)z + 3u; 
(Voe- Na+ Б) (а — Jab+ bo? +( Vabe— m +%)z + 9(v — u) and 
(ф-9,/Ь)т®+(а—9 „/Бо)х® + (т ++ ас) +(в—щ = 9). 


2.. Subtract: the sum of 30° 5а2+93, 8a2b—3b°+2ab?, 
Bab* —4a? — За? and 94° — Cab? +4b° from ala? + b°). 


8. If a+b=8 and ab=5, find the value of a? + 55. 


4. Find the value of 49c? + 9(a + b)? — 49(a + bo, 
ў when a =89, b= —69, c=8, 


4 5. Divide x°(y—z)+y3(z-2)+2°(a-y) by y? —zz— z% +a. 


. 6, Resolve into factors 4a—3--1€a --64a? after reducing it to the 
form of (4— B) - (4? — B2) - (43 — B®), 


7. Show that (1-z-2?)* - (1-2 22)?  4z(14-22). 


© 


8. Tfdy+dstas+-----+an= 25, show that 
(8—41) * (s-a3)* - (s as)? ++ (s-an)? 
=Q? + as? t as? ΤΑ 
IV 


1. Simplify the expression 
(?r — 8lmn + 2m?)p? + Зот + тат — 91n2)p*q + 3(9m27 — Inr zmn?) g? 
WE + (mnm — lr? — у les, 
where p= — and q=1. 
`2; What must be subtracted from ja*et+5'7a%be° —3'°257ab* x? 
+b°2+9 so as to make the difference equal to the sum of 4'7a?bz? 
—'007ab*z* + 935*z —53a*z*-- 6, 0% — 33a? bz? + a®a* — 05ab22 +11 
and 2a?z* – 13a? 5x? — 6'2ab2z2 — 1035*z —90 ? 
(08. Multiply a! —2a*05 +44850 - &ab« 10a303 — 9009 by at 9j, 
4. Arrange the following expressions according to descending 
powers of a: 
(i) a? +b8 +e ϑαδο; (ii) a*(b—c) *- b*(c— a) - c*(a - D) ; 
(iii) a*(b—c) *- b*(c— a) - c*(a — b). 
5. Find the product of z +a, z+ b and a+c, 
Hence, deduce the coefficients of z ° and тір 
(а= τα +8)(ш — 19). 
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6. Prove. that (ab+cd+ac+bd)(ab+cd—ae— bd) 
: a5 atb? etd? — ae c» — ῥ3 45 
7. Ifa=qtrts, b=rt+s—p, c= p+ qtr prove that: 
a? +b? +c? -—2ab-2ac+2bc=r?. 
8. Divide a*+8b*+27c*—18abe by a? +469 49:2 6be™- 3ca —2ab. 


Y М 
1. Find the value of 49а +126ab+816%, when a=46, b= —87. 
2. Find the expression which falls short of bz*y— -ds*y 3 —fy5 by 
as much as it exceeds az" —cz?y* + exy*. . 
3. If9s—a-b-c, show that " 
(s-a)? +(s—b)? +(s—c)*+s*=a* +b? +03, 
4, Simplify (δα-- Tc)? + (8c— 3a)? +3(2a +с)(ба— ToS- 8a), 
5. Reduce the following to its simplest form : 
(22? — 2 + 3c —4)(9z5 +z +8т +4) 
t (223 + 2* — 8ш + A)(2z? +22 92 — 4). 


6. Show that 2274 ett w- Jn+1)lo*—w + 1)(e*—a? +1): 


T. Divide a-b by at— D. 
8. Resolve into factors : 
(i) 6a*z* + ata — 6a*2? — ae" ; (ii) ey (13-2) + (02 +y). 
VI Σ 
1. Find the value of 8765943 x 8765043 — 8765988 x 8765988. 
2. Find the value of 
97a? + 108a?b + 144ab* + 645%, when a — 29, ye 798i 

8. Divide a*-53-c*—3abc by a+b+c; and hence ‘show that 
а? +b" cc? -3abo- Ma bc) (a D* +b- -ο * (c - a)*l. 

4. Find the quotient when (az--5)* (cz Re a)? + t (dz -c)* 
is divided by a? +b? +c? + d?. 

5. Express (z—1)(x —3)(z —4)(ш — 6) +34 as the sum of two squares ; 
hence show that it is always a positive quantity and that its value is 
equal to 25 when 22 —7z+9=0. 

6. Resolve (a? —b? -- οὗ +d?)*—4(ad — bc)? into four factors. 


et 
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Resolve into factors : š ; 
(i) g?-2ab+b? + 9a—9b ; (1) 6a2-ab-b%+6a—-3b; : 
(11) 1522 —4zy — 4y* + 10z + 4y. 
Divide (2x—y)*a* — (x + y)?a222 + 9(z  y)ar*—z* 
by (2z — y)a? — (e + y)az +z’. 
Я ҮП 
Tf @+y+2=8 and z*--y3-- 22—50, find the value of cytyzt zz. 
Prove that (ga — 35)? + (35 —5c)2 -- (5c— 9а)? 
=2(2a — 3b)(2a —5c) +9(8Ь— 5c)(3b — 2a) + 9(5c —9a)(5c — 80). 
Find the product of Р 
atytz - 5 viet- stat and + № + ος, 
Divide a*(z* -- αἲ) -- ара +a)? + b(z +a?) : 
by a*(z — a) bala — 9a). 
Show that 
(1625 — 202° +5)? + (1-2?){16(1-22)2 —20(1—22) +5}2=1, 
Find the continued product of 
, £tytzr-ytz, vt y—z and z-cy. 
Resolve into factors : 


(i) Gc? 2-15; (ii) 35(5— 416-9) 12 ; 
(ii) 112* — 542 y* -- 63y*. 


If @+y+z=0, show that 
(2+0)00+2)(2+2)= -syz and 23-5 1 25 — 9zyz. 


VIII 
Multiply together the expressions lag (a Da and 


l+bz+ Hoe Da as far as the term involving 22, 


2. 
3. 
4, 


σι 


If £--y -2—15 and zy + ув +zz=85, find the value of z By Seats 
If a? c 53 1-6? +d, show that lad- bc)(ad + bc) = (a —c)(a + с). 
Divide (az + Бу)? + (ал — by)? +(bz— ay)? * (bz +ay)® 

by (a + b)*z* — 3ablz? — y3). 
Evaluate 2 de s+ and z* +1, when z+ 1 =a. 


If bz — ay, prove that (z* 4- y2)(a3 +b2)= (az + by)*. [B.U, 1910] 


к» pu рс 


ЕЧ, 


‚ Show that (43 -- y?)(z3 +z?) + 9m[z2 + εν z) 4a? yz 
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t —(z? +ту+@г+ yz). d 
Resolve into factors x*—1la*y*+y*. [ B. U. 1897 1 * 
IX 
Multiply а? +ат τα" by a? — ac o*, 
Show that (a--2ab-- δ᾽ —c*)(a? —9ab +b? + c2) 
= (a* — b2)2 + (4ab — c?)c*, 
If a2+b2?=1=c?+d?, show that (ac — bd)? + (ad + bc)* —1, 
8 , 
Write down the expansion of [z + 2 ) . 


Show that (a? +ab J9-- b*)(a? — ab /9+b2)=at+b*, 

Divide a?(b? – с?) + b3(c* — a?) - c*(a* — b°) by ab boca. 

Show that (z—a)*(b— c)- (c — b)*(c— a) + (x — c)*(a 0) 
—a*(b — c) + b*(c - a) * c*(a — b). 


Solve the equation (7+z)8-z) - =17e+1-27. 


x 
It z+ 1 =9la+m), z— 1-90, y+ 1 =2c+n) and y- 220, 


1 
find the value of zy-- 5m 


2. 


8. 


4. 


7. 


8. 


4 29 2\2 4 : 
Simplity (2 + 5) -9(5- D «(5 - Py. 
Show that (1--a)(1--c2) - (1--0)*(1--a7) 7 9(a — o)(1 — ac). 


Show that (b* —c2)(5--c— 22)? + (c? —a*)(c*- a 9b)% 
+ (a3 — 52)(a - b —9:)* —0, ifa+b+c=0. 


Multiply α-- δ: οἷ-- ih AS A by ab cct, 
Resolve 15z? — 412 +14 into simple factors. , 


Find the value of z for which 
z-l 9(*1),5(0-5) ,.m*1l, 
4 9 12 18 


А and B have the same income. A lays by a fifth of his 


income; but B, by spending annually £80 more than А, at the end of 
£ years finds himself £220 in debt. What was their income ? ͵ 


А 


v» CHAPTER XIV ^» 
HIGHEST COMMON FACTORS 

. (By factorisation) 

100. Definition. A common factor of two or more algebraical 
expressions is an expression which divides each of them without a 
remainder, 

N.B. By expressions we shall mean rational and integral expressions 
only. A [ See Note, Art. 91 ] 

An.elementary common factor is one which cannot itself bo resolved 
into factors. 

The product of all the elementary common factors of two or more 
expressions is culled their Highest Common Factor; or, in other words, 
the Highest Common Factor of two or more expressions is that common 
factor which is formed by the product of the greatest number of element- 
ary common factors. 

Thus, since 6a?2(z*-1)-9 x 3 x a x a x b x (ш+1)х(ш—1), and 
I5ab*(a* – 3a +9)=8 x5 xaxbx bx (e-1)x (0-9), the elementary com- 
mon factors of the two expressions on the left are 3, а, b, and 2-1 ; 
hence, their H.C.F.— 3ab(z — 1). 

Note 1. Other common factors of the given expressions are 8a, b(z—1), ab, 
8(z—1), 8ab, £c., but none of them is elementary. 5 

Note 2. When the expressions considered have no numerical common factor, it 
48 easy to comprehend that the Highest Common factor is an expression of the higher 
degree than any other common factor. Hence, when two or more expressions have no 
numerical factor common, their Highest Common Factor may be defined to be ihe exv- 
pression of the highest degree by which each of them is divisible without a remainder, 

Note 8. Tf any expression A divides any other expression B without a remain- 
der, then A is evidently the H.C.F. of А and B. 

Note 4. If Н be the H.C.F. of any number of quantities A, B, C, £c., then the 
quotients of A, B, C, &c., by Н have no common factor. 

Note 5. If ат elementary factor occurs more than once in each of two or more 
given expressions, then the highest power of this factor common tò the given expres- 
sions, and no higher power, must occur as a factor in the H.C.F. of these expressions, 

Note 6. If A=p xq, and B-y'xq', such that q and q' have no common factor, 
then the H.C.F. of A and B, if any, will be the same as the H.C.F. of p arid y. 

Note 7. If d=mxn, and В= m' x, where m and т! respectively include all 
the monomial factors of A and. B, then the Н.О.Е. of А and B= ( the Ἡ.0.Ρ. of 

m and πι )x( the Н.С.Е. of n and n ). Ç 

Note8. The Н.С.Е. of А and B is the same as the H.C.F. of A and mB, 


af m is not a factor of А. 
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101. Highest Common Factors of simple expressions. Such 
expressions сап be at once resolved into their elementary fuctors, and 
so there із no difficulty in finding the Н.С.Е. of any number of them. 

Example 1. Find the Н.С.Е. of a?b*c*, a*b?c" and a*b*c*, 


The elementary common factors are a, b and c; and ihe highest 
ip of them common to the given expressions are respeotively аё, b? 
and ο”. 


Hence, the required H.O.F.—a?5*c*. ç 
Example 2. Find the Н. О. Е. of 24ab*z?y*, 306a%e*z° and 
940b? x * y*z. Š *r 
We have 2921ab*z*y* -3x9? x ab?z*y*, 
3003z*25 =9 x3? xa rtz", 
240b*z*y*2—-3x 5x 2* x b^z* y*z. 
Evidently then the elementary common faotors are 3, 9 and 2; 


and the highest powers of them common to the given expressions are 
respectively 3, 2° and z?. 


Hence, the required H.O.F.=3% 2? καὶ 15". 

Note. After exhibiting each expression as a product of powers of different 
elementary factors, the elementary factors common to the given expressions are at 
once obtained by writing down in succession such of the elementary factors of the first 
expression as are also found in every one of the remaining expressions. Thus, in the 
above example, the elementary factors of the first expression are 8, 2, a, b, z and y, of 
which 8, 2 and z only are to be found in each of the others. 


EXERCISE 51 
Find the Н.С.Е. оѓ: 
1. a?b* and a?b?, 2. 19a5b and 20a?c?. 
8. 9ry*z? and 21z?y*. 4. 90a32*y* and 75a*y*. 
D. 18m?n* and 45m^5n?. 6. 1θαΡα΄γ, 40а®у®ш and 282%. 


7. 94m?np^, 60mm? p and 84m°p°. 

8. 45r*y?z*, 75x? y* z* and 90z*y*z*. 

9. 86a?b30*z5, 54a c*z* and 90a*b*c^. 

10. 72a%b*c®, 9653c*d5 and 199:?d*a^. 
11. 48a5c*y?22, 60x 5y*z*b?, T2y^z*b^a? and BAz^b*a*z?. 
12. Тоти? рзд, 99m?u5 p*q*, 105m*n*p*q* and 135m^n*p*q?*. 
13. 54a?b5c3d*, 9a D*c*d*, 108a" b*c*d* and 196a*b*c*d^. 
14. 19a*z*y^, 42a*y*2*, GOz ^ yz and 79a*z*z*. 
15. 82a7b®aty%z®, 40a?z5y* z^, 56b* a y" z*, T2x*a^ y* z* 

and 96b*a*z* y^. 
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102. Highest Соттоп. Faetors of compound expressions 
whose elementary factors:can be easily found. е 


The method illustrated inthe last article will also evidently apply 
jo 4 


: in such uses, 


Example 1. Find tho H.C.F. of a0*+2a%S? and ab— 4a5b5, 
© αὐ +2a%b8 = a2 52(a 4-95) ; 

and — a*b—4a*b? =a5b(a? — 452) - αγία 2b)(a — 9b). 

Hence, the required H.O.F.—a*b(a- 2b). 


2 
Example 2. Find the H.O.F. of 
ey? toy? and s*y + 9x? y? + gty?, 
αν" + туу αν (x? Εν" ξανα +yz? my y?) ; 
, and a'*y*9z*y* καν) =ша (да + Ory + y*)=2%y(e+y)?, 
Hence, the required H.C.F. —cy(z +y). 


Example 8, Find the H.O.F. of 
24(z* – 202° —8a*z*) and 54(z5 — az* — Ca**). 
The first  expression- 3x 8x z?(z? —Qae — 8а?) 
=8 х2 x@*(e+2a)(a—4a), 
The second expression=6x9x z%(z% — az —6a°) 
=2 x 3° x g?(a + 9a)(z — За). 
Hence, the required H.O.F.-3x9xz?(z +2a) 
=6z°(z +9a). 
Example 4. Find the H.C.F. of 
a* — 162* and a? 1 a?z — 10a2* 1-85, 
The first expression =(a? --42?)(a* — 472) 
= (a? * 4z*)(a - 9z)(a — 9л), 


The second expression (a —9z)(a° + 9az — 4z?) 
—(a -9z)(a —z)(a +42), 


Hence, the required H.C.F.-a- 9x, 


Note. It may be observed im this example that although the factors of the 
second expression are not so obvious as those of the first, still there is no great difficulty 
in discovering them as it may be presumed that the given expressions have at least one 
common factor. Hence, after the resolution of the first expression into factors, by 
а little trial it may be seen that of these a—2x is also a factor of the second expres- 
ston; thus the factorisation of the expression is much facilitated. 
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EXERCISE 52 


Find the H.C.F. ої: N 


жЕ 607-350. GU P огра 


a? — ab? and a*+2a°b+ab*. 

25 y9 —m5y5 and z5y* -c*y*. 

6(a* —9) and 15{α +97). 

12(a° —а2р®с®) and 90(a*b*c* + a? b?c*). 
mens — отці +m*n® апа (тт – тт?)°. 

4a*z —9a*z* and da'z? + 602°. 

18a*b* —89a2b5 and 18a*b* +94a°b5, 

9n*y* — 3€z*y* and 94z*y* — 48z^y*. 

ба —94ab* and 4a*b + 39a*b*. 

482a? (x + a)? (2*8? – ga?) and 64(z5a* —z*a5)(z*a + *a*). 


. (a? —a?) and 40(z* -- z*a* + at). 
. 56(z*a3 – 224°) and T9(z5a* + 3a*z* + 2a"2). 


304% + 4ab+38b*) and 42(a* + ab — 6b). 

98(z* — 322 — 100) and 59(z* – 80° + 15z*). 

mtu 9z3y3 — 182*y? and 2° + 102? y* +94204. 

ato’ — 4a*z* — 19a?25 and a*z* * 8a*z* + 12a*z*. 

4z5-- 197? +9z and 4z* — 9z — 12. 

а —ab —9b* and a? — a*b — 4ab* +4Ь°. 

ᾳ5 -- 3 — 10 and z? — z? — 14z +24. 

54(z° + 8a?) and 90(z* +Tax” --16a*z + 12а). 

(a5 —Ь5)(а+)®, a -- b* and 32* +2а% —5a*b*. 

(дж — 3)9(z3 +z —9), 402 -x —18 and 2z* – 932 —54. 

S(27a5b + a3b*), 19(6a*b? — 7a? b? —3a°b*) and 
40(8a°b? + 13a* 5 + 4ab^). 


24. 2+ 132 +36, 32° 1-13 4:80 —12 and 42° * 172? +9z — 18. 


> 


CHAPTER ху 
LOWEST COMMON MULTIPLE 
(By factorisation) 


103. Definitions. One expression is said to be a multiple of 
another when the former is exactly divisible by the-latter. 


One expression is said to be a common multiple of two or more 
others when it is exactly divisible by each of these latter. 


Of the different common multiples of two or more expressions that 
which consists of the lenst number of elementary factors is called the 
Lowest Common Multiple of those expressions. In other words, 
& common mu'tiple of two or more expressions is said to be their Lowest 
Common Multiple when it is the product of just as many elementary 
factors as it must necessarily have and no more. 


Thus, the common multiples of a and b are ab, 2ab, a*b, αὖξ, a?b?, 
&o. ; but of these ab consists of the least number of elementary factors, 
and doen it is called the lowest common multiple of the quantities 
a ап ü 


_ _, Cor. Hence, every common multiple of two or more expressions 
is divisible by their Lowest Common Multiple. 


Note. The letters L.C.M. are usually written for ‘Lowest Common Multiple’. 

104. L.C.M. of simple expressions or such compound expres- 
sions as can be easily resolved into their elementary factors. 

In such cases the L.C.M. can be written down by inspection. 
The following examples will illustrate the process : 

‘Example 1. Find the L.C.M. of 4a?bc and 6ab2d. 

The 1st expression=2? xa? x Dx c. 

The 2nd expression -2x 8 x ax b? x d. 


Hence, 9% х3ха? х2 хсх 1 must necessarily be a factor of every 
gommon multiple of them. 
Hence, the required L.C.M. 
=2? x8xa*xb* xcxd 
= 12a*b*cd. 


[ CHAP. Ху.] . LOWEST COMMON MULTIPLE 155 


Example 2. Find the L.C.M of 24z*yz, 1&xy?z* and 27z*y*z*. 
The Ist expression -2? x 8xa* x yx z. . 
The 2nd expression -2x3? x x y? x 2%. 
The 3rd expression - 8? x z* x y? x z?. 
Hence, 9? x 3° x z* x y? καὶ must necessarily be a factor of every 
common multiple of them. 
Henoe, the required L.C.M. 
=95 x 3° xatxy? xz? 
—916z*y*z*. 
Example 8. Find the L.C.M. of 
4a? (c + a)2, Ga?z(z? —a*) and 9z°(z5 — a*). 
The 1st expression =2° x a? x (z -- a)*. 
The 9nd expression =2 x 3 x a? x z x (z +a)(z — a). 
The 3rd expression 73? χα) x (z — a)? +ат+а?). 
Honce, 95 x 32 xa? x z* x (z + a)° (m — a)(z% + az + a?) must necessarily 
be a factor of every common multiple of them. 
Henoe, the required L.C.M. 
=92 x 3? x a? x r? x (z + a)? (z — aX? +ax +a?) 
= 86a*z*(z + a)*(z* — a?). 
Example 4, Find the L.C.M. of 
z? —9r--9, п +9z% —3 and zt * z? — 62%. 
The 1st expression= (z - 1)(z —9). 
The 2nd expression =2(2 -- 9x —3) «(c —1)(z +8), 
The 3rd expression -2*(z* +z 6) ^z*(z — 2)z +8). 
Hence, z*(z — 1)(z —2)(z +3) must necessarily be a factor of every 
common multiple of the given expressions. 
Hence, the required L.G.M.=z%(z —1)(z —9)(z +3). 
Example 5. Find the L.C.M. of 29-313 +30-1, ο) --ᾱἳ -ᾱ 1-1. 
04—90° +9m—1 and z* —9z° * 9z* —97 41. 
z*—-9z?* *3z-1-(z —-1)*. 
23—g*—-g41-z*(z—-1)- (2-1) 
=(z—1)(z2 -1)- (c —1)* (c1). 2 
z* —97* 95 -1- (z* — 1) — Qala? — 1) 
—(z? —1)Í(z2 + 1)-2z] 
—(z?—-1)Y7—-1)* 
—(z-1)?G-1). 


= 
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^ —95* 95* — Ie - 19 z*(x* —9 +1) (r? 22 +1) 


7 (z? —9z 1) +1) 
7 (v — 1)? («2 +1). 


Hones, (z —1)*(z--1)0? +1) must necessarily be a factor of every 
common multiple of the given expressions. 


Hence, the required L.C.M. - (z — 1)*(z 4- 1)z? +1), 


EXERCISE 53 


Find the L.C.M. of : 


1. 
3. 
5. 
7. 
8. 
9. 
10. 
11. 
12. 
13. 
14. 
45. 
16. 
17. 
18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
20. 


a*b and αὐ, 2. a°b? and αὖδο. 
67?y* and 10zy, 4. 4m?n? and 14m*n*p, 
8z*y?z and 19239272. 6. 4a*bo, 10ab%c and 14abc?, 
8a*b*c, 19ab*c* and 9043005. 
6σ΄γ, 97*y?z, 190?zy* and 15azz*. 
a*b—ab? and a*b* +а3Ь5, 
4{α- y)*, 6(z* — y?) and 8(z-.y)*. 
æ? — 42-9 and z* — 5z + 6, 
a° + 2a*z —Saz* and a*--a*z — Gaz, 
a*(a* —4) and a*--9a? — 8a*. 
4a*z*, 9(z* —a?) and Ga*z(z3 +a’), 
12(z* + 3: —10) and 16(z? +4z — 19). 
w? 9m — 15, z* +9z+90 and æ? -4z — 91, 
12a* —97a?b?, 93? + ab — 35 and 2a? —ab-3b*, 
8a° + 275°, θα" — 2752 and 16a*-- 36220? +8155, 
8z* —50z*y*, 1925 + 942? y — 15zy* and 162? — 48zy +20y?, 
42% — 1201 +9a?, Gæ? — Тал — 3a? and Ge? --11α +34; 
20° + 6а +9, 42% — 1905 + 18z and 4х* + 81. 
9a? —6az +>, ба? +1002 — 4z? and 9a? —91az + 6z2, 
80° —19z2 + 67 — 1, 87 — 422-97 +1 and 22° --δᾳ-- 3, 
ο” — Gry + 8y*, z? -Tey + 12y?, 2° -9zy — 15y* and z* -αγ-90γ5, 
62* -ᾱ-1, 32? {719 and 923 +3z—9. [ C. U. 1869] 
l*4z-4z* —107* and 1*2z-—8z? —10z*. ΓΟ. U. 1871] 
9a* — 987? +3, 972+ — 1972 +1, 27a* -- 6z* —1 and z* — 6z3 +9. 
ч [ C. U. 1886] 


[ The factors of the last expression suggest a factor of the first. ] 


CHAPTER XVI ΄ 
EASY FRACTIONS 


105. Definition. The algebraical fraction = where a and b 
— may have any numerical values, is defined to be a quantity which, when 
— multiplied by b, becomes equal toa, In other words, » is defined to 


_ be equivalent to a+b, In δα is called the numerator and b the 


denominator. 


Note, Thus an algebraical fraction is no other than the quotient of one 
"expression by another, expressed by placing the dividend over the divisor with 
x а horizontal line between them ; and the dividend and the divisor so placed 
М are respectively called the numerator and the denominator of the fraction. 


e 106. The value of a fraction is not altered if both its 
- numerator and denominator are multiplied or divided by any 
— the same quantity. 


If a,b and m stand for any quantities whatever, to prove that 


а „ат, 
b bm 
. Let gu 


| then zxb=% xb-a [by definition]; 


J.mxbxm-axm, or, z x bn, = am. 


* Hence, z-am--bm, i.e. ο. 

k ; 
M am .&,., Gm am-m, 
у abs we have m” Б} eo р bm=m 
E Thus, the proposition is established. 


ў Сог. а „а.а. Thus, the value of & fraction is not 
altered if the signs of both the numerator and the denominator be 
changed, z 


. ..107. Reduetion of a fraction to its lowest terms. А fraction 
18 said to be in its lowest terms, when its numerator and denominator 


E E 
ἡ have no common factor. 
Л 
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Hence, to reduce a fraction to its lowest terms, or more briefly 
to simplify it, is no other than to find an equivalent fraction whose 
numerator and denominator have no common factor, and this is evidently 
done by dividing the numerator and the denominator of the fraction by 
their highest common factor. 

Note. In all cases where the numerator and the denominator can be factorised, 
by inspection, the reduction is at once πα by simply removing the common factors. 


Example 1. Reduce isa to its lowest terms. 
4a*b?c*? 9x9 ха? х хоз. 9a. 
lO0ab*c? 92x5xaxb*xc* 5b 
ean vee дер (абз) 
Example 2. Simplify Зараз ъз) 


a?b*(a*—b*) ___а%Ь%(а+Ь)(1—%) a(a.— 5) 
Babila + 0%) Sab*(a- bX(a3 —ab--53) За? —ab- 03) 


2 = 
Example 3. Reduce ot to its lowest terms. 


The numerator =(2+8)(=—5). 


The denominator = (2 4 8)(z — 4). 
Hence, the given fraction = mieza. 5-5. 


‚з, 2a2 +Saz—Q9ab— Sha 
Example 4. Simplify ^2 о Sab F 9kc` 
The numerator =2a(a—b)+8a(a—b)=(a- baa + 3). 
The denominator=3a(a — ὦ) — 2z(a — b) 
= (a— b)(3a — 9x). 
(a.— Ь)(да + 87) 22a 3x. 
Hence, the given expression = (258492) ба ἃς 


\ EXERCISE 54 
Reduce to lowest terms : 
94255 6z*y? Aa? y? 

1. aspe 2. Bye 9. qoasi 
Co Deut p. 18arbotd® e, μυ 
«deut? * 97a? D? c*d* ` 40а9а*л5у* 

т T0a3 b3c*q7 - 8 39m?n*p*q*. 9 z? =, 
° l05c*d%a°b° * 65p*m?n*g* * т°+ат 
a? τϑα, 402 —9а3_ За? — 19а, 
10. 9208 1. Asi Gar 12. 4853 — 3a 
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45, 302- 19a*. 14. 924 —4420311 40% +82 
"02 16а? z*—4a?z? +44“ “+ @*+бш+6 
z*497-8, 2*497—15 iQ a2~Bab-4b?. 
16. 0-12 17. тї+дл+90 18. азлар 56" 
α΄ –аЗь+а?Ь%, 1-7z 19r? ; 
19. PES 20. 1-&r4 px 
x®—faey thy" | 1-907 + 1445 
a. æ? -9ry – 35y? 22. 1-4a3-31a* 
g*-8z* 65, За? + 9a*?2* + 97аш*, 
συ = a* —9z* 
9r*-2-6. Эт? —5az +948, 
85. 35990 -8 26. алт ғат 948 
91, З" +1ат δα. 28. 602-72-90, 
` 8a? +9900 {Τα 992% 62-8 
99 Ол? + 80a – 9008, 30 10-1702 +8а®х%_ 
` 3z°+5am — 280" DU `5—д6аш+ба*т* 
31 x? -(a- by —ab. 99 бав + 10bc + 9nz + 15bz_ 
* αὖ tbx? αρ --αῦ τ. 602 *9or — 20 - 8a 
98, 9hr*19abtCry-*9ay, 34. Әп? +ab-b? | 
° 12bx+8ab+9sy + Gay a?*ta*b-a-b 
35 a3 — bur oho es, 
* a**9ab*b* -- οἳ 
108. Reduction of two or more fractions to a common 
denominator. 
Let = a £ » &e., stand for any number of fractions. 


Let L denote the L.C.M. of the denominators i.e., of b, d, f, ќо. 
Then, since the value of a fraction is not altered when its numerator 
and denominator are both multiplied by the same quantity, we must 


have 


a _ax(L+b)_ax(L+b), 


b bx(L-b) L 

c .cx(L-*d) .cx(L-d). 

d ax(L+d) Esa 

e _ex(L+f)_ex(L+f); 

f fx(L+. ҮШ: 
and во on. 


Thus, the fractions in the third column are respectively equivalent 
to the given fractions and they have all got the same denominator, 


namely, L, 
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Hence, we have the following rule for reducing fractions to a 
common denominator: Find the L.C.M. of the denominators, and 
multiply the numerator and the denominator of each fraction by the 
quotient of the L.C.M., thus found, by the denominator of that fraction. 


т za ao o 
Example 1. Reduce ο ας iy and b(aà — 5°) to а common 
denominator. * 

The L.C.M. of the denominators=ab(a2—b*) ; and the quotients 


obtained by dividing it by the denominators are respectively ab(a-— Б), 
a-tb)anda. : 


т _ mXaba-b) σαζία-δ) ; 
a+b (a+b)xablu-b) ablu*—b?) 
m° __т*хМп+Ь) _ z*ba*b). 
αἴα- ϐ) a(a—-b)xb(u-b) аа? — 6?) 
ee T ul е ξανα 
b(a? – b?) b(a$—b?)xa abla? —b*) 
Example 2. Reduce 
а common denominator. 


The denominators are respectively 
(z—9)(z—3), (x — 12 —3) and (z —1)(z —9). 


Hence, we have 


ml. z—9 CER 
т*-бт+6 59-4018 4 29-3519 to 


nb Е) ο λατ] ο . 
2*-5z46 (z*-5r*6(r-1) 29-62% +1526 
2-91. (r-9)7-9) __ m?=4r+4 ; 
z*—4z*3 (z*-4r-3)z—2) z°—6z°+lle-6 
#-3 _ (r-9(r-8) .. sz*-6rt9 . 
z*-3z*2 (z*-3r42)(—3) a?—6z3-4112—-6 
EXERCISE 55 
Reduce to a common denominator : 
4,80, е at уй out 
L ο) ad’ 7 2. ОБ Bea’ λαὸ 
4, -ab., be σα 4, un Vb ΝΕ 
* dey? Boy 1025 ` a-b a+b a(a* b) 
5 Dg а 6. 2h, α-ο 


a? 9ab a—2b | a-b ab-a* 
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Αα, 3b, 4c 


qe b-a atb 8. ata) Bana) lg? Ey 
ni (BS а οἳ 
апу y τ; 805 + Bay’ By 59у? 9лу5` 


4 


eid ey AS an 
H. ο. -σ--ᾱ ш*+—6 


---------. b° . 
ποστ g-ot] 
α-θῦ. be 
μι a? +86 


13 @ b ў бг 
δ © a-8b а*+8ЗаЬ+95%# a*—9755 


b ο 
p. Ux с) ala- πίω 0 ee М” 


(a- Mex =) (a- ACE ) (c- SE (c-aXa- 5) 
109. Addition of Fractions. 


From Cor. 3, Art. 47, we know that 
a(b--c--d-- e) - ab-- ac- ad-- ae, where a, b, c, d, e are any 
tities whatever. 


- Hence, conversely, 
ab , ac , ad , ae, 


ү абжао+ай+ав aa q+ =b ας +@@ 5 т 


Hence, putting'/p, а, 7,:5 respectively for ab, ac, 5 ae, we have 
Оа P 447458, where p, q, r, з and G are- 
A a Garde an 

quantities whatever. 


‘Thus, the sum of any number of fractions which have а common 
nator is a fraction whose denominator is the same and whose 
{ог is the sum of the numerators of the given fractions, 


ence, to obtain the sum of any number of fractions which 
not the ‘same denominator we must first reduce them to 


E 
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Example2. Find the value of uia eim 


Sinde the L.C.M. of the denominators= 01-4, 
т _ш(ш—а) nj tud — a(z+a). 


το να it αι 2-а @*-а* 
2+ 
Hence, the required value саа а) + ata) > 3 


` =z- a) +ale +a) _ nta. 
z*—a* 


; VI NA 
Example 3. Find the value of ap азыра, ads PES 


In the present example it is not convenient to reduce all the 
πω to а common denominator at once. We сап proceed best 
8 follows : 


We have sate = (a,b eb. 3 


Hence, the required value = —@_ =з S rp 


аазы —a(a*—-b?) | „Зар? 
a* —b* a*- b 


Example 4. Simplify ge 1 xA zia A ys at η 
rs -(2+9)- — (= 9) 4 


We have 2-9 2+9 z*-4 42-4 
4 а цш) щш 33 
ш%-4 Z° +4 ^ z*—16 Ca*-16 


t4 ez 4 ç 
se RE 16) zia which 


88 3 _ 
Tasty, σε Τρ zerió 
ig the required result. 
RAE CLINT οὖν, 
Example 5, Simplify τ в+9Ь at8b* ac4b. 


° ων U UN Ενα 
The given expression={—1 , six] {Jos ES 


Now, we have 
1 1 .(a*9b)-(a*b). ; 
atb at9b (a+b(a+2b) (a+b)(a+2b) 
and ----...1. EEES.) _ b : 
a+3b a+4b (a+3ba+45) ` (a+3b)(a+4b) 
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b 
кашу; (а+Ь)(а+9Ь) (a ue +48) 
— b(a+3b)(a+4b) —b(a +b)(a + ού ; 
(a+ b)(a + 9bX(a +3b)(a + 4b) 
of which the numerator- Ма? -- Tab -- 19b?) — bla? + 3ab 1 203) 
= b(4ab-- 105?) -2b*(2a 1 5b). 
2 
Hence, the reqd. result = σε TES PES D +} 


EXERCISE 56 
Find the value ої: 


ath ab. ory, YTZ 2-2, a т 7" 
1. + 2. ту p yz tum 3. a~ αὖσ- -ᾱ 
4 ee a-b, s a?+b?_ аЬ, 6. 4z*-9y? _ 20-34, 
" a-b atb ~ g*-b* Aath) - Αα ους 9z43y , 
1, ατα ος αἲ {αρ εδ}, a* - ab b? 
* (a+b)? a?-b? “ atb a-b 
zeul 1 : 1 dL Sores 
9. («2369 (a- ob) 10. к#=$шт+9!ш*-бт+6 
1 у! j 1 . (22-3. 
П. parot ESTEE 15- x πχση, 
atb a-b, дар. 1 2a 
18. 4-57 atb b-a 14. оза араат 


а—9х_а+9шу Baz 


1, αἴν,ᾱ-υ 907-9). — 48 


ΠῚ tory ανν - a*9r a-9r ME 
17 8511 z—3 5e*+2dr 1. 4a-b _ 4a+b _4М1- -8α7), 
` 2-3 8519 27-18 " 1-4ab l+iab 716a?b?-1 
5 995 БЫ аав καθ. 
ue σπα σενα αὐ ETE 20. а= btarbt atto? at εὐ 
21 + © 6r? EIT 0 ANT 
` Be-y Baty Өх*+у* " 2-30 9®+ба 20 θα" 
(α {25} a ὃ. COLE. d аСТ 
Bv abla—b)? b a 2 94. z-i т+1 2-2 2+9 
d anm ИДЕ И μισώ 
τν т-а wta sta 2r-a 26. 2-2 28a ажа o-3a 


Т dre Ber ατο 05057 
N. g-i +i etl 5-1 E ЕЕ МСЕ) 
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1 1 Pes 
29. EE TD M EL E * ESTER 


1 d 1 E 9 : 
z*-bac-4a* " z* + 1az t 98a? αὖ +90az +91a° 


CENE d T EE 
туы ртка: ot ton tb 


U iem eos А” ИҢ, 
l-ztz* ltctc* lta^tz* 
ας Туш a дш... 
Ite+e? 1-α!α3 1-т*+х@* 


i 


ae tat 
2-9 z*-9rt4 


34. + 


6r , 
a® +8 


35 11 τ 11 PONE 
~ 10(27*—6ax-9a*) 39z*--96ac--144a* ' 4{4α" — 81a?) 
110. . Multiplication of Fractions. 


Let m and 4 be any two fractions; to find the value of 5 x 2 


боб, 
Let gr 
a 


Then, we have zxbxd— y x ἀκυκὰ- 9 xbx a xd 


=($x2)}x($ xa)=axe; 


or, φΧδά-αο, | 1% 2—99: iés аы 
i ау 0,8 ас е _ace, 
ааыр аы E bd] 

Byby ἐκ g 000. 9 асе. 

Bg y bdf* ἃ Баң} end so on. 


Thus, the product of any number of fractions is a fraction whose 
numerator is the product of the nwmerators of the given fractions and 
whose denominator is the product of their denominators. 

107, 
1 


"Multi αἳ 8а, 
Example 1. ‘Multiply together Tea and e 


: P mx 2x22 mex 2x22 
The required produdi- урта LiT 15 


а 


Y i By = 6 x € aC, 
Cor. Since, c= we have 7 Χο ἘΣ 


z(a-2) р а(а+а) 


Example 2. Multiply ο σιγα —дал+т*` 


αία--α) X a(a +e) 
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| Тһе required product =/, atanta Nat — даш +z) 


i .axa-z)(atz) . ar _ ae 
Sata) a-r) (a*zXa-z) a*-z* 


| Example 8. τοῦ ερ 


ү 
1 Morum ow 
Since ltq75 = Sg 
the required produet af +201. =e), ü ας =W) κ 15) 


αμα А —)(1+0)(1—%) _1- =". 
(1+у)ж(1+)(1-) 


EXERCISE 57 
Multiply together : 
945 9b* — 80°, 4o?b*. 9o? Adi. 
1. 3ab' 16ac "πᾶ 900 2. "o^ 1643 and ату? 
c? y? 25. Ta? b*c* 4x? a 
Bs yz ze "09 ту > 1922 “À 91а*Б*с*^ 
19m?n* S5z?yz, 
δ. Tay22 SUC 96m?n 
Simplify the following : 
y 6 511 ot ten2, 7, 9, = 90! кыл, 3a? 
* στι othe * a*t8ab" αἲ -δαδ 
αἲ δν (а+0)* a*-Bz* „а*—4ат+4ш*, 
5 aS X ab < аз +аъ+Ъ 9: a5 oats a3 - Sa + da 
49, £473, αἲ- δα +9, 11 πω. αἳ--ρ--18. 
* rS -4 22-9 * 0929215 z3-8rt19 
-4α13.α5- 1ο 410 Md ee el 
12. suti s στη 13. a= SD +b? a Fab 
902-5019 30° +a 22-62-16, 2% —11@+98, 
1-353-525-2428: 15. 02-42-91 ποστ” 


Lou dicoie dips ат s ο νο үт |. 
18 atb “ante?” х(а+ 8 11. (6-21) 6+2 
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a , bye Ld). (а a 

32 ү um (s Jee) (222) 

Qa? —1@+8  3z*-11m—4.,. 22*2—15 . 

922*-F727—4 ϑαῦῃ8α-8΄ 905-119116 

b5—c* —a* *2ac b* + c? -a° —9bc. 

οὐ Τα" — b* 9ac а — b* +o — 9ac | 
c? a? — b* Sab а? b c? - Sac | 
02—02 - a? +946: a* + b* —c? —9ab. | 


111. Division of Fractions. 


= 
S 


20. 


21. 


22. 


Let 5 апа ghe any two fractions ; to find the value of " + 2 . | 


аак | 
Let 2=#+5 | 


Then, we have z x 4 = р 4X s= 5 


[^ о тїтпхз=т, whatever m and n may be. ] 


ο κάνα 


4 х й ο) a- 9x4. [р 5 х @=л. | 


Thus, to, divide one fraction by another we have to multiply the 
former by the reciprocal of the latter. | 


= 


d 
ο 


Gi maro By Ἐκ. 
Cor. poto peti TRIN bó 
α-- + 2 5 
Example 1. Simplify ὦ nd сар. | 
А +b? a-b . (α”-δϑ)ία-ϱ) — | 
The required result =" zp* αἲ- αὐτὸς (a - b3)(a3 — ab4- 03) 
_(a+b)(a? —ab* b^Ya-0). X 
(a+ bY(a — b)(a? — αὖ 4- b?) 
po $*-9-9 ο - 80-10. 03-40 р 
Example = Simplify 237419 2302-18 NATOS | 
The required result = азаа. Χα 2242—10 а а 


x 2991019 2-32-10 αἳ- 45-8 | 
—(@-—1)(@+9) „ (а+4)(ш-— 38) „(ш—5)(ш+1) 
~(e+3)(a +4) * (ш—5)(ш+9) " (ш—8)(а—1) 
—_ (z—1)(e+9)(z +4)(z —3)(e—5)(e+1) _z+1, 
"δα +4)(z—5)(z +9)(e --ϑ)ία -- 1) z48 
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4 a atb,a-b 


Τι Aen = + b'atb d 
Example3. Simplify кг ич жи” 


ГС. U. 1876] 


ae ΠΕ Ez b) 
Woh a-b a+b 2ab 903 
ποτ р — r ЙЛЫ СЕ” a ai-p a-b? 
a-b a+b а? 0% 
2 
= b xt ae -5 ee .. (1) 


atb, a-b latoi tla- b)? RE EE 
a-b atb а — (a° + ασ 
and atb a-b “{а+Ь)#—(а-Ь0*# а? in UN 
a-b atb a*-b* ka 
ία" +02) а2 6° a* b, e (9) 
аё – b° 4ab 2ab ( 


Hence, from (1) and (2), 
a?+b? а? 


In | ο ан πο ας 
| the given expression p +” "X42458 


Ua. dabo uat MS sN 
b х а+08 аЗ tbt (0° +03)? 


EXERCISE 58 
Simplify 
Aa*be_ + Babe. 2 αἲ φαν, ab: , 
š ri z^ 85zíys ` a-b a-b? 
— 49: zT. касы. ашый 


4 = ΓΣ a?+2ab+b2 atb 


m?-9n? _  m°-9mn— Bn 
° mi*omn-6n?  — m*-n 


m*—n? m*--mntn? 

min mi-ni 1. | EL tee 2+0], 
a,b No [etu z=), [rtv аур 

να aro) > \ш-у'т+у/ \e-y ety 


22-4: + 22-52-14 ET 1-3, d 
2’ {80-18 a*-86 ^ 1 G οσα зи) 
a*-b*--3ab(a--b), (α- 0)? +4ab 

(a+b)?-4ab ` a®—b°—3abla—b). 

m° +Š = (ety)? -32y Злу y ту 
` @- "rry" ауз 02-03 
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ala—b)?+4a°b | a* —b* bla +b)? —4ab? 
14 + х В 
š. abtb?* . ab a* —ab 


?-2-30 αὖ 185-10. «+4 M 
15. 23-36 9420-8 On? +199 

2*-3r—108 z*--6z—72 | z?—16c--63 
16 sans wam 2902—56 "a5-l4rd48 
17. (eztv; 87-0) (etr 2-0 Ç 


т®—у% αἳ τν т-у cy 

a-tb,a*-b?|. [а-Ъ аз 
н: (ужс) (т-ти), [ O. U. 1868] 
19 a*—b* (a+b)? —4ab a 


a — . 
α τ δ) - ϑαῤία-ε 0) - (а+Ь)#—ЗаЬ^ (а+Ь)#—9аЬ 


(a-D)(a-5*-aM,  (a-B?**3ab '.(a4D?—9ab 
W. τα σαν "(aba bia (a ED Sal 


a* δῦ Део 
f b* αὖ b a 
gi. (2-2 yum omm [ C. U. 1874] 
b alb a a? b? ab 


ν΄ ОНАРТЕВ XVII 
` SIMPLE EQUATIONS AND PROBLEMS 


I. Simple Equations 


112. In Chapter V, we have explained the process of solving 


ar simple equations. We propose to consider the subject more: fully 
ere. 


We have stated that the process of solving any equation is primari- 


ly based upon certain axioms [ Art. 63 ] from which it has been noticed 
that an equation is not altered, 


' (i) if any term be iransposed from one side of the equation to 
the other ; and (ii) if both the sides be multiplied or divided by any tho 
same quantity. 


Hence, the general rule for Solving а simple equation involving 
one unknown quantity may be put as follows : 


| 
| 
4 
} 


Γ 
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(1) Simplify the two sides separately by clearing of fractions amd 
brackets, if any, and by performing operations indicated by thesymbols. 
(2) Transpose all the terms involving the unknown quantity ёо 
the left-hand side of the equation and the remaining terms to the vight- 
- hand side. 
(3) Next, simplify the two sides again. 
(4) Finally, divide both the sides by the coefficient of the unknown 
quantity. # 
The value of the unknown quantity, thus obtained, is the required 
solution, 
Note. The student should verify for his own satisfaction that this value does 
really satisfy the giwen equation. 
Example 1. Solve (6¢+9)*+(@e-7)*=(10c+8)*—71. [O. U. 1883] 
The left side = (362° -- 108z + 81) + (64x — 119z +49) t 
=100x? — 4a +180 ; 
and the right side = (1002? 1600159) — 71 
71002? +602 — 62. 
Henoe, the equation stands thus : 
100z? – 42: + 130 — 100? +602 — 62. 
Removing 100z? from both sides, we have 
— 42 +130= 602 – 62. 
Hence, by transposition, 
— 4a — 602 = — 130-62, 
or, — 640 = —192 ; 
and therefore, dividing both sides by —64, we have т=8. 
'Thus, the required root is 3. 


Example2. Given *>9-2=15 41-2 _2-1; find z, 


Multiplying both sides by 8х9х5 or 360, pei is yS LOM. ] 
_ of the denominators, we have 
3 360(—6) 3602-15) , oan 360z _ 360(z —19), > 
Өү er ER КО В 
ον, 4δία-6)-40(8α- 15) + 360= 242 — 60(ш — 12), 
ο, 45z—970-— 80a + 600-- 360—94z — 60a + 720 
or, —85z +690= – 362 +720. 


„ 


170 ALGEBRA MADE EASY [ ОНАР. 


Honce, by transposition, — 352 + 36z =720 — 690, 
^. 
` or, z=30. 

Example 3. Solve #40(1+2) —2(a—2)] - 113a(1 — 2) - 18{α +). 
The left side - S2 (142)- Ha-a)= (42-84) (5. n AE 

Τα , 16a+9 

πι τας 
and the right P b 
8 (1 - 2) -а+2)= (%- το]. ει š z 

Е τ — 9a 16, 
12 19 
- Hence, the equation stands thus : 
ταν 16α.9., -Ta θα 16. 


πας πιο 27 ста їй 


Maltiplying both sides by 19, 
Ta + (16а +9)®= — Ta — (9a +16). 


Henoe, by transposition, 
{16а +9) + (9a + 16)}ж= – Ма, 
or, 95а@+1)ж=—-14а; 
dividing both sides by 25(a +1), we have 


2 ау which is the required root, 


απ 
Example 4. Given + 1= т: a; find z. 


Multiplying both sides by a*—5?, which is the L.C.M. of the 
denominators, we have 
(a-b)a+ (a? —b?)=(a+ ὅλο - (a — 5). 


Hence, by transposition, 
(a —b)a — (a-- b)z — (a — b)* — (a3 — 52), 


or, {(в—8)-—(а+Ь)}ж= --θαῦ +202, 
or, —2ba= —9b(a— b). f 
Therefore, dividing both sides by —2b, we have z—a — b. 
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EXERCISE 59 


Find the value of т, when ΄ 


B oon ag g o н 


= 


3(z—4)2 δα - 3)* = (2x —5)(4z — 1) 94. 

(120 +9)? + (5x +3)? = (132 +9)* +33. 

δία +1)#+71(ш+3)# =19(ш 2)*. 

(Ba — 14)? + (4ж—19)® – (5a — 23)* = 22. 

(5a — 8)2 - (192 — 7)? =(132 — 10)? +37. 

(m — 1)? +(z - 1)? =9z(z° — 1) +4. 

(α-- 9)5 1-90 + (z 2)* —4z*( + 2), 

(a +9)(z + 3) (2-4) + 96— x? (x +9) + δί8α + 13). 

9(α5 —14) - (ш +1)? + (z - 9)? + (c —5)*. 

a(z—a) — Ыс). 11. 3(=-а) +5(92- 3а) =84. 


Solve the following equations : 


Г ΕΣ e418, zti 248, 28. 6022272402, 


(2+ а) δ) (4+0) = (z αία- Б). 


s 
a%(a—a)+b%a—b)=abe, 14. m*(z—m)*n*(c* n) +mne=0. 
b(z-9a)--a(z—9b)-(a—0)*. 16. a(4a—a) + b(4z — b) -2ab— 0. 
x(a — a) az — D) 9(z — α)ία-- 0) — 0. 

(z + 3a)(z — 35) + 3(z —3a)(e + 3b) =4(a — 3a)(z — 3b). 
(8b--9c —2)3 + (2b—2e + a)* = (2b -- 2d — 2)? + (8b 9d. a). 
(z —a)* (c — B) (x — c) =3(z—a)(e — bz — c). 


. (ж+а)#+(ж+Ь)#+(ж+с)® —3(2 + α)(α + Ь)(ж + c). 


т tam Sb. 23. i πὰ Л _ bš, 

Aa +1) 3(--2) 1-1{α +3)=16. 

2-6,2-4_. 2-2, æ .92-13_р_40-35, 
p ec А 26. 15*- Өл ТЕМ 15 
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8 


+17&+ 


4c—91 =т+з3@-9— τα Tu 
a 7 


Y +19 
a\)_1/f,_4),1/,_ αι. 
6-8) 3t a)+ Ife °) 0. 
2-3_}2-3_42+9 2-6, т, 
τμ τ 58 
38. 1(z-3)-3(c- п PAN 
a-c 42-8 @_8а— 
39. a θα a 
95-18 σ-1 z z _ 
Ὁ, 5 mm dh 5 
27-3, 87-8 4mt15, 1. 
ep "uH "3 Τ᾽ 
4048 _8ш+19. 
fs ie 
dg, 23-91 2-3} 953-3 α-δὲ 
BE 5 8 8 


72—98 
3 


aü-zt b—mr em b-a*- 
28 bz ο b ст 
45 т+2% 2 а 2+4, 
LO 55 


46. Hec. p ὅσ-- 128. -οβ]-- Vets, 


2-138 9-65. pie 3(10— 32). 
ο πα ае 1B τα 39 


8ς-ψ{11α) 1-1_98+2(e- 1). 
48. 4 <3 δὲ 2 


49. ἠίω--α)- 92-35) (0-1) - 10a 4- 11b. 


[СНАР. 


ГС. U. 18661 


ΓΟ. U. 1866 ] 
ГС. U. 18691 
[ €. U. 1870] 
[ C. U. 1876] 


[C. U. 1877] 


ΓΟ. U. 1878] 


C. U. 1883 ] 
ΓΟ. U. 1886 ] 
[ C. U. 1888] 


9rta απ-ὸ 3art(a-b). 
50. b a ab 51. 
52. 15- 5-4 δα Lm m. 
9ὲ 


29 


113. Equations involving Decimals. 


3.11 400-9z  4T1-6z, 
= 2 


ΓΟ. U. 1874] 


The decimals, if necessary, may be converted into vulgar fractions. 


27-2 r—4 | 
Example 1. Solve "b 095 =56. 


1 _625_ 


š Wut DUE : 
Since, 05-55 18 and '06: 7100007 E 


x 


хуп, 1 


We 


Since, 


and 


have 


or, 


Example 2. Solve ‘65+ 


18(z —2)—16(z — 4) = 56; 
4 9л=98, 


173 


# 
or 22+98=56 / 
ог, 2=14. 


"5852 — 975 156 `392— 78. 
`6 `9 `9 


—'975 _ 585ж®—9'75 1ϑδα- 335, 
2 


`6 6 


156 


56 _156_у. 
2 5 78, 


“65a 


the equation stands thus : 
+1 πα ἢ 25 _ тв-ЁЇ E 6. 


392—768 397-78 13:-90, 
3 9 3 


Hence, multiplying both sides by 6, wo have 


3'9z + (5°85a — 975) - 468 — (26x — 52). 


orn 1935:-6175; 
_6175_ 
2985 δ. 
EXERCISE 60 
Solve the following equations; 
1. `5ш—`$л='82-15. 2 
з. 19-188 05 4,499 4 
Der al 2 [E 
5. 5 05 * 005. 0005-0. 
quu 400—775, 13 "8x76, 
е docu ἡ 
1357—925 86 Ὅθα- 8 
8. “15+ 6 ο 9 
170004707 ας. 
9: bn DER g -95. 
10, g ¢ 001212525 m ο 


By transposition, (8'9 +5'85+2'6)w=46'8+5'2+9'75, 


3752 +`5=9'25ж +8, 
24775 -—95. 
(HRS EROS 
ГС. U. 1883] 


‘Tat 'd= "Cia +b, 


1 


[ O. U. 1886] 
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114. Solution of equations facilitated by suitable transposi- 


tion and combination of terms. 


230-29 , 19--18, 97% +72} , 72 — 83, 
Example 1. Solve 19 t 7 SU Tan 


By transposition, we have 
985-99 Τα-θὰ 97z+723 _ 19x +13, 
19 85 T 


or, (3z—99)—(91z—95)_ (97z+798) - (057-65) ; 
, 35 


Hence, multiplying both sides by 6x 35, 
35z — 707 19z + 45. 
Hence, 280—115, or, 2—5. 


3 z—a(b-c) , z— b(c--a) , ο--οία-- b) _ 
Example2. Solve to + ba rb ab = 


3. 


'The equation may be written as 
g- =@ф+о) | а= Meta), o> darn. 
bc 


=1+1+1, 


Ву transposition, we have Я 
εαν ` «(7*2 t i. [49:5 = 1}=0 - 


w—alb+c)—be , 2- Қе+а) ca , m—-c(a+b)-ab_ ο. 
bc p са v ab во 
cc m ee 


ab 
or, fe- (ab + bc send κα a8 +i}. 0; 
<. a@-(abt+tbe+ca)=0. 


Hence, z=ab+ bc + ca. 


or, 


EXERCISE 61 
Solve the following equations : 
1 EO. 64a — 35 20=+93 132—7, 
Ы 15 16 3 
re 13, 1087-75. 97:19 , 50252-39, 
og * 3 ET 
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з. 292-18, 1897-93. β6ῥᾷσ-δι 97213 
"88 49 94 7 


4. 


16z—17 93r—15 149157—153 _ 920-65. £ 
9 1 81 64 

185:-19 18591638 _97z+14 106ψεα- 114 
1 65 18 42 


33-19r 41+97e 164--107)3s _ 16448-9520 
15 98 119 75 3 
18—42 _17—16z , 90—10: _14-3%_ p 
9 8 5 7 У 


g-a 2-02 2-0% 
8. + yai а? +b? 

32—00, 8ᾳ--σα , ὃα-- α _ 
We ον 301016, 
10, 220° +0? , Ьш—с@%+а% от-аї+Ь° 

c-b α-ο b-a 
m —(b9--c3) , α-- (c9 +a) , x — (a? +b?) 

а^ —3bc b? —3ca c* — 3ab 
2 8 9 2, 84 8` 2, + 5-15 
m. ποσο ο πο 


=(a+b+ce). 


11. 


=а+Ь+с, 


II. Problems 


115. We have already explained in Chapter VI how simple. 
algebraical problems сап be expressed symbolically and solved. e. 
proceed now to consider examples of a harder type. á 


As pointed out before, the chief difficulty in the solution of ai, 
Problem lies in constructing its symbolical expression. The student. 
should, therefore, become proficient in it by constant and varied practice. 


No general rule for solution can be stated. The following advice 
can, however, be offered : 


Read the problem several times and consider its meaning carefully, 


See what quantity is required to be found out in the problem. 
Represent it by т. 


Next, express the conditions of the problem in terms of the symbol 
9 and obtain a simple equation in z. 
4 Finally, solving this equation, find the value of z. 


f The process is explained by the following examples. For further- 
| illustrations, the student is referred to Chapter VI. 
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Example 1. How old is a man now, who, 20 years ago, was five 
limes as old as his son who will be 41 years old 16 years after ? 


The present age of the man is to be found out. Let it Ье z years. 
20 years ago, the man’s age = (z —90) years, 
16 years after, the son's ago will be 41 yoars ; 
the son's present age=41—16=25 years. 
Hence, 20 years ago, the son's age —25—90-—5 years. 
from the condition of the problem, 
2-90=5х5, 
or, 2=90+5х5=920+95=45 years. 
Thus, the man's present age=45 years. 
Example 2, The sum of five consecutive numbers is 1185. What 
are the numbers ? 


Let z=the smallest of the consecutive numbers. Since consecutivo 
numbers differ from each other by 1, the numbers after z are 231, z+9, 
2+3, +4, etc. In the present problem, the five consecutive numbers 
are, therefore, z, 2+1, c9, m +8, 2+4, 

By the condition of the problem, their sum —1185 ; 
or, ш+(ш+1)+(а+9)+(ш+38) + (c 4) — 1185, 
or, б2+10=1195, or, 52—1185-10-1175; 
P wats = 935. 
Thus, the smallest of the consecutive numbers is 235. 
ο the five consecutive numbers required are 935, 936, 237, 
239. 


7 938, 


^ Example 3. Two persons started at the same time from А, One 
rode on horseback at the rate of 74 miles an hour and arrived at 
В, 30 minutes later than the other who travelled the same distance 
by train at the rate of 30 miles ап hour. Find the distance between 


A and B. [ C. U. 1873] 
Let x be the distance in miles between A and B. Then the time 
taken by the first man to travel the distance 7; hours -% hours, and 


the time taken by the other= 20 hours. 


But the time taken by the former is half an hour more than that 
taken by the latter. ` 


3. ασ. 1, et š 
Hence, 15-307 5] or, 4z—-zt15; 
xs З32=15 ; 7 mb. 
Thus, the distance between А and В=5 miles. 
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Example 4. А person being asked his age, replied, “Ten years ago 
I was 5 times as old as my son, but 20 years hence I shall be ordy twice 
— -asoldas he." What is his age ὃ ΄ 


Let the present age of the person be z years. 


Then 10 years ago his age UY (x —10) years, and .`. that of his son 
as 1x —10) years. 


Hence, the present age of his son —í1(z — 10) + 10} years, and .'. the 
_ Bon's age 20 years hence will be {#(ш2—10)+30} years ; and the age of the 
| person 20 years hence will evidently be (ᾳ 3-80) years. 


Hence, by the second condition of the problem, we must have 
æ +20=2{4(a — 10) +30} 
= 2 -10)+60; 
δα +100=2x -20 +300. 
32—180 ; ©. @=60. 
Note. Fractions might have been avoided by assuming the present аде of the 
‘Porson to be ба years. The student can easily proceed on this assumption. ` 


Example 5. A and B have the same annual income. A lays by 
a fifth of his, but B, by spending annually £80 more than A, at the end 
4 years finds himself £220 in debt. What was their income ? 


Let £r be the income of each. 
Then A spends £$z annually. Hence, B spends annually ϑ(ἑω 180). 


But spending at this rate В contracts a debt of 0990 in 4 years, or 
debt of £55 per year. His annual income, therefore, falls short of 
his annual expenses by £55. š - 


Hence, we must have z—($z--80) — 55. 
1z-95; с. $195. x 
Thus, A and B had each an income of £125, 


Example 6. A market woman bought a certain number of eggs 
& penny, and as many at 3 a penny, and sold them at the rate of 


Or two penee, losing 4d. by her bargain. What number of eggs 
id she buy ? 


Let «=the number of eggs bought. 


Then, since one half of them were bought at 2 а penny, and the 
her half at 3 a penny, the whole cost in buying the eggs 


-(2-4 + 2.1) penoo- (4 + а) penoe. 


a. 


> 
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By selling the eggs at 5 for two репсе, 
` the amount realised =% x 8 pence. 

Hence, by the equation, wa H + HEP : 

on 940=152+102-90;  .. 2=940. 
Thus, altogether 240 eggs were bought. 
Example 7. There is a number consisting of two digits, the digit 
in the unit's place is twice that in the ten's place, and if 2 be subtracted 
from the sum of the digits, the difference is equal to 3th of the number. 
Find the number. . 
Let «=the digit in the ten's place. 
Then 9z= » ” » » units » , 
Clearly, therefore, the number- 102 +92. 

: [ See Example 4 worked out in Art. 65 ] 
Hence, by the second condition of the problem, 

(a+22)-— 109195 ; 


whence, 18r — 19 —19z ; 
or, 62-12; S. 2=2, 
- Hence, the required number 24. ' 


г< EXERCISE 62 


1. The length ofa field is twice its breadth ; another field which 
is 60 yds. longer and 10 yds. broader, contains 6800 square yds. more 
than the former ; find the size of each. 


—2. The length of a room exceeds its breadth by 3 feet; if the 
length had been increased by 3 feet, and the breadth diminished by 
2 feet, the area would not have been altered ; find the dimensions. 


8. 4 and B began to play with equal sums, and when B has lost 
firth of what he had to begin with, A has gained £6 more than half of 
what B has been left with ; what had they at first ? 


4. The ages of a father and his son together are 80 years; and if 
the age of the son be doubled, it will exceed the father’s age by 10 years. 
Find the age of each. κ 


5. A person distributed 65 among 36 persons, men and women, 
giving 8з. to each man and 2s. θᾷ. to each woman. How many were 
there of each ? ^ 

6. There are two places, 154 miles distant from each other, from 
which two persons А and В set out at the same instant with а design 


2 
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to meet on the road, A trayelling at the rate of 3 miles in 2 hours and 
В at the rate of 5 miles in 4 hours. How long and how far did each 
travel before they met ? ΄ 


7. Alabourer was engaged for 36 days, upon the condition thàt he 
should receive 2s. 6d. for every day he worked, but should pay 1s. 6d. for 
everyday he was idle. At the end of the time he received 58s, How 
many days did he work ? 

, 8. A person bought a picture-at а certain price and paid the same 
price for the frame ; if the frame had cost £1 less and the picture 15s. 
more, the price of the frame would have been only half that of the 
picture. Find the cost of the picture. С. U. 1860 ] 

9. A post has a fourth of its length in the mud, а third of its 
length in the water and 10 feet above the water, what is its length ? 

[ C. U. 1863] 
10. A labourer is engaged for 30 days on condition that he receives 
9s. 6d. for each day he works, and loses 1s. for each day he is idle ; he 
receives £2. Το. in all. How many days does he work, and how many 
days is he idle ? EU 
11. А can do a piece of werk in 9 days, B in twice that’ time ; 
0 can do only ἃ as much as A, in a day; how long would A, B and C. 
working together, require to do the same piece of work ? [O. U. 1876 | 
12. Two sums of money are together equal to £54. 12s. and there 
are ав many pounds in the one as shillings in the other. What are the 
sums ? [ 0. U. 1885+] 
18. A certain sum is to-be divided among А, В and C. Ais to have 
£30 less than the half, B is to have £10 less than the third part, and 
C is to have £8 more than the fourth part. What does each receive ? 
.. M. А farmer wishing to purchase a number of sheep, found ‘that. 
if they cost him £2. 9s. a head, he would not have money enough 
by £1.8s.; but if they cost him £2 a head, he would then have £2 
more than he required. Find the number of sheep, and the ‘money 
which he had. Ў 


‚15, Two coaches start at the same time from York and London, 
a distance of 200 miles, travelling, one at 9% miles an hour, the other 
2691. Where will they meet and in what time from starting ? 
3 16. I bought a certain number of apples at three a penny, and 
five-sixths of that number at four a penny ; by selling them at sixteen 
for six pence I gained 84d. How many apples did I buy ? 

17. A number consists of two digits; the sum of the digits is 5, 
and if the left digit be increased by 1 it will be equal to th of the 
number. Find the number. 

18. A number consists of two digits, the digit in the ten's place 
exceeds that in the unit's place by 5, and if ὅ times the sum of the 
"es Гена from the number, the digits will be inverted. Find 

number. 
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19. There is a number, the sum of whose digits is 5, and if 10 times 
the digit in the place of tens be added to 4 times the digit in the place 
of units, the number will be inverted. What is the number ? 


. 90. Divide the number 39 into four parts, such that if the first bo 
inereased by 1, the second diminished by 2, the third multiplied by 3, 
and the fourth divided by 4, the results will all be equal. 


21. Divide 60 into 4 parts, such that if the first be diminished by 
3, the second increased by 11, the third multiplied by 4, and the fourth 
divided by 2, the results will all be equal. 


22. Divide the number 116 into four such parts that if the first be 
increased by 5, the second diminished by 4, the third multiplied by 3, 
and the fourth divided by 2, the result in each case shall be the same. 


CHAPTER XVIII 


SIMPLE SIMULTANEOUS EQUATIONS AND PROBLEMS 
I. Simple Simultaneous Equations 


116. Introductory remarks. The equation v-y=2, in which 
t and y are both unknown, evidently admits of an infinite number of 
solutions ; for any pair of numbers, whose difference is 2 will satisfy 
"it. [For instance, the equation will be satisfied if 2=3, y=1; if 2—4, 
y=2; iiz—5,y-3; ii2—6, y=4; and so on. ] If, however, z and y be 
such that they must also satisfy the equation 2+у=8, then of the 
different pairs of numbers whose differenoe is 2, we shall have to reject 
all excepting that of which the sum i88. Thus the two equations, 1 
2-y-9 ] 
2+у=8 
will both be satisfied by the same values of z and y, only when v=5 and 
473. 
Again, it may be seen that the three equations, · 
2tytz-6 
ο t 
2+у-2=9 
will be satisfied by the same values of z, y, z only when 2—3, y=1, 2-2. - 
The equations may be individually satisfied by innumerable sets of 
values of the unknown quantities, but there is only one set which will 
satisfy them all. a 
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Two or more equations (like those just referred to) which are all 
satisfied by the same values of the unknown quantities involved in them 
are called simultaneous equations. They are said to be simiple or of 
the first degree when each unknown quantity occurs only in the first 
power and the product of the unknown quantities does not occur. 


We shall consider first of all simultaneous equations involving two 
unknown quantities, and later on, those that involve more than two. 
There are three general methods for solving such equations and we shall 
treat them successively in the next three articles. 


117. First Method: From either equation find one of the 
unknown quantities in terms of the other and substitute the value thus 


found in the other equation. 


Example 1. Solve 5z—94y—16 } 
4r-y-81 
From the 2nd equation, we have 
у=4@—81 a Ж АШ 
Substituting this value of y in the 18% equation, we have 
5a —94(4z — 81)--16, 
or, 5c —96c t 744—10 ; 


—91z= — 728 ; '. 2=8. 
Hence, from (1), у=4х8-31=1. 
Thus, we have @=8 and у=1. ^ 


Note. The student is recommended to verify for his own satisfaction that these 
values of z and y do really satisfy both of the given equations. 
Example 2. Solve Bez Lg Эти, g-*- 2. P + 8. 
Multiplying both sides of the 1st equation by 10, we have 
5(82 —5y) -30— 9(9 + y), 
or, 152 -25y +80=42+9у ; 
112=97у —30. d 
Multiplying both sides of the 2nd equation by 12, we have 
96—3(z - 2) - 6x 44, 
or, 96 — 3a + 6y=6a +4y ; 
2y - 92 +96=0 i» i (8) 


From (1), we have 2-21-80, "T ..... (8) 
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Substituting this value of z in (2), we have 
*ay- 20-99), 95-9; 


`. 2y- uin 30)+1056=0; 
ὃν 99y—243y +270 +1056=0 ; 
221y-71826;  .. y-6. 
Hence, from (3), а= 2130690 - 13319, 
Thus, we have w=12 and y=6. 
EXERCISE 63 
Solve the following equations : 


1. т+4у с} 2. 52-8у = o 8. 92+3у =32 
11γ-9α- 3 


Tz-8y-7 5 182+7у=79 


. 99 —4y= р 5. т+ау 2 6. 2z-31(y-3)-4 
3y1(z-2)-9 


4. 
72. Mey) = +4) } 8. Ha-y)=1y-1) ) ГС. U. 1872] 
9. 


13z+7y=101 ac—-by-c 
$a - y) - 3x - 24) 34z-5y)72-7 
. 3(3z-2y)-3-1(«- y) ] 10. (22+3у) +42= 8 } 
4(5a —4y) -3—3(4z — 3y) i7y-3z)- у=11 


118. Second Method: From each equation find the.value of 
ihe same unknown quantity in terms of the other and equate tho values 


thus found. 


Example 1. Solve κκ 5у=11 ) 
+8у=27 
From the 1st а we have 
бу=62- 11. 
n. ον е0) 


From the 2nd equation, we have 
3y=27 -2z. 
- 97-90. 
wi τ ME 
Hence, from (1) and (2), we have 
65-11. 97-90 
`5 3 
ϑί6α - 11)-5(27 - 22), 


" 


ν΄ ar RE 
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or, l8z—38=135-10z, 
2877168 ; JU. ΄ 
Heno, from (1), y= 856-1, 
Thus, we have w=6 and у=5. 


бы SR 0.0.1880] 
5—1 40318-5, ы 


Example2, Solve 


Multiplying both sides of the 1st equation by 90, we have 
4(7+ a) - 5(8z — y) - 20(8y — 5), 
or, 98 — 6a + 5y = 60y — 100 ; 
Е 55у + 6a = 198. "n ө (1), 
Multiplying both sides of the 2nd equation by 6, we have 
3(5y -- τ) (4x — 8) =6(18 52), \ 
on 15у+42-—94=108 – 30 ; Е 


15у +342 = 189, 5ος - (2) 
From (1), y- BS. cas s+ (8) 
From (2), y= 1954, © SE 
Hence, from (8) and (4), we have 
198-67, 198-34, |. 64-3m, 06-170; 
55 15 БАМЫ 8 
[ Multiplying both sides by $ ] 
3(64— 32) - 11(66 — 172), $ 
`ог, 192—9z=726-187z ; = 


1782=584; |". m=3. 


Henee, from (3), y= 1818 109, 


Thus, we have 2=3 and y=2. . 
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= — EXERCISE 64 


Solve the following equations : 
1, 5r-8y- 2) 2. 3у-42= "3 3. Ba-Ty = a 


5y 9z—16 8r +4y=18 lle +5y=87 
4. ατα ο] 5. 322-—95у= et 
4@+9 =5y-14 142+15у=116 
6. (82+) ο ia 7. d(5r-6y)*3» ` τι αρ 
8-i(c-y)-6 (5a + 6y) - 132 —2y) -2y - 9 


8. 92r—1(y*3)-7-1(3y -9) } 
4y+3(e—2)=96k—3(9y +1) 

9. 2z—3(9v-1)=32+3(8z—9y) 
4y - 16-22) 6-439) } ГС. U. 1873] 
m9 Н: 

10. А 


119. Third Method: "Multiply the equations by such numbers 


+ =3. [ A. U. 1923] 


as will make the coefficient of one of the unknown quantities the same 
in the two resulting equations ; then by addition or subtraction we can 
form an equation containing only the other unknown quantity.” 


Example 1. Solve 3л-4у= 5 } 
5a+2y=17 
Multiplying the 2nd equation by 2, we have 
Y 102+4у=34 } : 

and the 1st equation is 3r-4y- 5 
Hence, by addition, 1845-39: .'. т=3. 
Substituting this value of z in the 1st equation, we have 

4y=9-5=4; С. у=1. 


` Thus, we have z=3, y=1. 


Example2. Solve 52+ 9y=89 } 
22-17у=15 
Multiplying the 1st equation by 2, and the 2nd by 5, we have 
102+ 18y=178 } 

and 102-85у= 75 
Hence, by subtraction, we have 

103y=108 ; 7. у=1, 
Substituting this value οἱ у in the 9nd equation, we have 

j 2%=15+17=32; | -.. z-16 

Thus, we have #=16, y=1. 
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Note. We might as well have multiplied the Ist λος by 17 and the 2nd 
on by 9 and added the two resulting equations ; this would have given us the 
оў х. But we have preferred the other alternative because, the coefficients of a 
smaller, the required multiplications have been more easily effected. 
Example 3. Solve 23x -24y=21 | f 
25x —16y=43 

Multiplying the 1st equation by 2, and the 2nd by 8, we haye 

46r—48y- 42 } 

and 75z —48y = 199 

Hence, by subtraction, we have 

29a =87 ; SS Φ-ϑ. 
Substituting this value of z in the 2nd equation, we have 

16y-75-43-32; ' 2s. y= 
Thus, wo have z=3, y=2. 
- Note. It may be noticed that the coeficient of y im each of the Tesulting 
tions is the least common multiple of 24 and 16 and this is all that is required. 
process would have been unnecessarily tedious if the Ist equation were multiplied 
6 and the 2nd by 24. 


D» Example 4, Solve ^5 =2 πο - z- — ут 


Oo OY *1) 
Sus Ose SD 


ГО. U. 1882] 


From the 1st equation, we have 


Ua—2)—(e+y) _ (c— y —1) - 9(y +12), 
14 8 


ба—у—14_т—3Зу—95 
ος NV UV сауа 


^ ον, = 24a—4y —56=Ta -91y — 175, 

or, 172+17у= -119, i 

о! @+y=-7. ΠΤ ANY 
From the 2nd equation, we have 
10-0388). 11-21 8 *D, 


Z ος 2- 72-50, 
30 


| 70% + 21y +385= d -910r- 150у, 
bs 980 +171у = —395. aes ~. (9) 
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Multiplying (1) by 171, we have 


, l7lz+171y= –1197 } 
also 2802+171ly=— 325 


_Henee, by subtraction, 


109” =872 ; ©. 2=8. 
Substituting this value of æ in (1), we have 
--7-8- -15. 
Thus, we have z=8, у= —15. 
Example 5. Solve 2 + : -1 
Teds n 
uy 
Multiplying the 1st equation by 4, and the 2nd by 3, we have 
8,12. 21,12. 45, 
pg and ος 8 
Непсе, by subtraction, 
183.18; = 
NB 7-8. 
Substituting this value of z in the 1st equation, we have 
$.1:143; QE 
F =1 ribi? ©. y=4 
Thus, we have z=8, y=4. 
EXERCISE 65 


Solve the following equations : 


1. 7z- 5у= un 2. l3z+ imd δ. 80— ον = E 
$ Sr 9у= 13 5z—1lly= 9 Ίω- ο = 9 
4. 952-14у= DE а ae NS 182-14у = 2 
192+ Ty= 45 8z— 7y-18] - 172-91у = 18 
7. 928z-15y— oH eae η; 9. 47z— 56y-193 a 
21x +13y= 55 23a + 86у =62 25r 84y =293 
10. 51c—-16y- $i oH 59r — Hmc 12. 122+ =- 8) 
68a + 23y=137 392+ 14y=67 19z— 34y= 
18. 65z-1l4y= КУГ. ron eee 14r 81у= EE 
91z—15y- 31 132+ 69y=73 172+185у= 1 


͵ 
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16, ὅς «119-146 11. az +by =c 

zt μη) буса } 10,0.1681] 
18. 220-32-50. ὖ 

[ O. U. 1816] 

zy 

14*18 

dm EBEN 4c —8y- 7 9c Ων 5 
т Paw БА 5 5 10 1576 

2z-W 4 о = y-l,z ὃν Y-T 11 

g .*2»-3 3 *9-207 15 *6 *10 

δα-8γ , Ta — 57 _1_95®+8у 

αι, 52—80 4 To 1-259 


(33s +2y -5 +e uti 19 +„11®-10у+92 
16 22 3 


Sr-5y 9r-8y-33 y 2,1 

2. 3 Та Куда T | 
ΥΕ τς; πα 
33(7+ 1uj -s3s[e-1 24) 


_18:—`095_. 5:24 01у 
28. Tiets 5 = Bet E 
`ду+`5 — 492—7 
15 ES 
24. & εἴ τῇ 
3.9 19 [ O. U. 1879] 
z t y 90 x, 
25, 243-9 26. ot oem 
pin [ C. U. 1887] bu 
Ξ----δὲ σποτ 
т у z y 
ДА sae 
51. stal Ет ы! | 
T 345. 
Beta 15 δο tay" 
29. 242-9 90. &+%—5 
95, 3 Ai. 
5 tay 7 28° ant 9 14 


[ C. U. 1870] 
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II. Problems leading to simple equations with more 
than one unknown quantity 


120. Easy Problems. 


,,Example 1. A and B each had a number οἱ mangoes. A said to 
B, “If you give me 30 of your mangoes, my number will be twice yours.” 
B replied, “If you give me 10, my number will be thrice yours.” How 
many had each ? 


Let 2=the number of mangoes А had, 
and y= ,, ο ος Вто 
Then, їп acoordanoe with what À said, we must have the equation 


z 2+80=9(у – 30) ; б (1) 
— and in accordance with B's reply, we must have the equation 

y; 10— 3(« - 10). s) 

From (2, 8α-γ-40, or, 67-2y-80 ; © (8) 

and from (1), 2-9у = —90. E © (4) 


Hence, by subtraction, 52=170; .. 2-34. 
Substituting this value of z in (4), we have 

7 9у=84+90=194; .. у=69, 
Thus, А had 34 mangoes and В Һай 69. 


Example 2. A certain fraction becomes 2 when 7 is added to its 
numerator, and 1 when 2 is subtracted from the denominator. What 
is the fraction ? 


Let с, represent the fraction. 


Then, we have 217-5; tre ө (1) 
2 fro 55 
апа уга a (2) 
From (1), #+7=2y; .'. αΞου-τ } 
From (3), . ? z= y-9 


Therefore, 2y-7—y – 2, whence y=5 
Hence, . 2—5- 2-3. 
Thus, the fraction is δ. 
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Example3. Two men and 7 boys can do in 4 days a piece of work 
which would be done ір 3 days by 4 men and 4 boys. How lohg would 
it take one man or one boy to do it ? г 


Let «=the number of days in which one man would do the work. 
and y=the number of days in which one boy would do it, 


Then, in one day а man does lih of the work and a boy doos " th 
of it, 


Hence, since 2 шеп and 7 boys do 1th of the work in one day, 
we must have 


p. Мр a La e 
om. (1) 


Again, since 4 men and 4 boys do {та οἱ the work in one day, 
we must have 
4s tied AS A 
Hie (2) 


Multiplying (1) by 2, and subtracting (2) from the resulting equal 


tion, we must have 
10 


йе dl КОБА 
(23523578 vin, 4590, 


A al l4 pcs 
Henco, from (2), 28 1715 SS $715. 
Thus, one man would do the workin 15days and one boy in 


60 days. 


Example4. Two plugs are opened in the bottom of a oistern 
containing 192 gallons of water; after 3 hours one of them becomes 
stopped, and the cistern is emptied by the other in 11 hours; had 
6 hours elapsed before the stoppage, it would have only required 6 hours 
more to empty it. How many gallons will each plug-hole discharge in 
one hour, supposing the discharge to be uniform ? 


Let т, у be the numbers of gallons of water which the plugs can 
respectively discharge in an hour. 


In the first case, the first plug remains opened for 3 hours; and 
the second for 81-11 or 14 hours. 


Henco, — 3rt14y—199, e ч) 


In the second case, the first plug remains opened for 6 hours, and 
the second for 6+6 or 12 hours. ç 


Hence, 6x +12y —192. T «= (2) 
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Multiplying (1) by 2 and subtracting (2) from the resulting equation, ` 
we һауе) * 
16y=2 x 192-192 

=192 ; ©. у=1д 

Hence, from (2), 6α--193--144--48; 7. m=8. 
А Thus, the plug-holes respectively discharge 8 and 12 gallons in 

an hour. 


4 
,, Example 5. The dimension of a rectangular court is such that 
if the length were increased by 3 yards, and the breadth diminished by 
the same, its area would be diminished by 18 square yards; and if its 
length were increased by 3 yards, and its breadth increased by the same, 
its area would be increased by 60 square yards, find the dimensions. 


O. U. 1898] 
Let z yards=length of the court, 
and y yards=its breadth. 
Then from the first condition of the problem, we have 


(e+3)(y-3)=ay-18 ; 2200) 
and from the second condition, 

(ш +8)(у +8) 2 ay +60. s+ (2) 
From (1) 3y-32— -9, ог, ,У-2= -8. ++ (8) 
From (9), 30 +32=51, or, у+2=17. (4) 
From (3), and (4), by addition, 

ду=14; ое; 
^ * and by subtraction, 94-90: ©. Φ510. 


Thus, the length of the court is 10 yards, and the breadth is 7 yards. 


Example 6. There isa certain number, to the sum of whose digits ` 
if you add 7, the result will be three times the left-hand digit; and if ` 
from the number itself you subtract 18, the digits will be inverted. Find 
the number. 

Let т and y be the left and right-hand digits respectively ; then 
the required number is represented by 10=+7, and the number with 
inverted digits=10y +z. 

. Hence, by the conditions of the problem, 


„ wt+yt+7=32, А (0) 
and  (10z49)-18-10y--z. 09) 
From (1), © 2z-j-7; (8) 


and from (9), 9z—9y=18, or, z-9-2. (4) 
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Subtracting (4) from (8), we have 
12—17—2-5. 6 
Hence, from (4), y=5-2=3. ç 
Thus, the required number is 53. 
Example 7. А and B play at bowls, and A bets B three shillings. 
to two upon every дате; after a certain number of games it appears. 
that A has won three shillings ; but if A had bet five shillings to two. . 


and 1086 one game more out of the same number, he would have lost. 
thirty shillings. How many games did each win ? 


Let «=number of games that A won, 
andy- ^» » » na B. 2. 
Then, the total number of games played is evidently æ +y. 


. Now, since A receives from B, 2s. for every game that he wins and 
gives B, 3s. for every game that he loses (ie. for every game that B` 
wins), his total gain must be equal to (2x —3y) shillings. 


Hence, 92z-3y-3. n^ see: (1) 


. According to the other condition, A would have gained 9(r—1) 
shillings and lost 5(y+1) shillings ; and therefore, his total loss would 
have been [5(y+1)—2(#—1)] shillings. y 


" Honce, 5(y+1)—2(a—1)=30, 


or, Бу-9л=9З. + у © (2) 
From (1) and (2), by addition, 9y=96; .. γ-18. 
3-39. 


Hence, from (1), z= "2 =21. 


Thus, А won 21 games and В won 13 games. 


EXERCISE 66 


1. What fraction is that whose numerator being doubled and 
denominator inereased by 7, the value becomes $ ; but the denominator 
being doubled, and the numerator increased by 2, the value becomes ἃ ? 


2. Find two numbers such that if the first be added to 5.times the 
second, the sum is'52 ; and if the second be added to 8 times:the first, 
the sum is 65. 

. 83. Find two numbers such that five times the greater exceeds four- 
times the less by 22, and three times the greater together with seven. 
times the less is 82. Р - 

* ..4. What numbers are those whose difference is 45, and the» 
quotient of the greater by the less is 4 ? 
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5. There are two numbers such that one-fourth of the greater 
added te one-third of the less is 11 ; and if one-fifth of the less be taken 
Кор one-eighth of the greater, the remainder is nothing; find the 
numbers. 


6. A certain fraction becomes $ when 1 is subtracted from its 
лешип, and 1 when 7 is added to its numerator. What is the 
` fraction ? 


^ 7. What fraction is that which, if 1 be added to the numerator, 
becomes 1, and if 1 be added to the denominator; becomes $ ? [C. U. 1862] 


8. A certain fraction becomes $ when its numerator is increased 
by unity, and $ when its denominator is increased by unity. What is 
the fraction ? 

_ 9, Aand B have 39 rupees between them, but if А wero to lose 
two-thirds of his money, and B three-fourths of his, they would then 
have only 11 rupees. How much has each ? 

10. Two numbers are such that if 7 be added to the less, the sum is 
twice the greater, and if 4 be added to the greater, the sum is 3 times 
the less. Find the numbers. 

11. Two persons, 27 miles apart, setting out at the same time, meet 
together in 9 hours if they walk in the same direction, but in 3 hours if 
they walk in opposite directions ; find their rates of walking ? 

12. A banker was asked to pay £10 in sovereigns and half-crowns, 
so that the number of the latter should be exactly twice that of the 
former. How must he do it? 

13. A man and a boy can do in 15 days a piece of work which 
would be done in 2 days by 7 men and 9 boys. How long would it take 
ong man to do it ? 

14, A rectangle is of the same area as another which is 6 yards 
longer and 4 yards narrower; it is also of the same area as a third, 
which is 8 yards longer and 5 yards narrower. What is its area ? 

~ 15. If 15 lbs. of tea and 17 lbs. of coffee together cost £3. 5s. Gd. 
and 25 lbs. of tea and 13 Ibs. of coffee together cost £4. 6s. 2d., find the 
price of each per pound. 

" 16. A takes 3 hours longer than D to walk 30 miles; but if ho 
doubles his pace he takes 2 hours less time than B; find their rates of 
walking. J 

17. 'Says Charles to William, "If you give me 10 of your marbles, T 

shall then have just ¿wice as many as you" ; but says William to Charles, 

"If you give me 10 of yours, I shall then have three times as many as 

с How many had each ? : 

... 48. Bs. 1100 are so divided among A, В and C, that if A wero to 

 give.B Rs. 200, B would then have twice as much as 4, and threo times 


as much as C. How many rupees did 4, B and О each receive origi- 
nally ? : ГС. U. 1872] 


Teg 
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19. Ifa certain number be divided by the sum of its two digits the 
quotient is 6 and the remainder is 3. If the digits be inverted and the 
resulting number be divided by the sum of the digits, the quotient is 4 
and the remainder 9. Find the number. А 


20. Find that number of 2 figures, to which, if the number formed 
by changing the places of the digits, be added, the sum is 191 ; and if 
the smaller number be subtracted from the larger, the remainder is 9. 


21. A bill of 25 guineas was paid with crowns and half-guineas ; 


and twice the number, of half-guineas exceeded 3 times that of the 
crowns by 17. How many were there of each ? 


22. А person sells to one person 9 horses and 7 cows for $300 ; and 
to another, at the same prices, 6 horses and 13 cows for the same sum. 
What was the price of each ? ut tty 
23. A and B received £5. 17s. for their wages, A having been,em- 
ployed for 15 and B for 14 days; and A received, for working 4 days, 
| 11s. more than В did for three days. What were their daily wages ? 
ү 24. A and B сап do a piece of work in 16 days ; they work together 
for 4 days, when A leaves, and В finishes it in 36 days more. In what 
time would each do the work separately ? ^ 


25. If the numerator of a fraction is increased by 2 and the — 


denominator by 1, i& becomes equal to $; and if the numerator and Г 
να are each diminished by 1, it becomes equal to š. Find the 
raction, : 


26. Atraveller walks a certain distance ; had he gone half a mile 3 
an hour faster, he would have walked it in four-fifths of the time ; had 
š he gone half a mile an hour slower, he would have been 25 koug longor 
r on the, road. Find the distance. 


„27. А certain number between 10 and 10015 eight times the sum of 
its digits, and if 45 be subtracted from it, the digits will be reversed ; k 
find the number. | 


28. Aand B lay a wager of 10s. If A loses, he will have twenty- 
five shillings less than twice as much as B will then have; Боби 
B loses, he will have five-seventeenths of what А will then have; find 
how much money each of them has. 


....99. A farmer wishing to purchase a number of sheep found that 
if they cost him £2.2s. a head, he would not haye money enough by b. 
$1.8s.; but if they cost him £2 a head, he would then have £2 more T 
аа he required ; find the number of sheep, and the money which he 

ad. i 
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30. There is a number consisting of two digits; the numbi 7 
equal to three times the sum of its digits, and if it be multiplied by 8, ' 
the result will be equal to the square of the sum of its digits. Find 
the number. * ря br 


1—13 ; 04 є 


A^, 


121. In Ohapter VII, we have discussed representations of 
numbers by geometric points. We now propose to show how simple 
equations are represented graphieally. "The following examples will 
make the subject clear, 


Example 1. Ifa point moves in Such a manner that its abscissa 
is. Mm equal to 5 units of length, find the path along whieh the point 
will move. 
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Let twice the side of а small Square represent the unit of length. 


On OX take the point M such that OM=5 units of length ; through 
M draw the straight line PMP’ parallel to YOY’ 


_,, Now, if any point be taken on the straight line PMP’ its т will 
evidently be equal to 5 units of length ; but this will not be so if the 
point be taken on either side of the line PMP", 


Hence, the moving point will always be on the line PMP’. 
` We see, therefore, that if a point moves in such a manner that its , 


: @ is always equal to 5 units of length, the path along which the point 
P ы 


> 
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will move is the straight line PMP'. This fact is briefly expressed by 
saying that the straight line PMP' is the graph of the equation x=5. 

Note 1. From the above it is clear that the graph of the equation y=5 is 
a straight line parallel to XOX’. 

Note 2. Generally speaking, the graph of the equation x=a is a straight line 
Parallel to the acis of y, and passing through а point on the acis of z which is at 
a distance of a units of length from the origin ; and the graph of the equation y=b is 
а straight line parallel to the axis of x, and passing through a point on the axis of g, 
which is at a distance of b wnits of length from the origin. 

S Note 3. Evidently, therefore, the graph of the equation z—0 is the azis of y 
itself, and the graph of the equation y=0 is the acis of z itself. 

Example 2. If a point moves in such a manner that its z and y 
are always connected by the relation y=3z, find the path along which 
the point will move. ü 

Since y —3z, when 3z= 0 } and — whenz-8 } 

we have, y=0 we have, y=9 
„Evidently, therefore, (0,0) and (3,9) are two positions of the 
moving point. 


Take the length of a side of a small square as the unit of length. 


д 


Join the points (0, 0) and (3,9), and produce the straight line 
both ways, "Then this straight line will be the required path. 


7 
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Take any point P on this straight line. The co-ordinates of P 
are found to be 5 and 15, which evidently satisfy the given relations. 
Similarly, the co-ordinates of any other point on this straight line may 
be shown to satisfy the given relation. But the co-ordinates of αι point 
which is outside the line OP will not satisfy the given relation, as 
can be easily verified. 


Hence, the moving point will always be pn the line OP and never 
stray out of it. 


Thus, it is found that if a point moves in such a way that its r 
and y are invariably connected by the relation у=32, the path along 
which the point will move is the straight line OP. In other words, 
the line OP is the graph of the equation y—3x. 


Note. Generally speaking, the graph of the equation y=ma, where m is any 
given number, is a straight line passing through the origin. 


m 


Example 3. Ifa point moves in such a way that its z and y are 
invariably connected by the relation y=—4a@+65, find the path along 
which the point will move. 


- From the given relation, 


Since, when 2=0 } and whenz- 3 } 
we have, y=5 we have, y= —7 


„Evidently, therefore, (0,5) and (8, —7) are two positions of the 
moving point. 


Let twice the side of a small square represent the unit of length. 
Join the points (0,5) and (3, —7), and produce the straight line both 
ways. Then this straight line will be the required path. [See the 
diagram of page 197. ] 


Take a point P on this straight line. The co-ordinates of P, which 
are found to be —1 and 9, satisfy the given relation. Take another 
‘point Q on the straight line; its co-ordinates which are found to be 2 
and —3, also satisfy the given relation. Similarly, the co-ordinates of 
any other point on this straight line may be shown to satisfy the given 
relation. But if a point be taken outside the line PQ, its co-ordinates 
will not satisfy the given relation, as can be easily seen. Hence, the 
moving point will always be on the line PQ and never stray out of it. 


Thus, it is found that if a point moves in such a manner that its 
co-ordinates always satisfy the equation у= —4z 5, the path along 
which the point will move is the straight line PQ. In other words, the 
straight line PQ is the graph of the equation y= —4x+5. 

Note 1. Generally speaking, the graph of the equation y=ma+c, where m and 

. care any given numbers, is a straight line passing through the point (o, c). 

Note 2. As every equation of the first degree in x and y can be reduced to the 

form у= ma c, it is clear that graphs of all simple equations are straight lines. 


$ 
» 
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Note3, The graph of the equation y=ma+tc is also said to be the graph of 
the expression mx+c. P 
x 


0,5) 


827 


Note 4. The graph of any given equation may be defined to be the path 
described by a point which moves in such a manner that in every position of the point 
its co-ordinates satisfy the given equation. 


Example 4, Draw the graph of the equation 72 +3y=11. 


When z-0 } and when z-1 } 
y-3$ у=1% 


Evidently, therefore, (0, 33) and (1, 13) are two points on the graph. 
. Let'3 times the side of a small square represent the unit of length. 
Join the points (0, 38), and (1, 12), and produce the straight line both 


Ways. Then this straight line will be the required graph. [ See the 
diagram of page 198. ] ; 


n 
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. Take any point P on the line; its co-ordinates, which are found 
to be 3,and —8$, satisfy the given relation. Take any other point Q on 
he line ; its co-ordinates, which are found to be —1 and 6, also satisfy 
the given zelation. Similarly, it may be shown that the co-ordinates 
of any point that may be taken on the line PQ will satisfy the given 
relation ; but the co-ordinates of any Point which is outside PQ will 
not. Hence, the line PQ is the required graph. 


2 


a 


0.33 


Note 1, The graph of the equation 7x+3y=11 is also said to be the graph 
11—7x 
E] 
Note 5. The straight line PQ being the graph of the equation Tc +8y=11, 
this equation is said to be the equation of the straight line PQ. 
, Note 8. The equation of a given straight line means the equation which 
is satisfied by the co-ordinates of every point on that straight line. 
Example 5. Find the equation of the straight line which passes 
through the points (1, 1) and (3, —4). 
Let y=ma+c be the required equation. 


of the expression 


е. 
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Т This equation being satisfied by (1, 1) and also by (3, --3), we must 
ave 


1Ξ т+с ] „Hence, ?m=-$, and -.m- 25 
and —-$-3m-4c whence c= Pubs 2. 


Thus, the required equation is у= —$zt1; ог, 32+4у=7. 


EXERCISE 67 
1. Draw the graphs of the following equations : 
(1) α-8. (2) α-18. (3) a+11=0, . 
(4) ν--1. (5) y-9=0. (6) y+10=0. 
2. Draw the graphs of the following equations : 
(1) yc. (2) у= -z. (3) у= 92, 
(4) у+922=0. (5) y= – 32. (6) Зу=5х. 
(7) Ty+8%=0. (8) 60+132=0. 
3. Draw the graphs of the following equations : 
(1) у=32+4, (2) y 72-8. (8) у= —5z+9. 
(4) у= -8z-11. (6) 30=72+4. (6) —6y— 72 —10. 
4. Draw the graphs of the following equations : 
(1) 2 *- 7y -10. (2) 42—5у-7=0. 
(8) 5x +6y +8=0. (4) -3z7y--8-0. 
(5) 10y -9x =13. (6) 8z- 11y +13=0. 
5. Draw the graphs of the following equations : 
Ey eE: μας ИЕ 
(1) ποσα. (2) 7+5=1. (8) atit 
25-70, _ 92-13, 9m _ 4y _ 
@ y-5- б) y- 2B @ 4-0-1. 
6. Draw the graphs of the following expressions : 
(1) z-3. (2) 8α 4-4- (3) -7248. 
ὦ 7-6, в) 5229. (o) 8+1. 


Find the equation of the p line whieh passes through 
each d: the following pairs of points : 


(1) (0, 0), (5, 6). (2) (0, 5), (7,0). (8) (6, -8,(-7, 5). 
(4) (—4,8),(—9, -19). (5) (711, 0), (7, —10) 
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EASY QUADRATIC EQUATIONS AND PROBLEMS 


122. Definition. Any equation which contains the square of the 
unknown quantity, but no d power, is called а quadratie equation 
or an equation of the second degree. 


If an equation contains only the second power of the unknown 
quantity (and not the first) it is called a pure quadratic; if it contains 
the second as well as the first power it is called an adfected quadratic. 

Thus; 32° = 75 is a pure quadratic ; 

and 3z%—7e=Gisan adfected quadratic. 


128. Solution of a Pure Quadratic. In solving а Pure Quadratic 
we have to find the square of the unknown quantity just in the same way 
as simple equations are solved and then to extract thg square root of 
the value so found. 


Example 1. Solve 5(z*--1)-92- 3(z? +7). 
Wehave δαΐ {8-93 1-91; 
hence, 91-18: [ by transposition ] 
г 22-9; 
now, since the unknown quantity is one of which the square is 9, 


it must be either +8 or —3. (Thus there are two values of z satisfying 
the given equation, as the student can easily verify.) 


Note. The student should carefully observe that the last step of the above 
solution amounts to answering the following question : ‘What quantity is that of 
which the square is 9 Р 

Example 2. Solve Ha—2)(e—3)—vy(e-21)(w-14)=2, 

Multiplying both sides by 21, we have 

Ua —2)( —3) (x —21)(z — 14) =49, 

The left side —(7z* — 85a 1-49) —(a* — 35x +294) 

=x" —35r--49—2* + 35a —994 
= 627 – 959. 
Hence, the equation reduces to 
622 —959=49, 
or, 62*—959--49, [by transposition ] 
$6, - 394, 
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viding an ees by 6, we have : 
2 49. > 


Now, tho En quantity is such that its square is 49; 
+ it must be either ae or --τ. 
Hence, x= either +7 or — 
mple 3. Find the side of a square whose area is equal to that 
ngle of length 9 yards and breadth 4 yards. 
Let the side of the square =z yds, 
7. the area of the square =g X v sq. yds. 
=a" sq. yds. ` 
Again, the area of the reotangle=4>x 9 sq; yds. 
=36 sq. yds. 
Hence, by the siding of the problem, 
Y æ? sq. yds.=36 sq. yds. 
or 2°=86; .. 2=6, or, -6. 
ince, the actual length of the side of a square is a positive 
у, the solution z= —6 is inadmissible. 
the required hig yds. 


EXERCISE 68 
ind the values of z in each of the following equations : 
i Ad 2. ασ τα". 8. 12*-98. 
8T x =®. 5. 9(ш#*—5)+а(8—)=8(т+5). 


n. -96- МГЕ 8)(а— 9) =(ш—17)(ш— 5). 


8 
5 aD. =7- Itr 8. (c*a)*-9a(a*z)-3a*. 
ο + Iba — b? — a? — k(b — 27). 10. 2д(82+5)-5а(ж +2)=36. 
Ss, 9r*-9 95387 +9 
a вета: стати ие : 
M the number four times which is equal to sixteen times its 


Find the side of а square three times of the area of which is 
times the area of a rectangle whose length and breadth | 
ely 9 yards and 3 yards. 1 


ad 
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14. ‚А has got a square plot of land which he exchanges with 
а rectangular garden of area 91 sq. yds., belonging to B and gains by 
the transaction an area of 10 sq. yds. Find a side of the square plot. 


15. Divide а straight line of length 10 ft. into two portions such 
that five times the square on one exceeds the square on the other by 
twenty times the former portion. 


124. Solution of a Quadratic by the method of resolution 
into factors. Reducing a Quadratic to the form ax*+br+c=0, if we 
know the factors of which the left-hand side is the product, then 
by equating to zero either of these factors, we get a solution of the 
quadratic. 

Example 1. Solye αἲ — 5a +6=0, 

Evidently the left-hand side=(z—9)(z - 3). 

Hence, we have (z —9)(z —3)=0. 

either ан 8 2-3=0 } 
and .'. 2-92 ' and .". 2=3 

Thus, 2 and 3 are the roots of the equation, as the student can 
easily verify. 


Example 2. Solve 9z*— 10x —3z —15. 


Wehave _ 9z(z—5)-3(z—5); et - (1) 
`. (27-3) —5)-0. 
Hence, either — 2z-3-0 2-5=0 
and... c-$ } Of πάν 26 ) 


Thus, $ and 5 are the roots of the equation. 

Note. “The solution also follows at once from equation (1) ; for α-- ὅ being 
a factor common to both sides the equation evidently holds good when this factor 4s gero, 
i.e., when 2—5, and evidently also, the equation {з satisfied when 2z=3,or m=i; 
therefore, 5 and 3 are the roots of the equation. The student will thus observe that it 
is not always necessary to transpose all the terms to the left-hand side of the equation. 


Example 3. Solve 10(2--3)(—3)-- (7z--3)* —90(«-- 3) — 1). 
We have, 10(2z* — 32 — 9) (492? + 49 +9) - 90(z? + 95; — 9) 
`. 49n* -987-91-0; 


Se 72% — 47 —3—0, 
or, (7z? —72) - (3: —3)=0, 
or, (Yz +8)(ж —1)— 0. 
Hence, either 7z 3-0 } ай 2-1=0 
and ..z--3$ ' and .. g=1 
Thus, —$ and 1 are the roots of the equation. 
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Example 4. Find the number which exceeds sixty-five times its 
reciprocal by 64. Р 
Let z Ье the required number. 
Then, by the condition of the problem, 


2- 95 =64. 
Multiplying both sides by z, we have 
c? —65—64z, 9 
or, 02-642 -65=0, [ by transposition ] 
or, (@—65)(а+1)=0; [ by factorisation ] 
`. either 2-65=0 ] on о } 
2.6., 2=65 ΤΝ л 


Непсе, the required number is either 65, от, —1. 


EXERCISE 69 
Solve the following equations : 
1. 32% -122+1=62 93. 9. 402 47=80. 
8. 2+9-26--1. 4. αὐ +92-—52=0. 
5. z*-$z-4-0. 6. 6z°+5z—4=0. 
8... 
7. 3(z-9)* 184 (Sx +1), 8. 2-5, 5-9, 
з 
9. 21216 Tub. 10. 2?—(a+b)x+ab=0. 


11. Find two numbers whose product is equal to 399 and sum is 
equal to 40, 


12. Find the number whose square exceeds ten times itself by 96. 


. 18. Find the number which exceeds 12 by as much as thirty-nine 
times its reciprocal falls short of 4. 


14. The difference between the ages of a man and his son is 25 
now. Ifthe product of the numbers denoting their ages, ten years 
back, be 150, find the present age of the father. 


. 15. The length of a rectangular garden of area 100 sq. yds. exceeds 
its breadth by 15 yards. Find the cost of fencing it by wire-net the 
price of which is 8 annas per foot. 
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MISCELLANEOUS EXERCISES IV 
I 
4. Define Highest Common Factor and Lowest Common Multiple 


of two or more algebraical expressions. Find the Н.С.Е. and L.C.M. 
' of 3622a*c5, 94vy*a*b* and 240y?a*b*c. 


9, Faotorise the following expression and find their Н.С.Е. 
2% — 62-9 and 4x? — 112 - 3. 


8. Find the L.C.M. of 
аъ ac — +0 and b* — 19ac— 4a? — 90°. 


4. Resolve z?--y?--3zy-—1 into elementary factors and show 


that the Н.С.Е. of this and (02 my — 2) +8(ж+ у) — (Т + 3) T Ty is 
muy 1. i 


b hours; in what time could the two running 


5. If2s=a+b+<e, show that 
Sbo-(b*-c*—a?) _ s(s-a)., 
рс (0202 а?) (s- bXs—o) 
6. Reduce the following to its simplest form : 
Qs ata ue du Slee 
22-1 a?41 z*-1 z^*1 
1. Solve ах+1=ру+1=ау +Ьк. 


8. One pipe can fill а cistern in a hours; another can do it in 
together fillit? And if 


a third pipe could empty tho cistern in c hours, how long would it take 
to do this if the first two were running at the same time ? 


п 


1. Find the H.C.F. of Τω”--260 3-10 and Bo(z — 1) + 3(c — 11) - 24. 
2. Find the L.C.M. of z?-- bz? az t ab and ο — (a — b)z — ab. 
3. Reduce the following to their simplest forms : 

à) (8749? — 3x*y*)* . (ii) 3(z2 — т —30)(a? — 9x +14), 

(βοῦν - 2xy*)* (x3 = 180 + 42)(@? + 3a — 10) 
4, Find the value of 
ee when 2= 22 t b? and =a? —- b?. 
ae (22-9)? - (s —6)* 9{α--9)5 

5. Simplify 37s 107.095) δα" 8-15) 
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6. Show that > 
4 2 
dis n I 2826 contains 25 τμ asa factor. 
7. Find the value of z, when 
5 2-1)- $(e-5)= $ -0-2. 
8. Solve az+by=c? and e эы. 0. 
III 


1. Find the H.C.F. of a^a? +а? —Babz* + bz 5 Καλο" — ол ап@ 
9а®л* — баёд? - 3a? --οὐ 0” δα b*z? — Sa*b*. 

9. Find the L.C.M. of 2°+at+a°+a2+a+1 and z5-a*4a? 
Er παω]. 

3. Find the H.C.F. of х®—9, (2+3) and ο” +z—6. TO. U. 1910] 

4. State and prove the rule for finding the Lowest Common 
Multiple of two algebraieal expressions. [ B.-U. 1902 ] 

Find the L.C. M. of ο’ t (a+b) 4 ab, 22 — b? and EAE CT 

И) 2-5 Te 
αρ iE 34-6 αἲ--δο- s z +4 
6. Solve az y-z by ic t y) +1. 


7. An income of £196 is derived from two sums invested, one ab 
4 per cent. the other at 7 per cent. per annum ; if the interest on the 
former had been 5 per cent., and on the latter 6 per cent., the income 


derived would have been £212. Find the sums invested. 

8. Find the value of z, when 3(z2 —4)=15. 

: IV 

1. Define Н.С.Е. and L.O.M. of two or more algebraical 
expressions. 
τ If H and L denote the Н.С.Е. and L.O.M. respectively of two. 
algebraical expressions A and B, show that 

Ax L=AxB. 

2. Find the Н.С.Е. of z?-y?, 2?-Qry+y*? and z°—9%; and 

Gantt: ы their L.C.M. is divided by 2^ +æy +y? the quotient is 
а y 


: 2+5 
3. Find the defect of = oS 6 “kon πο 


906 ALGEBRA MADE EASY 
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4. ‘Simplify i mimiti 
5. Show that (z--y)* — (y-- z)* — S(z — z) (a +y)ly 2) +e- ο)3]. 


...0. A number of three digits has 5 in the unit's place and the 
middle figure is half the sum of the other two ; if 108 be added to the 
number, the hundred's figure will take the place of the unit's, and the 
unit's, the place of the ten's. Find the number. 


7. Τ 8 be added to the numerator and denominator of a certain 
fraction, the fraction becomes $;if5 be subtracted from the numerator 
and denominator, 16 becomes $. Find the fraction. 


8. Solve 5(z* —3z--11)--3(z? +20 - 4) - 3(32* — 3a +1). 


у 


1. Find Ње Н.С.Е. of z*-(a?--b?)r*--a?b* and z*-(a-D)*z* 
+2abla +b) — а%Ь%®. 


2. Find the L.C.M. of 35z? - 11z — 6 and 40z* —29z 1-8. 
8. Reduce to simplest form : 


ο ч δν) (1 1) (3,-2-1) 
ze ay tay] itu 


т-у c у 
MA a? +5с+са+аЬ a? +805 
4. Simplify αὐ 960+2ca+ab *a*+a%e" бас dot 
2+9 2-9 922—4 4a*+8 


5. Show that 


l+e+e* l-t? 1-ш*+д* otattl 


6.14 and B travel together 120 miles by rail. A takes a return 
ticket for which he has to pay one fare and a half. Coming back they 
find that A has travelled cheaper than В by 4 annas 2 pies for every 
100 miles. Show that the fare per mile is 2 pies. 


7. The expression az +b is equal to 13 when z is 5, and to 29 when 
1з 13, Show that the value of the expression is 4 when z is ‘5. 


8. The defect of 4 from twice the square of a number is 98. Find 
the number. 


ME 


1. Find the H.C.F. of 
32° — 182° +33z 18, ©? — 5x +6 and v? —39z +9. 


2. Find the L.C.M. of az*-(a?--ab)r-a?b, bz? -- (53 -- Όελα +8 
and cz? – (с + ac)z στα. 


MISCELLANEOUS EXERCISES IV 


.8. There are two quantities а and b of which the L.C.M. is z; 


o G.O.M. is y; if aty=mat b 
(02:07) чул аз)” "uh mt) 
@*+шу+у# yt +yztz? εἲ-ρρ-αῦ 


3 
› show that 2° +05 =mëa° m 


_ 4, Simplify 


δι τίο--ᾱ- and y=— Ë show that 
1 з 


a+b 
Pty a*-b. үнс a*—b* 
"Я % gy? ab?’ Gü) сеу ato 


| 9. Solve 7а-5)+ д4 10) - 82-2629). {ἐ-α)8 115}. 1. 


А market-woman bought apples at three for a penny and as 

Ὁ at four for a penny ; and thinking to make her money again, 
d them at seven for 2d. Sho lost, however, 3d. by the business. 
uch did she sell them for ? 


Solve (2x 1-ϑ)(α — 5) +(z + δ)(8α +1)=34+ (c +4)(z +5). 
А ҮП 

Find the  H.O.F. of α’-Ταΐ -δα-85, 2*+80%+15 and 
8)—7(ш* +15) - 152 —562?. : 
Find the L.C.M. of ab-actbc-b?, be—ab+ac-c? and 
Ega, 


The H.O.F. and L.C.M. of two numbers z and y are respec- 
у 3 and 105 ; 1997-86, prove that 
à 1,1, 4, $ 
v y 95 - 
* 

„2366 1 1 1 
Bimplify (21029)  (z-3)-3) (2-3): —1) 

: : + + - 
Find the value of БЕРЫ when a= oth and y- i. 
Show that if a number formed by two digits is four times the 
$s digits, the number formed by interchanging the digits is 
ев their sum. 


Solve 3z--90 =4y-10 } 
4(z—1)-39-3)-0. ] ГС. U. 1895] 


Find the number, the square of which exceeds 7 by as much as 
of half the number falls short of 13. 


ОНАРТЕВ XXI 
HARDER FORMULA 


We shall now consider some important formule of a somewhat 
harder type than those treated of in Chapter IV. 
125. Formula (x+a)(x+b)(x+c) ‚ 
=x°+(a+b+e)x2+(bc+ca+ab)x+abce. 
Note. «Whe student can easily verify this. It is also evident that the following 
results are included in it : 
(ᾳ--α)ία--δ)ία-- e) 9 x" —(a+b+c)a* + (be ca--ab)u — abc ; 
(e+ a)(c4- b) — c) 9 x? - (a-4- b — c)? — (be4- ca — ab)z — ас; 
(2+а)(2— b) (s — с) 9 ο" + (a— b — с)? + (be — ca — at) + abc. 
For instance, 
(z—a)(s— b)(z — c) = {a+ (7 a) (-- He (7 ο) 
=g" (7a) (70) (- 9)? - (7-07 9) 
*(- 97a) (- a 5+ (-- a - (7 9) 
= 0° — (a-- b-- c)z* + (bc-- са αὔ)α — abc. 
Similarly, the other two results can be established, which is left as am exercise 
for the student. 
Example 1. Write down the product οἱ +2, z+4 and 2+6. i 
2+4+6=12, 
4x6+6X2+2x4=94+194+8=44, 
m 2x4x6-—48. 
Hence, the required product—z? 4-192? 4-44m +48. 
Example2. Write down the produet of 23, 2-5 and z — T. 
(-3)*(-5)*(-7)- --1δ, 
(7877) (77073) +(-8)(-5)=35+214+15=71, 
(—8)(—5)(—7)= -105. Ἶ 
Hence, the required produc =g" —15c?- T1z — 105. 


Example 3. Write down the product of z—4, 2+5 and z—8, 
(-4)-5-(-3)- -9, 
(5)(—8) +(—8)(—4) 74) —15--12—90— —23, 
(-4)x5x(-3)-60. 

Hence, the required product = 2? – 20° —93z +60. 
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Example 4. Write down the product of 2+3, z+5 and α-8. 
3+5+(-8)=0, 
(5)(—8) +(—8)(8) + (3)(5) = -40-24 +15= — 49, 
3x5x(—8)= —190. 
Hence, the reqd. ρτοᾶποί--α —0.z? — 49z — 120 — x° – 49x — 190. 


EXERCISE 70 
Write down the product of : 
1. 2+1,2+9 and r+3. 2. т+9,т+5 anda. 
8. 0+3, 2-6 and 2+9. 4. 2+4,2+5 and 210. 
6. 
8. 


5. z-8,z+3 апа 2+1. a-5,2-2 and 2+8. 
τ. 2-3,2 +7 andz-4. e+6,e-5 απᾶ 2—7. 


9, α-δ,α-Τ and 2-11. 10. z—3,z—6 anda-9, . 
1. z+4,z-5 andz-12. 12. т+5б,т+9 and σ111. 
18. z-06,2-8 andz-2. 14. α-8,ς-Τ and 2-18. 
15. 2-3, 2+12 and 2+4. 16. 2-9, 7-10 and «+12. 
17. к+9, 2-5 and ας Τ. 18. 2+8, ο 1-19 and 2+15. 
19. 2—14, σ--8 and 2+6. 90. 2-5, 2-10 and ᾳ--16. 


) 126. Squares of multinomials. 1% has been respectiyely shown 
in examples 4 and Sof Art. 54 that (a-- b-- c)? — a? + b° +c? +2ab +9ac + bc 
and (a b--c-- d)? =a? + }- οἳ }- d? +2ab+2ac+2ad +2be + 2bd +9cd. 


Thus, in each of these cases we may observe that the square of the 
whole expression is obtained by taking the sum of the squares of the 
different terms and of twice the product of each term by every term 
Which follows it. The results are best remembered when put ag follows - 


(atb+c)2=a2 +b? +07 +2alb+c)+2be ; 
(atb+c+d)2?=a2 +b? 4- c? - d* 4-9a(b - c d) -9b(c +d) +2cd, 


1 The same rule may be shown to hold good in every other case ; for 
instance, let us find the square of a-- b ct di e. 


We have, 
(a+b+ce+d+e)?={(a+b+c)+(d+e)}? 
=(a+b+c)?+2a+b+c)(d+e)+(d+e)? ë 
=fa2+b2 +c? +2a(b +c) +2bc} + {2ald+ ο) +9b(d + e) 
+2c(d+e)} + (d? + e* +2de) 
=a? +b? +02 d? +0 4 90(b-- c d e) 
4-9b(c-- ἆ }- e)  9e(d + e) 1- 9de. 
Hence, we conclude that the square of any multinomial is equal to 


the sum of the squares of its different terms together with twice the 
Product of each term by every term which follows it. 


1—14 \ 


y 
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Itis needless to add that the above rule will also hold good when 
the multinomial under consideration contains one or more negative 


terms, for the symbols used above are perfectly general in character and: 


any of them may stand either for a positive or a negative quantity. 
Note. Since (a+b+c)?=a?+b?+c? +2(ab+ac+ bc), we have 
3(ab-- ac- bc) = (a* +b* + ο” -- 9(ab-- ac-- bc) — (a+b? + c?) 
= (a-- 6--c)* — (а? +b? +e). 
Similarly, а? +b? + ο) = (a-- b-- c)? — 9(ab-- ac-- bc). 
Example 1. Write down the square of s—y+z-v. 
(z— y-F2—v)*2* + y* +22 +42 од усо) +9(— Xa — o) -22(- v) 
=g? +y? +z? +02 90у -9rz -9vo - 9yz-- 9yv — 9v. 
Example 2. Write down the square of —a+9b— 3c— d. 
(7 a-- 2b — 8c й) =a" 1-43 +90? + d? --9( - a (95 — 9c — d) 
° * 9(25)( — 3c d) -2( 3e) —- d) 
=а%+45% +902 + d* — 4ab+ Gac +2ad 
—12bc— 4bd t 6cd. 
` Example 3. Find the value of a?+b?+c°+2ab—2ac—2bc, when 
4719, Ь=18 and c=39. Ы 
The given expression=a2 + b? - c? -9a(b — ο) +9Ь(—в)=(а+Ь-—с)?. 
Hence, the required value = (19+ 18 — 32)? = (5)? — 95. 
Example 4. It c=b+c, y=c—a, z-a- b, prove that 
m° - y? +22 -Iwy —9mz 3 9yz— AD? ГС. U. 1883] 
z* +y? +22 —9ry  9rz - 9yz 
—2z*y**2* -90(-y—-2)9(- y) -2-(—9—2)? 


© Éb*d-(e-a)- (a- D) = (25) - 40? 
+ EXERCISE 71 
Write down the square of : 
ὃν Φα. ο dont 2. 8. —z+y+z. 
Αν -a yts: Б. στα. 6. a-zty-—z. 
4 a-rz-y—s. 8. mtntptqtr. 9. p-qtr-z-y. 
10. -a-tb-ctz-y-z. 11. а-92-—3у—42. 


12. 2a—b49c-d. 
Find the value of : 
18. 15 +m +n 91m *9In -2mn, when 1-17, m=23 and n=13. 
14. p°+q%+r2+9pq—2pr—9qr, when p=16,:q=12 and r=25. 
15. a*-b*-c*-92ab-9ac--9bc, when a—98, b=13 and c=15. 
16. z*-y*-1-9zy-9r—9y, when z—6 and y— 7. 
D 


r 
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17. х®+у®%+9ту—9ж— ду +36, when z=93 and y=18. z 

18. т®+4у#+1-4шу—9т+4у, when 2=26 ара y=12. . 

19. 2+9у2 – бху —9z--6y +64, when z=49 and y=16. 

20. 922 +у2 – 62у +62 —2y — 94, when z=14 and y=38. 

21. Ifatbt+c=12 and a? + +с2= 50, find the value of ab+ac+ bc. 
99, Ifat+b+c=13 and ab+ac+bc=50, find the value of a* +b? -c?, 


127. Powers of Binomials : Involution. 


By actual multiplication it may be seen that 
(a+b)?=a2+2ab+b? } 
(a— b)* =a? -2ab+b? 
(a+ b)? =a +8а®Ь+8аЬ® + b? ] 
(a— b)? =a? —3a?b + 3ab? — b? 
(2+ b)* —a* + 4a3b 4- 6a? b? + 4ab* + b* ] 
(a—b)* = а* —4a?b - 6a? b? — 4ab? + b* 
(2+5) — a5 +5a*b -- 10a δὲ + 10a? b? + 5ab* +b" } 
(a — b)* =a" —5a*b+10a°b? — 10.355 + 5ab* — b^ 
(a+b)? —a* +6a°b + 15a*b* -- 200? 03 + 15a? b* + Gab" + bŠ } 
(a-b)? = a9 --θαδῦ 4- 15a*b? —90а®Ь® + 16.35” — Gab + bŠ 
Note. On examining the above cases we observe that : 


(1) The total number of terms in the resulting expression is one more than the 
index of the binomial. Thus, in the fifth power the number of terms is six, im the ` 
sixth power the number of terms is seven ; and so on. 


(2) „Any power of a—b differs from the same power of a+b only ah this that 
the signs of the terms of, the former are alternately + and —, whilst those of the 
latter are all +. 


(8) The first term is a raised to a power equal to that of the binomial, and the 
last term is b raised to the same power. Thus, in the fourth power, the first term is 
а^ and the last b* ; in the fifth power, the first term is a5, and the last b^; and so 
On. As to the other terms the power of a im any term 5 one less, whilst the power of b 
is one greater than that in the preceding term. 


(4) The coeficient of the second term is the same as the index of the power to 
which the binomial is raised ; and if the coefficient of any term be multiplied by the 
index of a in that term, and divided by the number indicating the position of that 
term, the result gives the coefficient of the next term. Thus, if we multiply the co- 
efficient of the second term by the index of a im it and divide the product by two, we 
Get the coeficient of the third term; given, if the coeficient of the third term be 
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multiplied by the index of a in it and the product divided by three, we obtain the 
coefficient of the 4th term ; and so on. à 

(5) The coefficient of the terms equidistant from the beginning and the end are 
the same ; in other words, the coefficient of the term which has any number of terms 
before it, is equal to that of the term which has the same number of terms after it, ᾿α 

The laws observed above, a proof of the universal truth of which is beyond the 
Scope of our limits, furnish us with a ready means of raising a binomial to any power 
without the process of actual multiplication. The following examples are intended 
to illustrate the application of those laws. 

[ The resulting expression in each case is called the expansion of the corres- 
ponding power of the binomial. ] 

The operation of raising any expression to any power is called Involution. 


Example 1. Raise a+b to the seventh power. 
The total number of terms in the expansion=8. 


The first term=a™ 
»-2 » τα δ 
τ C yanapa =9125b° [ Laws (3) and (4) ] 
» 4th ,, -214555555—9354*55 


Now, since the four terms from the end will haye respectively the 
Same coefficients as the, four terms from the beginning [ law (5) 1, the 
us four B of the expansion will respectively be 35a?b*, 91a?b5, 

ab" and b7. 


Hence, we have 
(a-- b)" =a" +7а% 191.503 1-85αδ} + 35a°b* +91435 + Tab* +b". 
Example 2. Expand (z —g)°. 
The total number of terms in the expansion =9. 
The first term=a 
» 2nd , --8ον 
3rd =88130уа . = 298r°y2 
» » 4 
"voie CU [ Laws (9), (3) and (4) ] 
Њо беу = Ortus 


The coefficients of the remaining four terms need not be calculated 
as the coefficients of the first four terms only will now reappear in the 
reverse order. 

Hence, we have 

(x-y)? — 2? —8z*y+98z5y2 — 5605 + 70n*y* — 5бл®у5 
3982? y* — гу" +g. 
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Example 3. Expand (дл—8у)1. 
The total number of terms in the expansion =8. 
As we have 2z for a and Зу for b, we must have 
The first term = (22)* 
» 2nd „ τα) (8ν) 
» 9rd „ -—"S(2z)'(3y) =  921(z)*(8y)* 
» 4th n -——28:5(97)*(3y)* = —35(22)*(8y)* 
"We ean now write down the remaining four terms which will 
respectively be 35(22)*(3y)*, —21(22)*(3y)*, 7(2x)(3y)® and —(3y)". 
Hence, we have 
(Qa — 3y)" = (Qa)? — 1 (22:)*(3y) + 21(2z)5(3/)2 — 35(22)*(3y)* 
+3522)? (3y)* — 21(2x)*(3y)® + (222) (8y)* — (3y)" 
= 1982" — 7(64er°)(3y) + 21(82z:5)(9y?) — 35(16x* (27). 
+35(8e*)(S1y*) —91(4z2)(943y5) + 7(92\(729џ%) — 2187y" 
= 1982" — 184425 y + 604825 y? — 151902? + 9268075 y* 
* —90419z2y5 + 10206ay® – 2187". 
Example 4. Find the value of 
gë -- 625 +15ш* + 902? +150 - 62 —8, when z= 3-1. 
The given expression 
— (m5 +625 + 152* 907? + 152? +62+1)-9 
=(z+1)° —9 
=(8/3)® -9-9-9-0. 


EXERCISE 72 


Expand : 
1; (@+1)°. 5, FA)": 8. (a*0)*. 4. (a+b)°. 
δ. (σ-γ)'. 6. (m-n). 7. (x42). 8. (т+2)®. 


9. (=+1)°. 10. (z+3)*. 11. (z—1)5. 19... (8—2)*. 
18. (27-1)& 14. (z-9»*. 15. (82-2). 16. (1-α)5. 
1. (=) 18. (1-32). 19. (1-9α)᾽. 90. (8z—a)*. 
21. (v—a)9, 99, (8α-9α)᾽. 

Simplify : 

23. (r-1)-(z-1). 94. (z—1l)°+(z+1). 25. (rta)-(x-a). 

Find the sum of the coefficients in the expansion of : 

26. (rca). 27. (z+a)'. 28. (+a). 

29. (z+a)'. 30. ` (z +a)°. ^ 
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Find the value of : 
31. οὐ «δαν 1025-1022 52-99, when z= -9. 
92. x*—625-157*—902? +152 — 6r, when а= 3/94 1. 
88. ` 16z* — 8905 -- 947? —8 — 80, when т=9. 
94. ο” 190) + 540° - 108z--81, when а= --δ. 
95. ο” 80) 1943 --397 — 609, when c= - 7. 

128. Formula (a--b-c)(a?--5?--c? -bc - ca- ab) 
7i(a-b-c)((b – c)?-- (c - a)?4- (a - b)? 
=° +53 -- c? -3abc. 

[ (a-- b-- c(a* +b? -- οἳ — bc — ca. — ab) 
=(a+b+c){(a? +b? — ab) — (ac + bc) + οἳὶ 
7 (a-- b c)a-- B)? — Sab cla +b) +c} 
= (a-* b- c) (a b)* да+ 5) +e — Зар} 
=(a+b)° +05 --Δαῦία + b-- c) 
Ξία b)? — ϑαδία + b) - c* — Sabe 
=g? +b? 4-c? — 3abc.] 

Cor. Conversely, a°+b°+c*—3abe=(atb+c)(a2+b2 +02 — bo ca 


~ab). Hence, we can always resolve an expression into factors when- 
ever it is of the form a? +b" +c? – 3abc. 


Note. Since a? +0 +0? —be—ca—ab=3{(b—c)? +(c—a)*-+(a—2)*}, we have 


a? + + c* — Babe β(α-- b-- c)(b— ο)" +(c—a)?+(a—0)?}. 


Example 1. Multiply «*+y?+2*+ay+m2-yz by 2—y —z. 

Putting a for z, b for — y and c for —z, we have 

(e— y — zx? +y? +23 + my -- xz — yz) 
=(a+b+c)(a? +0 - c* — ab - ae — be) 
τα} +b" -- c? — Sabc 
=@#— y? — 2? — Szyz. 


Example 2. Resolve m? — 2° + 1--3mn into factors. 


Putting a for m, b for —т and c for 1, we have 
m? — n? +1+3mn=a* +b5 + c° - 8αδο 
=(a+b+c)(a? + δὲ +02 — ab— ac — bc) 
—(m-ntl(m*-4-224-1-4mn-m-Hn). 
Example 8. Show that («-y)?+(y—z)*+(z—2)8 
73(z— Y - zY(2— 2). 
Putting a for z— y, b for y—z and c for zz, we have 
atbto-(z—-y)*(y-2z)*(z—2)-0. 
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Hence, {(ш—у)®++(у—)®-+(а2—ш)%}—5(ш— у)(у— 202—2) 
= 45% +b? - c* — Зађо 
— (a-- b cY(a* +b? +c? — ab — ac — bc) : 
=0x (a? +b? + —ab-ac—be)=0; 
(e —y)9  (y—2)9 +(z —z)°=3(z — у)(у— z)(z - 2). 


EXERCISE 73 
Multiply : 
1. οὐ +y%+22-aytaztyzby ety -zZ. 
2. p*+4q*+72+2nq+pr—Qar by p-2q-r. 
8. 4x? +9y? +22 +6ay +2xz-—3yz by 2r -3y – 2. 
4. a*+4b2+2ab—3a+6b+9 by a-2b+3. 
5. 942 +9562 + 15ab + 12a — 90b +16 by 3a — 5b — 4. 
Resolve into factors : 
6. z?-y*-1-3zy. 7. 29-y9-6:y48. 8. c*-8y*- —97z5 —18zgz, 
Find the value of : 
9. οὔ -γϑ-18ωγ-916, when z+#=6. 
10. a?—855*—94ab—04, when a—9b=4. 
11. (s—a)°+(s—b)° -- (s 2c)? — 8(s - a)(s — b)(s — ο), when 8s=atbte. 
12. Show that (a—95)* + (25 —3c)* (8c - a)* 
= 8(a — 9b)(9b — 3с) (3c — a). 
13. Show that (z--y—92)* t (y-- z— 92)? (2+0 -9y)* 
—8(z4-y - 92)(y + z -9x)(z*- c — 2y). 
14. Show that (a-- 2b — 3c)? + (b + 9c — 8a)? 4- (c - 92a —3b)° 
=3(a+2b—3c)(b +20 — 3a)(c + 2a — 3b). и 
15. Show that (2p -5g 1-81)} + (д@— 57+ 3p)? +(9r—5p+3q)° 
= 3(2p — 5a-- 3r)(24 — бу + 3p)(2r 5р + 34). 
16. Find the value of z5-y9—z5-9z*y?z?*, when 2=а*—*, 
y—2ab, z—a* +b, 
17.6 Find the value of 2° +у°+2° 3202, when 2—658, у=668, 
z=674. 


129. Formula (a-5)(a-c)(b-c) 
— a?(b — c) b?(c — a) - c*(a - b) 
—bc(b —c)-- ca(c - a) - ab(a - b). 
[ (a— b((a—c)(b— c) 2 fa? -alb +c) + beb- c) 
—a*(b—c) - a(b* -- οἳ) + be(b—c) 
—a*(b— c) + b*(c— a) - c*(a — δ). ] 


| 


216 ALGEBRA MADE EASY [ ОНАР, | 


Cor. 1. Conversely, a*(b— c) 4- b*(c— α) -- c(a — 5) И 


Ξία- b)(a—c)(b— ο). 
Heneé, we know at once the factors of an expression which is of 
the form a?(b— c) - 3(c— α) 4- C*(a — δ). 
Сог. 2. Since a—c= —(c—a), we haye 
` (a—b)(a — c)(b— c)= – (a—b)(b— c)(c — a). 
d » Hence, the above relation can also be put in the form 
a*(b — c) b*(c - a) --c3(a 5) - — (a— b)(b— c)(c— a). 
Cor. 3. Since a*(b-c) *b*(c-a)-c*(a-b) can be put in the ` 
form ab(a— b)+ belb- c) -ca(c— a), we have also 
ab(a — b)-- bc(b— ο) + ca(c - a) - — (α-- b(b— c)(c — a). 
Example. Simplify (a+2b+30)*(a—2b+0)+(b-+20+ 3a)*(b— 20 +a) 
+(c+2a+3b)*(c—2a+b)+(a—- 2b + c)(b— 9c + a)(c — 9a. b) 
Putting z for a +9b+3o, we have y-z-a-9b*c 
009) 2-2=b-I2c+a 
and z for c+2a+36, $—y-7c-92a4b 
Henoe, the given expression 
ca*(y- 2) y* (52) z(— y) (y — 22 — z) — y) 
= (y - 2-2) y)-( — ze - eX — y) - 0. 
EXERCISE 74 
1. Show that (r-9y--z)9r—gy— z)(y—2z +z) 
7(z - y)*(y—22-a)-- (y — z)* (5 — 92-9) + (e а)%(ш— ду +2) 
2. Show that (a-5)*(b—a)-- (b--c)*(c — 2) -(c--a)*(a —c) 
t (b—a)(c— bY(a —c) =0. 
8. Resolve into factors 
3(a — b-- c)*(a —c) -9(5— c-- a)*(5 — a) +9(с-а+0)%с- D). 
4. Resolve into factors 
(c +)%(у-—ж)+(у+ а)%(а— у)-(а+а)5(а— 2). 
5. Simplify 9а—Ь—с)%(Ь—с)+9(Ь—с— a)*(c — a) 
Ἔθίο--α-- b)*(a—-2)4-8(a— B)(b— ο)(ο-- a). 
6. Simplify (z—y)(y—z)(z -2y-- 2) 
+(у —#)(а—)(у—9а+)+(а—а)(а— у)(г—9ж+) 
; +(@-2y+2)(y-22+a)(2-20+4). 
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130. Formula (b--c)(c--a)(a- b) 
= a?(b--c) - b?(c-- a) - c*(a-- b) -2abc 
—a(b?--c2)--b(c?--a?)--c(a?--b?)2abc . 
= bc(b--c)- ca(c-- a) -ab(à-- b) -2abc 
=(а+6+с)(6с+са+аб) - abc. 


[ (+o) - a)(a 1-9) P" 
=(b+o){lat+b)(a+o)}=(b+e){a? + a(b- c) + bol : 3 
—a*(b-- c) - a(b +c)? + be(b-- ο) 

z a*(b--c) + a(b? + 9bc +c?) - 25ο + bo* 
= a3(b-- c) + b3(c-- a) +о°(а+ b) + 2abc. [ re-arranging the terms ] 


But, a2(b--c) + Ъ®(о+ a) - c? (a +b) 
—a(b2 +02) + Ыс? + αὖ) tela? +b) [ re-arranging the terms ] 
= (620+ ро) +(c2a+ca*) +(a2b + ab?) 
=be(b+c)+cale+ a) +ab(a+b) 
=belatb+c—a)+calatb+c—b)+ablat+bt+e-c) 
=belatb+c)+cala+b+c)+abla+b tc) – bca — cab — abc 
=(atb+0)(be+ca+ab)—3abc. Hence, the result follows. ] 


191. Formula (a+b+c)(bc+ca+ab)=P+3abc, where P stands 
for any of the equivalent forms 
(i) a2(b-- c) b2(c--a) - ο (ας b) ; 
(ii) bc(b--c)--ca(c--a)-ab(a-- b) : 
(iii) a(b2--c2)-- b(c?-- a?) - c(a? ^ b?). 


[ From Art. 130, we have by transposition, or by direct multiplica- 
tion, (a +b+ c)(be + ca + ab) 
— a? (b-- c) - b*(c-- a) +o (a +b) +3abe 
=a(b? +0?) + с + a?) + (a? +b*) + 3abc 
=be(d+c) +cale+a) + abla+ b) +Зађе. ] 


Example 1. Find the product of 
(Qa + 3y +52)(15yz+10ze+ Gary). 


Putting a, b and c for 20, Зу and 52 respectively, we have 
atb+c=2r+3y+5z, 


be +ca+ab=15yz +1022 + 62% ; 
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Ue (Qe 3y- 52 15yz 102 +6zy) 
ν =(a+b+c)(bo+ca+ab) 
=a" (b+c)+ b*(c-- a) +o (a +b)+ Sabe 
=4a*(8y +52) +942(52+ 90) «-θδε "(ου + 8y) + 3.92.3y.52 
= 2x? y 9022 + 45y22 + 18y 2x 50225; + 7522 + 90xyz. 
Example2. Show that (z+ 3y +122)(12yz +42% +y) 19m yz 
и = (у+44)(194+)(ж+3у). 
Раф пе a, b and c for t, 3y and 192 respectively, we have 
atbtc-c-8y 1192, 
bct ca +ab=36yz+ 192z -- zy 


7393 (19yz +4za +e), 
abe= 36xyz. 
the left-hand side=H(a+5+ c)(bc-- ca ab) — abc] 
= -c)(c-- α)(α b) [ Art. 130] 


—1(3y 4-192)(192 + α)(α 4-3y) 


[restoring values of a, b, c] 
7 (y - 42)(192-- m) (v + 3y). 


EXERCISE 75 


Write down the products of the following : 
1. (z-9yY8y--32)3z4-2). 2. (8х+у)(у+5а)(5г-+ 8л). 
3. (a@+2b)(2b+3c)(3c-+a), 4. (Sr-y--102)(10yz-- 302z + 32y). 
5. (zy zz - y z) c + y 4-92), 6. (a—9b)(25— 3с)(3с+а). 
Simplify the following : 
7. a(b--c —a)* - bc a — D)* ca -- 5 — c) 
* (bt c- α)ίοΊ-α-- bY(a--b—c). 
8. eb o—aYc- a — 5) aoa - ba 5 —c) 
+Ма+Ь—о)(Ь+о-а)+(ф+в-—а)(о+а—Б)(а+Ь-—с). 
9. (y+ 2)Qn+y+2)+(2+a) "a+ 2y+2)+(e+y) "a4 4-9) 
—@а+у+4)(ж+9у+)(®+ у+9г)+9(у+ μμ 
10. 2a(b +0~a)? -9b(c-- a — b)? --9:(a--5— c) — Safe 
la booa Ba b— c) (a--b—eb--—a) 
+(b+c-a)(e+a-)b)l. 
11. Prove that (а+у—г}[(у+—а)%+(а+а—и)#}+(у+а—) 
Х{(@+- у)°+(ш+у—а)#}+(а+а—у){(ж+у—)9 
+Ж(@+а-—х)#}+9(у+а—ш)(а+ж—у)(ш+у—) Вла, 
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132. Formula (a--5--c)? = a? }- D? }- c?--8(b 4 c)(c- a) (a-- b). 
[(a--b--95 — ((a-F D) --d]* i 
=(a+b)° -- c9 +3(a + ὂ)οΐία + D) + cl, ТАЊ. 571 
— a? +b? + 3abla +b)} +c? +3(atd)clat+b+e) 
=a? +b? +08 +Í8abla+b) +3(a+ b)ela +b + c) 
=a? +b? +08 +3(atbNabtclatb+o)} ^ 
—a? +b? - c? + 3(atd){c? + ola +b) + ab} 
= 43 +03 +0 +3(a+b)(e+b)(e + a) [ Art. 611 
=a? +b? +0  3(b 3- c) (c а)(а+Ь). 1 

Cor. (а+Ъ+0)° – а -b° – с - (b c) c4 aY(a- D). 

Example 1. Factorise βία +y +2)? — (у + 2)? - (2+2) - (o y. 

Put a, b and c for y+2, z+% and z t y respectively. 

Wehave atb+c=Acty+z). 

. the given expression 

ο 2 -ly μα κο 

—(a-- b-- c)? — a? — b* — c? 

=8(Ь+ c)(c-- а)(а +b) [ Cor. ] 

=3(2a+y +2\let+2y+z2)(e+y+2z). [restoring the 
values of a, b, ο] 
Example 2. Show that ες 

(а+у+#)%=(у+-ж)® (om) y — 2) + 94шуг. 

Put a, b and c for y +z —z, #+@—}у and aty—z respectively. 

We have atbto=(yt2—a)+(eta-y)t(et+y-z)=atytz, 
b+c=(zta—y)+(at+y-2)=20, 
cta=(at+y—2)+(y+2-2)=2y, 
atb=(yt+z—a)+(eta-y)=22; 

(ажуа) (abc)? =a" +b? c9 + 3(0-- c (c а)(а+ 0) 
—(y-z-2)9 (zm y)? + (ш + y - 2)? 3.22.90.22 
=(у+я—а)% (za - y (ey - 2 + Maye, 


EXERCISE 76 
1. Ifa+b+o=0,show that aë + 55 1 οἳ -3a(c-- a)(a-- 5) 
=3b(b + ο)(5 +a) — 8c(c + a)(e +b)=3abo, 
2. If9s—z--y--z, prove that (s—a)*+(s—y)*+(s—z)* 3zyzs*. 
iç 3. Prove that (922y—g—2)?4-(8y—2—2)? (82-2 —)* 
—3(2z -y zy - 2-282 - m — v). 
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4. Simplify (38z-y- 2)? (8y- 2-2)? *(8z-m— y 
T94(y *z—-a)(z m — y) y—2)-23 —y?—2* 
—8(у + #)(г+ж)(ш y). 
5. Show that (да—у—)% +y? + 45 +3(y + είδα — y)(2z — z) 
= (8x — y — 3z)? - y* +92755 +8(у + 82 (2 — ν)ίθα -- За). 
6. 1 93=2+у+2, prove that 
93 -- (s 97)? -- (s - 9)? + (5 - 22)? — 94(s —a)(s—y)(s—z)=0. 
`1. IE8s—9(z-- y +2), show that (s—y— 2)? (s- 2-2)? 
*(s-2—y)* - (y z—s)(z-- o —s)c- y --)--θ.᾽ 
8. Simplify (b--c—a) -- (c-- a — b)?  (a-- bc)? — (а+ b-- c)? + 108abc. 
9. Simplify (ον +z)? – (y-- α)ϑ - (2+2) — (G+) - m - y9 + z?. 
10. Factorise 2° – (22-у — 2) — (2y - z- x)? * (y - 22)*. 
11. Resolve into factors 
64(ш+ у+ а)% — (zz ү + z)? — (z +2y  z)* — (x + y +22)”. 
Find the value of : 
12. а +5 +0°, when b+c=10, с+а=16 and a+b=20. 
18. z?-y?-2?, when 2732, у= –95 and z= - T. 
14. (vtytz)?-(z*z-y? - (2-2)? -(cty-2z) -23xys, 
when 210, y —64 and 2=2. 
15. (6x-y-2)? +y? ++ 8(у  z)(6z — γ)ίθα — 2), 
when а=Җ, y Н and 2”- 11. 
183. Recapitulation of the Formule. The different formule 
treated of in Chapter IV as well as in the present one are grouped 
below to facilitate any reference to them. Τύ із desired, however, that 
the student should commit them go fully to memory that the necessity 
even for occasional references may be altogether done away with. 
І. (a+b)?=a7+2ab+b?. 
п. (a-5)?—a? -2ab+b?. 
ш. (a@+b)(a—b)=a7-b7. 
IV. “yQ once ἕο ea 
Vo ue a 
v. (a 0)* —a^ —8a*b Sab? — v 
—a? — b? —3ab(a — b). 
VI. αὖ b? — (a 5)? — ϑαδία +b) | 
7 (a-- b)(a* — αὖ b*). 
vir. a? — 5? — (a — b)? +3ab(a — b) } 
=(a—b)(a?+ab+b?). 
уш. (z+a)(e+b)=z2+(a+ b)z+ ab. 
IX. (z—a)(z+b)=z%+(b—a)z — ab. 
x. (z—a)(z—b)=z%—(a+b)z+ ab. 
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XI. (a aYaz +Б)(ш с) 29 4 (ας ὃ c)? + (bc +са+ ab) + abe. 

xis (с aYaz— DX — e) =a? — (a+b +0)u? + (bo+ ca + ab) — abe. 

хш. a? +6902 — Sabo (a-- b-- c(a? «δὲ +e — bo— ca àb) 
—Ma- b- c)f(b о? +(c—a)?+(a—b)*. 


xiv. (a-b)(a—cXb -- ο) -- --(ὃ-- ο]ίο-- α)ία-- Б) i 
=a?(b—0)+b°(c—a)+c?la—b) 


= WAGE 


/ 
: 
| 


= — c) + calc — a) + ab(a.— b) | 
= — falb? -c°)+ ble? — а?) + оа —b*)}. 
xv. (6+ (+ а)(а+ b)=a%(b +0) + b*(c- a)  c*(a- D) +2abe 
= a( b? +0?) + b(c + a) + (а +b*) +2abe 
— bc(b +e) - ca(c + a) + abla+b)+ абс 
= (a 4- b-- c)(bc-- ca-- ab) — abc. 
XVI. (a+b+ce)(be+ca+ab) 
=(b+c)e+a)(a +b) + abe 
=a?(b +0) +b*(c+a)+c7%(atb)+3abe 
— bc(b-- c) - ca(c-- a) tabla +b) + 
=alb? -- οἳ) + b(c? +a?) + cla? + b*) + Зао. 
хуп. (а+Ь+в)#=а® +b? +0%+3(b+c)(c+a)a+b) 
=q? +09 +05 +3fa?(b +0) +b%(c+a)+c*(atb)}+6abo, 
or, (a-cb-- c) — a3 — b? — c* =3(0+0)(с+ а)(а+). 
The following useful results are deserving of notice. They can be. 
deduced from the above formule or verified by actual multiplication. ' 
хуш. (0+5) +(0- B)? — 9(a? +57). 
хІх. (a+b)*—(a—b)* —4ab, 
atb)? _ [α- 07, 
or, аё=(®®) (Ps ) 
хх. (a+b+c)?=a? +b? +07 +9bc+9ca+9ab. 
XXI. (ро+са+ ab)? = b*c* +оЗа + a? b? + 2abela+b +e). 
xxm. (b-c)--(c—a)4- (a — 5) - 0. 
xxr. a(b—oc)- b(c—a)--c(a — 0) 0. 
xxiv. H(b-c)?+(e—a)? +(a—b)*}=a? +b? {οἳ-δο-οᾱ-αὖ. - 
XXV. (a+b)? +(0— 0) —9a* 4-Gab*. 
XXVI. (a--b)?—(a— 5)? —6a?b οὐ". 
XXVII. (a--ab--b?)(a? - αὖ b?)  a* +070" +0*, 
XXVII. (a-- b e(b--c — aYc --a— θα. b—9) 
—9p2c2 +9022 + 9035? — a* — bt — c*. 
xxix. (a--D)* —a*  4a*b--6a?b* +4ab° +b. 
xxx. (a+b)®=a° +5atb+10a5b% - 102*5* +5ab* + b^. 


ОНАРТЕВ XXII 
HARDER FACTORS AND IDENTITIES 
1. Factors 


We have already explained in Ohapter XII how simple expressions 
of the types a* — 5, a° +b, a? — b and ax? +bz+o can be resolved into 
factors, and shall in this section consider factorisations of a harder type. 
194. То factorise expressions of the form 
a? -- b? -- c? -3abc. 
Since, 5° --c* = (5-- c)? — 3bc(b--c), wo have 
a? -- b? +08 — Sabe 
=a"  ((b--c)* — 3bc(b-- c)) — 3abc 
7 la? * (5b--c)*] - 8δοΐ(Φ +c) +a} 
={a+(b+0)ifa*—a(b +c) (6+ ο) 3] -- 8bo(a + bc) 
{а € b-- cla? --αὖ -- ac-- δ} - 9bc-- 5? — Bho} 
7 (a-- b-- cY(a*-- δ} }-ο5 — bo ca - ab) 
(a b--c)(6— c)? + (c — a)2 - (a - 5)2]. 
Example 1. Faotorise a? — b? -- c? +3abe, 
The given expression 
—a? * (— b)? +08 - 3a(— b)c 
7a (- 0) -ο[α”-ε(-- 8)? 6? -(-B)e - ca- a( b) 
=(a-b+c)(a? +b? c? bc— ca tad). 
Example 2. Factorise z?—y?4- 62у +8. 
The given expression 
=@5+(—у)%+(д)9—3д(—).9 
={e+(—y) +n? + (—y)2+9?-(-y)9-97—a(—-y)}} 
=(e-y+2)(u®+y?+44+9y—90 + ту). 
Example 3. Resolve into factors ο” -- 397? — 64, 
The given expression 
=2° +92°—64-+ 2408 
= (ш) + (Βα) +(—4)* —3.z2.9z.(—4) 
πα +20 +(—A)H (0:2)? + (дд)#+(—4)#— 9л(—4)—(—4)л%—@1,9л} 
=(@* +2ш—4)(ш* + Az? +16 + 80+ 423 — 955) 
= (z? 22 — 4)(z* — 975 +8z2 +8z+16). 
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Example 4. Find the quotient of a? - b? --1—3ab by a+b+1. 


Since, a*-b*--1—3ab—a? * b? +1° —3ab.1 . 
=(a+b+1){a2 +b? - 1? — 5.1—1.a- ab] 
=(a+b+1l)(a2+b2+1-b-a-ab); 


the reqd. quotient=a? +b? +1—b—a—ab. 


EXERCISE 77 
Factorise : 
1. 9+ – 2 +3202. 9. p° 84° –т° – брат. 
8. 828 97° – 22 — 18102. 4. αἱ +853 +1 6а. 
D. θα” +970° —64-- 12ab. A 
6. Find the quotient of z° — y? 6zy--8 by z —# +2. 
7. Factorise 2° -- 5z? +8. 
8. Resolve into factors 
(α- y)? = (y — 23 +(2—0)° *3(y - а)(г—)(ш— y). 
9. Faotorise a? — 18a? +125. 
Find the quotient of : 
10. 2° +97—5y(25y2 --θα) by 2° + 95y? +9+5z — 82 t 15y. 
11. a3-b5?—c?-3abo by ab —c. 
12. z?-4?-1-8zy byz-y-1. 
18. 25—8y?--972? 4 18vyz by z —2y * 82. 
14. 803—975? —c? —18abc by 4a? - 9b? +0? +6ab+ ac — Зс. 
15. Factorise 14a? — 40° +9020. 
135. То faetorise expressions of the form 
(a--b4- c)(bc-- ca-- ab) - abc. 
The expression —Ía-- (b--c)Hía(b-- ο) + bc] або 
—a3(b--c) + a(b-- c)? + bo(b +c) 
=(Ь+с){а® +alb+ c) + δοὶ 
=(Ь+)(а-+Ь)(а+о)=(Ь+с)(в+ α)ία +b). 
Cor. 1. (atb+o)(be+ cat ab) —(b+e)(c+a)(a+b)=abe. 
Cor.2. (b+o)(cta)lat+b)t+abe=(a+b+c)(be+catad). 
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186. To factorise expressions of the form 
(i) P+2abc, ў 
and (ii) P--3abc, where P stands for any of the equivalent 
Íorms (1) a*(b--c)-- b?(c--a)--c?(a-- δ). 
(2) bc(b6+c)+ca(c+a)+ab(a+b). 
^ 0) a(b?--c?) - b(c?-- a2) -c(a2-- b?). 
(i) Taking the 1st value of P, we have 
P-*2abc—a*(b-- c) 4- b*(c +a)+c%(a +b)+9abe 
=а%(Ь+ c) - a(b? --9bc 4- c3) -- bc + bo? 
[ arranging in powers of a] 


7a*(b-- c) *- a(b-- c)? + bc(b +c) 
=(b+e){a* + a(b-- c) - bc] 
=(b+c)(a+b)(a ή: ο)  (5-- c)(c4- α)ία 3- 2). 

(ii) Taking the 9nd value of P, we have 

P+ dabe=be(b+c)+ cale +a)+ab(a+b)+3abe 
=belb+c)+ca(c+a)+ab(a+b)+abe+abet+abe 
= {bo(b +e) + abe} + {calc +a) +abe}+ fabla +b) + abc} 
=be(atb+e)+calc+a+b)+ab(a+b+c) 
=(a+b+c)(be+catab). 


137. To factorise expressions of the type Q, where Q stands 
for any of the equivalent forms 
(1) a?(6-c)+62(c-a)+c2(a-b). 
(2) bc(b — c)--ca(c - a)-ab(a — b). 
(3) -{a(b?-c?)b+(c? — a2) -c(a2 - b2)). 
From the first form of Q, we have 
a*(b — c) - b*(c — a) - c*(a Б) 
—a*(b—c) - a(b* — c?) + bc — bc 
[ arranging in powers of a ] 
—a*(b с) -- a(b* —c2)+ be(b — c) 
=(b-c){a? -a(b -- ο) + bet 
=(b-¢)(a—b)(a—c)= — (b— cc —a)(a — b). 
Cor. Putting a*, b? and c? for a, b and c respectively in the 
above, we have 
a*(b* — c?) + b4(c8 — a?) t c*(a3 — b2) 
= - (b? - c*)(c* – a*) (a — 5?) 
= —(b-¢)(c—a)(a—b)(b+ce)(c+a)(a+b). 
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Example. Factorise (z—a)*(b—c)- (e — b)*(c — a) (x — ο) ία-- Б). 
The exp. (2% — 2az + a?)(b — c) (x? — 9bz + b?)(c— a) 
+ (02 — cz - c? (a — b) 
= g*((b- c)  (c— a) + la- b)t - 9zfalb — ο) + (c — a) + cla – D) 
3 Ía*(b— c) + b*(c—a)-- c*(a — b) 
[ arranged in powers of z ] 
—9,0-92.0- (b cY(c—a)(a- 5) = - (b—cYc—a)(a— b). 


188. To factorise a?(b —c)--b*(c - a) c*(a — b). 
a*(b — ο) - b9(c— a) - c*(a — b) 

—a*(b —c) - alb? — c9) + 000 — c?) [arranging in powers of a] 
=(b—c)fa® — alb? +be +c?) ++ ο)} 
Ξ(ὁ-- ci - b*(a — с) -- θεία - ο)  a(a? — c?) 

[ arranging in powers of b ] 
— (b— cya — c)i — b? — bet ala +o)} Y; 
-(b-cy(a-c)c(a-b)*a?*-b5*] [arranging the last factor | 

in powers of c 

—(b—c)Y(a— c)Y(a— )(ο-- b-- a) — (b - c)(c – aXa — θ)[α t b4 c). 

Note. Tt must be observed that (i) as soon as the given expression is arranged 
according to powers of a, one of the factors, namely, b—c, becomes obvious ; (44) when 
the expression within larger brackets is arranged according to powers of b, the newt 
factor, a— с, becomes obvious ; (iii) when the expression now within larger brackets 
is arranged according to powers of e, the third factor, a—b, becomes obvious. 

139. Cyclic Order. There is a certain peculiarity in the arrange- 
ment of three letters a, b, c in the different expressions of Arts, 137 
and 138. Thus, in any of the equivalent forms of Q in Art. 197, we get 
the second term by changing a, b, c of the first into b, c, @ respectively ; 
the third term by changing b, с, a of the second into c, a, b respectively ; 
and the first term by changing c, а, bof the third into a, b, c respec- 
lively. The orders in which the letters a, b, c are to be changed 
successively will be best understood in the following way : 

Let the letters a, b, c be arranged a 
round the circumference of a circle as Σ 
shown in the diagram, starting from the 
letter à and moving in the direction of 
the arrow-head we notice that the py 
order of the etters is abc. Similarly Ë 
Starting from b and с successively and Ma Ut 
moving in the same direction, we notice 
that the orders of the letters are bca and cab respectively. 


1—15 
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The letters a, b, c when arranged in this manner, are said to be in 
cyclic order. ' 


Thus; a, b, c ате arranged in cyclic order in the following : 


(i) b+c, ca and a+b ; (ii) 2-с, c-a and a-b; 

(iii) b+c-a,e+a-banda+b-o; 

(iv) be, ca and αὖ; (v) a*(5 — c), 5*(c — a) and e (a  ) ; 
апа so on. 


140. To factorise a*(b? —c2)--5*(c2 — a2) - c3(a2 — b?). 
In this expression also the letters occur in cyclic order and we can 
at once proceed as in the last example. 
a*(b3 -c*)+ b3(c* —a?) t c*(a? к= b?) 
7 a*(b* - c*) – a3(53 — c9) + b*c*(b — c) 
[ arranged according to powers of a] 
=(b-c)a°(b+c)—a(b? + bo-- c) + 520%} 
=(b-c){-b%(a* -- c?) + ba*(a—c) + a2c(a—c)t 
[ arranged according to powers of ὦ ] 
=(b-c)(a—c){-b%(a+c)+ba2+ αἱ οἱ 
=(b-c)(a—c){cla* — 03) - ab(a — b)t 
[ arranged according to powers οἱ ο] 
=(Ф—)(а—с)(а— ὀ)ίε(α -- b) -- ab 
= -(b- οίο-- а)(а— b)(be-- σα 1- ab). 


te 


141. To factorise (αἠ-δ1-ο)ϑ--α5-- δ5--ϱ5, [See Art. 199, Cor. ] 


142. To factorise 262c2+2c2a?+2a2b2% а _ ра _ 69; 


'The given expression 
—4Db*c? —(at + bt + c* - 9552 — 90242 -9α5δ5) 
=(2bc)? — (a3 — b? —c?)? 
= [bc + (a? — 62 — c*)f2bc — (42 — 5 m 
={а*— (b? — 9bc- οἳ)Η(3 +. 2be +62) - а} 
={a?-(b-c)*(b +c)? аз} 
={a+(b-c)Ha—(b-c)}{(b+c)+al{(b+c)—at 
=(at+b-c)(a —b+ce)(b+c +a)(b+e—a) 
=@+b+0)(b+c-a)(c+a-B)(a+b~=0), 


ртт" 
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Resolve into factors : 


T. 
2. 


15. 


18. 


23. 


25. 
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EXERCISE 78 


a*(b — ο) + δ΄(ο-- а) +с*(а—Ь), 
b?c*(b* — c) - c*a*(c*? — a?) τα" δα" — b°). 
a*(b —c) Ἑ b5(c — a) -- c*(a — b). 
bolb? — c?) + ca(c? — a9) + ааз — b°). 
b?c*(b — c) - c?a*(c — a) + a?b*(a — b). 
a(y — 2)? 4-y(z —z)° + z(z — y)? +8002. 
a*(y- 2 y (a-m) +20 —0)°. 8. (y-2** (z—«)5-- (x — )*. 
(95 +92+4)(у — 2) + (2 +2y + 4Y(2 — ж) +(22 +224 4) — 1). 
{x2 — (b c)a + bc(b — c) + fa? — (c+ a); cakle- а) 
+122 — (a ba 4 abY(a — b). 
(ας b) c +с)(Ь— о) + (α1- ο)ία + α)(ο-- a) + (c + а)(д+ Ὀ]ία-- ὃ). 
alb+c)*  b(c + a)* + cla +b)? — Зас. 
823 — (y—2)? - (za)? - (z-9)*. 
a? (b? —c?)+ b*(c* — a?) +с°(а® — b°). 
a*(y* — а*)+у%(а®—ж*)+а%(ш* — y*). 
8(a-- b-- c)* — (b--c)3 — (c-- а) — (2+ b)*. 
уг(у + z) + za zm) Foy (e +y) - 2° — y? — 2? -9αγα. 
(ш+1)#(у— г) (y - (2 — 2) - (2 1)*(x- y). 
(ж +1)%(у— а) εν (2-2) + (а+1)%(ш-—). 
a(y — 2)? y(z— 2)? + 2(0—0)°. 
9b?c?y?z* 4-9c2022?2? +9а°Ь®@?%у® = att A b*y* —6*2*. 
19252 -- 182222 + 8x? y? —2* — 16y* — 812“. 
Find the value of 90363 + 2c?a? +24 — at — b* —c*, 
* when b+c-a=7,c+a-b=10 and a+b-0=3, 
Evaluate а°(Ь+с)+Ь%(с+ а) +0°(а+Ь), 
when a+b+e=90, be+catab=18 and abc—3T. 


Evaluate (а+Ь+с)#—а®—Ь®—с®+8аро, 
when a+b+c=13 and a? +b? +c —69. 


143. Faetors of Reciprocal Expressions. 


Definition. An algebraical expression in which coefficients of the 
terms equidistant from the beginning and end are same, is called 


. a reciprocal or recurring expression. 


Thus, z*--4z5 δω + 4ш+ 1 is а reciprocal expression. 
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Example 1. Resolve into factors z* 93 322-91. 
The expression —(z* +1)+(2x° +22) - 3a? 
S [ collecting terms with equal coefiicie: 
= (0° +1)? - 227} + Qala? +1) +32" 
= (z*--1)* + 2z(z* +1) 4 302+ 995 
= (a7 +1)? -9(z* +1).z +z? 
=Í(z2+1)+z]2=(z2+z+1)2. 


Example 2. Factorise a*—5a°—12a?-5a+1. 
The expression (a* - 1) – (5a? + 5a) – 19a? ] 
[ collecting terms with equal coefficients 

={(a? +1)? — 2a?) — 5a(a* 4-1) - 12a? 
7 (a? - 1)? — 5(a? - 1).a— 9a? — 19a? { 
=g?— 5ga- 144° [ putting z for a? +1] — 
=(z+9a)(z — Τα) 1 
—(a* -1-*-9a)(a* -- 1— 7а) [ restoring the value of g 
—(a-4-1)*(a? — Ta 4- 1). 

144. Factors by trial. 

Example 1. Resolve into factors z? —9z? —5z +6. 


i On inspection we find that the given expression can be split up 
into parts each of which is divisible by 2-1. 1 


Thus, the exp.72* -z? —z% +m - 6@ + 6 
7(z*—2*)- (z* — a) - (62 — 6) 
Ξρα--1) --αία--1)--θία--1) 
=(z-1)(z2— z—6)=(z—1)(z +9)(z — 3). 

Note. ЈЕ is important for the student to observe that the given express 
vanishes when 1,—9, or Š is substituted for z. Thus, it may be remembered 
a general rule that if any expression involving x vanishes when x=a, x—a 
a factor of that expression. 

The above general rule leads to the following particular cases : 

(1) If in any expression containing integral powers of x, the sum of. 
coefficients is zero, x—1 is a factor of that expression. 


+ 


(2) If in any expression containing integral powers of x, the sum of 
coefficients of odd powers of x is equal to the sum of the remaining coefficien a 
x+1 is a factor of that expression. F 

Thus, in example 1 above, the sum of the coefficients of the 
expression=1+(-2)+(—5)+6=1-2-5+6=0. 


Hence, z —T'is a factor of the expression. 


ios gd 
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I A on in the expression z? 520° +32 +1, the odd powers of x are 
| wand z. . 


The sum of their сое сіепів=1+3=4 and the sum of the 
remaining coefficients=3+1=4. 

These two sums being equal, the expresssion 2° +30 9c 1 must 
have (2+1) as a factor. 

Example 2. Resolve into factors z°+6z°+1le+6. 


The sum of the coefficients of odd powers of z=1+11=12 and the 
sum of the remaining coefficients —6--6— 12. 


These two sums being equal, z+1 must be a factor of the given 
expression. Now, grouping the terms into parts each of which is 
divisible by 2+1, we have 


the expression = 25 +g? -- 5z? +52+62+6 
= (x? 4-3} + (ὅσἳ +50) + (62-6) 
— x? (z 1)  5a(c 1-1) +6(ш@+1) 
=(ш+1)(ш# 4-5 6) - (ж +1)(@+2)(ж +8). 
Example 3. Resolve into factors 825 +16z—9. 
Putting y for 2z, the given expression 
=(9z)° +8.2a-9=y* +8y-9. 
Now, the sum of the coefficients of y? +8y -9 
=14+8-9=0. 
Hence, y -1is a factor of this expression. Next, arranging it into 
parts such that each part is divisible by y — 1, we have 
y* *8j-9- y? -y *9y-9—y(y* 1) + Ay — 1) 
—(y - Dfy(y--1)--9] - (y — ly? +9) 
— (9x — 1)(42? 4-9 +9). [ restoring the value of y | 
] Example 4. Resolve into factors ш°+4ш*— 132? – 192? 401. 
Woe notice that the sum of the coefficients of odd powers of m 
=1+(-18)+4= —8, 
and the sum of the remaining coefficients 
=4+(—13)+1= -8. 
These two sums being equal, z +1 must be a factor. 
Now, grouping the terms into parts each of which is divisible by 
2+1, we have the given expression 
= (xë +2*) + (8x + 30°) — (16 #1622) + (32? + 3) +(e +1) 
—g*(z-- 1) 329 (2-1) -162 (c +1) 18α{α +1) (0+1) 
=(z+1)(z* + 32? —162* 324-1). 
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z The factor z*-- 37? — 1652 Ἔϑ 1 is а reciprocal expression. Hence, 
proceeding as in Art. 148, we have 


ο” 32* —16z*--3z 1 
= (z* - 1) (823 -- 32) - 162, 
[ grouping terms with equal coefliicents] 


8 


T ={(@* -1)* 92] H-3z(2 +1) - 162% 
= (z*-- 1) +3(e? +1).0 972 — 16? 
—y* Syr - 182? [ putting y for œ? +1] 
=(y—3a)(y +62) 
7(z* -1-32)(z* +1462) [restoring the value o y] 


=(z° -3w 1) - 62 4-1). 
Hence, the given expression —(z + Tz? — 3 4-1) (2 4- 6 +1). 
Example 5. Resolve into factors 23 +g? - 91x — 98. 
By trial we find that the given expression vanishes when «= --ᾱ, 
Hence,  z-(-9)—2--9 is a factor. Thus, we have 
2% +a? -91z — 98- (03 1-972) — (z +22) - (19z +38) 
splitting into parts divisible by #+2] 
=z*(e-+9)—z(z+9)—19(z+9) 
=(%+2)(a* — z —19). 


1 145. Faetors of Homogeneous expressions of two dimen- 
sions, 


The following examples will illustrate the process : 


Example 1. Resolve into factors 642+ Tab +2b? + 1lac+ 7bc + 3c* 
If a—0, the expression becomes 903 + Tbe + 3c?, 


which =(2b +c)(b + 3c). Με) 
1f b=0, the expression reduces to 6° + llac+3e2, 
which = (3a + c)(2a + 3c). + (9) 


If c—0, the expression reduces to 6a? + Tab +92, 
Which = (3a +2b)(2a + δ). ΠΗ) 

Now, comparing the results (1), (2) and (3), we notice that the 
given expression must Бе= (3a +2Ь+с)(да + b +3c), [since it is these 
factors which reduce to the form (1) when 450, to the form (2) when 
b=0, and to the form (3) when c=0 d 


Alternative Method : Arranging the terms in descending powers 
of any one of the letters, Say d, we have 
the given expression —6a*-- (75-- 11c)a-- (252 + Tbe +30?) 
=6a? +(7b+11c)a+ (2b +c)(b + 30), 
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Now, split the product of (the coefficient of a° ) and (the term 
independent of a ) into two factors whose sum —the coefficient of a. 


Thus, split 6 x (2b-+c)(b+8c) into factors whose sum = 75*- 110. 
-By trial, the factors are 2(2b +c) and 3(b-- 3c). 
Hence, the given expression х 
= 642 +2(2b + c)a + (b-- 3c)a + (2b +0)(b+ 8ο) 
=2а{8а+ (дЬ+с)} + (Ь+8с){8а + (дЬ+ ο} 
= (8а +9Ь+с)(да + b 4- 3c). 


Example 2. Factorise 2 – 30у +9202 —-92yz— 42%, 
The given expression is homogeneous in т, y and z. 
If z=0, the given expression reduces to 2y* —2yz -4z5, 
which =9(у° — yz — 22?) ^ (y z)(y - 22) 
=(2y Γθε)(ν- 22). | (D) 
If y=0, the given expression reduces to z* — 42°, 
whieh-(-2-92)(-2-92). = - (2) 
If 2—0, the given expression reduces to z? — 3m + 912, 
which=(-a#+2y)(-aty). + . (3) 
. Now, comparing the results (1), (9) and (3), the given expression 
is evidently equal to (—2-2y-- 22 ( - z+ - 22) = (x - 2y - 22a — y +22). 
Alternative Method: Arranging the expression in descending 
powers of any one of the letters, say 2, we have 
the expression a? — 3ya + (Qy? —2yz—429) =a? — 3ye + 9(у + z)(u — 22). 


. . Next, splitting the product of (the coefficient of z* )x ( the term 
independent of z ), i.e., 9( + 2)(у — 22) into two factors whose sum 


=the coefficient of 2, i.e., —3y, 
we notice by trial that these factors are —2(y+z2) and - (y - 92). 
Henee, the given expression 
=a? -Ay + z)z— (y -22)e +2ly + z)(y 22) 
=д{ш—9(у + 2) - (y - 92) -2y +2) 
=(ш—-9у- 9z)(z — y +22). 
146. Factors of general expressions of the second degree in 
two or more letters. 
Example. Faotorise 6a°+7ab+2b?+1la+7b+3, 


Arranging the expression in descending powers of any one of the 
letters, say a, * 


the given expression —6a? + (Τὸ - 11)a (203 +7b+8) 
—6a2 +(7b+11)a + (2b - 1)(b - 3). 


Ра 


* 
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. . Now, split the product of ( the coefficient of а?) and (the term 
independent of a), i.e., 6 x (9b+1)(b+3) into two factors whose sum —the 
coefficient of a, i.e., 7b-- 11. 


The factors are evidently 9(954-1) апа 3(b4- 3). 


. Hence, the given expression 
76a* +2(2b +1)a+3(b+3)a+ (2b+1)(b+8) 
=2а{За + (2b +1)}+ (b+ 33a +(2b+ 1)} 
=(8a+2b+1)(2a+b+9). 


147. Factors found by suitable arrangement and grouping 
of terms. t 


There aro some expressions of which the factors become obvious 
after re-arrangement of the terms in а certain way, but there are others 
again which do not exactly come under this category. Henoe, no definite 
method can be specified as applicable to all cases that may be practically 
' included in this article. We must, therefore, content ourselves only 
with directing the student's attention tb a few important cases, more 
or less isolated, which will fairly introduce him to the subject under j 
consideration, ' 

К "a Example 1. Resolve into factors (322 —452)a-- (302 —4z*)b. 
The given expression = 32% — 45%; + 3ab — 42) 
= (327a + θα”) — (452a -- 47?) 
[ taking the 3rd term with the Ist, 
and the 4th with the 2nd ] 
= Ja(z* + ab) - 4b(ab4- x°) 
=(2x* + ab)(3a — 4b). 
Example 2. Resolve into factors 2*--*y?— 222 — zt, 
Combining the 4th term with the Ist, and the 2nd with the 3rd, 
we have : 
mt + αγ — y?2? — z* - (gt — *) (x? y? — uz) 
7 (x? + 2*)(x?— 2?) + y%(a? — 22) 
7 (z* — 2*)f(* + 2?) +43} 
=(ж+)(ш—)(ш®+ y + 29), 

Example 3. Resolve into factors: z*--72* -21x — 97. 

The given expression =(x* 97) + (7z* — 91a) 
—(z-3)(z? - 8α 1-09)ἠ-Τα(α--3) 

--ω--ϑ)(ωδ 1 8α 1-9) - Tat 

=(@-3)(ш#+10ж+9)= (ш-3)(ж+9)(ж +1). 


woo 
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Example 4. Resolve into factors 4a? + 12ab +9b? — 8a — 190. 
The given exp.=(4a?+12ab + 9b?) — (8а +126) 
=(2a+3b)?-4(2a+3d) 
= (да + 3b)((2a 1-80) — 4} 
=(2a + 3b)(2a- 3b — 4). 
Example 5. Resolve into factors 2a* — 9be+6b% +ac— Tab. 


— degree in a and b, whilst the 9nd and the 4th terms are of the first 
1 degree in those letters. 
M Putting, the former set of terms in one group and the latter in 
- another, wo have 
the given ехр.= (2a? — Tab-- 652) + c(a — 2b) 
= (a - 9by(2a — 3b) + c(a — 2b) 
—(a —9b)(2a — 3b - c). 
Example 6. Resolve into factors z*—y* —2* 4 2yz +a * y z. 
The given exp.—(z? — y? 2? t yz) (z-- y. 2) 
-Íz*-(y-2* (y 2) А 
=(ш+у-—#)(ж—у+)+(ша+у—) a. 
=(т+у-—4)(ш-у+)+1} 
-(ry-2(e-ytzt1). 
Example 7. Resolve into factors 
а + a5 – 2abz? +5 + α" δ” —9a*b. 
We observe that the Ist, 8rd and 4th terms have got v? for 
a common factor, whilst the other have got a°. 


remaining terms in another, we have 

the given exp. —(a*z* — 9abz° + b*2*) + (a° +a°b?-2a‘b) 
=2°(a? — 9ab-- b) - a*(a* +b? — 2ab) 
7 (a? —2ab-t b*)(z* + a?) 
— (a — b)*(« + a) (c? — za +a’). 


EXERCISE 79 
Resolve into factors : 
1. matete tE 2. @°+т%-@-1. 
Boe peta te ^ bela? +1) +а(6° * c?). 
5. c*—ab?- ab? —a*a. 6. abla? +?) +ayla? b^). 
17. pa ep ора 8. αὐ-αο-αοταζ. 


> 


We observe that the Ist, 3rd and the 5th terms are of the second . 


Hence, putting the Ist, 8rd and 4th terms in one group and Њо - 


7+ 
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9. (дх®+3Ь®)а— (2a? + 3°). 10. a(a+c)—-b(b+o). 


11. 4a? +8ас —1956—9Ь%. 12. a?z?-Facezz —- τν — beyz. 

18. z*-y)zry*rt-y23. 14. 162° -15ab-19bz —95a?, 

15. a*(a--9b)-- b" (2a +b). 16. m?-9m?n--9mn? —n?. 

17. a**92a*b-9ab*-D^. 18. a*(z-2y)y* (2r - y). 

19. a?-5a?--10a--8. 20. 2° 170° +852 —195. 

21. Ваз +18a2b-97ab2— 975. 22. z*-9ryty*-mty. 

28. 4a*—4ab+b*-6a+3b. 24. х*—9ал% -90*2? — 94% t af. 
25. a*—3a*b-4a*b? — баз + 4^. 

26. a? + 3ab+2b? + ас+9Ьс. 27. a*-4my-M3y? b v2 —- 302. 


28. m? t92pm—b5mn-4pn-6n?. 99, a?-—10ab-15bc--9152 4-5a6. 
30. 2z-k4a(45—3a)-z(4b-5a). 31. a?*-3a(8b—1)--41(9D — 3). 
92. S3r(z-9)—-92y(4r — 1) - 3y?. 83. a*?-b*-c*-9bct-a-b-c. 
94. z*—4y?—9:? +12yz - 4z — 8y +192, 

35. 92*—4:*—94zy 4-16)? -90y — 152 102. 

«96. 2a*2* —5a*z? + За — οὐ τω" + 5020272 — 8а*Ь®. 

187. 225 (2a — 30)2* — (2b + SaD)e + 30°. 

38. (a*--b*)z? – a2(2a +b) +.a(2Qba* — а). 

89. 2a*—5a?--6a? —5a--9. 40. a*—4a*- 193a? +1307 - 4a - 1. 
41. 25° +6xy+4y?+5ez+6yz t 922. 

42. 9:*-*zy—3y*-z2—4yz—z?. 48. a?-5a*—19a*-5a241. 
44. 42% —4zy — ὃν" - 19yz - 922. 

45. c'—az*-a?z?-a*z*-a*z—a^. 46, 23 +72% 114458, 


. 148. Miscellaneous Examples. 
Example 1. Resolve into factors аз + Tab? — 293, 


We find that the expression can be split up into parts each οἱ 
which is divisible by a —2b in either of the two following ways : 
(i) (αἱ —8b°) + 75?(a — 2b) ; 
(ii) a(a? — 45?) - 115*(a — 2b). 


Hence, choosing the former way, we have 
a? + Tab? ~29b° = (a3 — 803) +7b°(a — 2) 
7 (a — 2b)((a* + 2ab 4- 4b?) + 76%} 
= (a - 2b)(a? + 9ab 4- 1152). 
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Example 2. Resolve into factors 2° + 2(a? +b?) + Зат — b(3x δα). 


Arranging the expression according to descending powers of 2, 
i =g? + 3(a—b)e+(2a2—5ab+2b*) ° 


we have it 
=@*+3(а— b)a + (2a — b)(a — 20) 
` =g? - (2B) (a - 2b)lz + (2a - b)la - 2b) 
—aíz4- (2a — b) - (a — δα 4- (2a — 0) 
={ж+(да—)}{ж+(а—9Ь)} 
=(ж+2а-Ь)(ж+а-—9). 
Example 3. Resolve into factors z*—6zy T8y? —z? +902. 
The given expression (z* —6zy --9y*) - (y? +2? —9yz) 
-(z-8y)* -(y- 2)* 
={(а- 3y) (y - 28 3v) - (y — 2 
` =(ш—-ду- z)(e— 4y +2). 
Example 4. Resolve into factors (a? — 5*)(* — y?) + 4abry. 
The given expression =a? — ay? — b*z? + 02у + даћу 
= (422% +09 + Qabay) — (а®у* + b°z° – 2abzy 
= (az by)? — (ay – δα)" £ 
— (az by) + (ay - baila + by) —(a— be) 
—((a- b) (a--b)yM(a-b)s-(a-D). — 
Example 5. Resolve into factors z*+6z°+ 40° — 15x +6. 
The given expression = (z* + 6z* +92*) — (5a? + 15z)+6 
=(x? +30) – Hla? +3z) +6 
={(a? + 32) - (a? + 32) - 3) 
— (z2 +3% — 2)(z* + 3x — 8). 
Example 6. Resolve into factors z* +2x°y + 801) + 9лу® + y*. 
The given expression = (z*--9*y* - y*) ta^ y^ + (22? +940") 
— (c3 +y)? + (ey)? -9(cy)(* +y") 
— (c2 y?) ay? =(z° oy +). 
Example 7. Resolve into factors (e—1)(«-2)(a+ ϑ)ία 1-4) 1-4. 
(z — ία —9)(ж +3)(z+4) 
={(@-1)(+5)Н(@—9)(ж 3-4) 
"Ez? +9z — 8)(z° 4-2z — 8). 
Hence, putting z for Ὁ” +9z, 
the given expression=(z 3)(z - 8) +4 
—53-112498-( -4)(z —7) 
=(z° +9z — 4)(z? +9z — 7). 
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Note. The student must carefully notice why in multiplying together the 
binomials, z—1, z—9, a +3, 2+4, we combine z+ with z—1, and «+4 with z— i 
Example8. If z+y=a and zy=b%, find the value of (i) at 4 y* 
and (ii) z? -xy —zy* +y? in terms of a and b. 
(i) wt + y* — (x? 4 y*)? 95292 Ye 1 
={(ж+ y)? ου!" — 22*y?, 
and .`. the required value- (a? —2b2)? — 95* =a — 44252 4-9*, 
(ii) 2*—2*y -zy* - y* -2*(x— y) - ylw- y) 
=(@-у)(ш®*— y?) 
=(e-y)*(a+y) 
={(e+y)? —4ary}(a+y)=(a3 — 402)a. 
Example 9. Find the value of #*-2°+a2 +2, when z? *2—9, 
z* —2%+ш°+9=(д* +g? + ш®)—9(ш9 —1) 
=e (z2+z+1)—9(z-1)(z2 +z 4-1) 
=(z° +z +1)Íz° —9(z —1)1 
` 7 (z* - z-- 1)(x* — 924-9), 
| and .`. the required value-—(z* xz --1) x 0-0. 
Example 10. Find the value of 
T a* +b* +c4 – 9b*c* —9c%a2 - 925}, when atb=c, 
` The given expression 
=- (2b%c? +2c7q? +9a2b2 -ω -bt —c4) 
—7-(atb-c(a-bcc(a*bc)(b-c-a) — [ Art. 142] 
and... =0, when a+b=c, D 


EXERCISE 80 
Resolve into factors : 
1. z*-8z*--19z 4-19. 2. c*--9z?-H 90r +24, 
8. z?—62*-4112z—6. 4. п? +502 95-94, 4 
5. αὖ -4z* m9. 6. z5-5z*-9y—-6. Д 
7. οἳ-βο +132 —10. 8. α’- 805-903 1-19ᾳ1-90, 


9. α'-ϑοθ-α’ 1185-10, 10, α΄-δαϑ 1ᾳ5 11996, 
11. α” 1δοΐ -8α᾽- 9051-86. 19. c*— 79 15005 ἠ-9βᾳ--56, 
18. α’-Τωΐ 18z-15. 14. z?-5z-19. 


15. z?-6z*-39. 16. 922?—32?-4. 
17. z?-92y?—10y5. 18. a?-4a?b—9D*. 
19. 5a?—3a*b —928b*. 20. 82° +42-3. 


21. 925*452*—45—3. 22. αὖ-ϑα-9, 
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ο ο πα Ρος 24. δα” +822 82-3, 

35. «2° —6ay?+9y*. 96. z?--bz— (a? —3ab 1907). 

27. a*--4abz?y? — (a? — b?)*y*. : 

28. at +2(a%+y")a2b? + (a? — y?)*b*. 

99. a? +(a+y)a—20? +5ay —2y2. BO. mle +a)—2a? + 3b(at a) +2b°.. 


81. д2 +47у+3у2+9у2— 2°, 92. 4а 44—30° 4- 19bc — 90°. 
98. z*--6z*--8z* t 6z —9. 34. а“ —4a?b — ba? b? * Gab? — bt. 
85. 4c*—902? 942? - 6x — 9. 86. z*—9z?-92*—9x 11. 

87. a*—9a?+30a-25. 38. a?—2Qaba—(ac—b*)u? + bez? 


39. atyt+a%y2—22+2Qeyzt]. 40. w°(y2-2*)+4ayz-y? +2". 

41. (a? —b*)(a* +y?) - 9(a* + b*)ay. 

42. т*—4х%—х°+10ж+4, 48. a*-—6a? 15a? - 18a. 5. 

44. 40190) —523-91z»-419. 45. т*—бх°у+6ш°у* Say? * y. 

46. c*—5z? 11447 -90ᾳ 116. 

47. a*-—7a°b+14a7b? — 14α0} 140". 

48. z*--4a*-11z?-90z-95. 49, a*-4a9b— 10a*b* t 4ab* * b^. 

'50. α΄ +80°+24e?+320-20. 51. (z+1l)a+3)a- 4c — 0) +138. 

82. (а+9)(ш+3)(ш+4)(а+5)—360. . 53. αρατΏία- Αα” 3) - 63. 

54. Find the value of cy(z--y)--ye(y 1-6) εσας τα) + 3002, when 
v —a(b — c), y — с-а), z—c(a — b). 

55. Find the value of (y 2)(02 - £2) -ai(y 2? +aly+2)}+2°, when 
ᾳ-αΐ--δ}, y—- b? —c?, 2—a? —c*. 

56. Find the value of 2° -9(y - 2): - 3y* + 20у — 32, when z t 4. 
н pr. Find the value of z?—y?-c4z414y—45, when 2+у=95 and 


58. Find the value of &xy(z?-- у), when aty= «8 ) 
whenz-g- «3 


II. Identities 
149. We shall in this section consider some important identities 


of a somewhat harder type than those treated of in Chapter XIII and 
establish their trath with the aid of the foregoing formule and principles. 


The following general method should be remembered : 
j Reduce the more dificult side of the identity to the form of the other 
with the help of the preceding formula. 
t If both the sides of the identity are complex, reduce each to its 
simplest form and establish their equality. 
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„Sometimes an identity follows easily by transposition of terms or 
addition of some terms to both its sides. 


Sometimes an identity may be proved very easily by substituting 
а new letter for a group of letters occurring in the identity. Make such 
substitutions wherever necessary. 


The following examples will illustrate the process : 
Example 1. Prove that 
(c — a) — b)Y(a -b)+ (x — ὄ)ία -- ο)(0 -- ο) + (a —c)(z — α)(ο-- a) 
= -(b- c)(c — aYa -- b). 
Substituting p for z—a, q for z — b and r for z — €, we have 
q-p-a-b,r-q-b-c,p-r-c-a. 
the left side pa(q —p)--qr(r — ϱ) - rp(p — 7) 
= -(a-2Yr-aY»- 7) 
= -(a-B(b—c)(c-a). [restoring values і 
-p,r-q,p-r 
Example 2. Provo that Me. ew 
(0 z)* y 2) - (e (o +ду+ а) +(e +y) (e + +9) 
+9(у z (2 x)(x + y) = (да +y + ze 9 + zc + y +22). E 
- Putting a for y +z, b for z^ z, c for 2+0, we have 
У bto-2z yz, cta-mt9y zat bom y 92. 
the left side=a*(b+c)+5%(c+a)+c%(a+b)+2abe 
=(b+c)(c+a)(atb) 
— (9i y +2)(& 1-99 + 2)ία +y +22). 
Example 8. Provo that ο” +6(y + z)z° +12(y -- 2)? +8(у+ ο) 
=4(3w + 2y +62)y? +(x +6y+22)(e+2z)?, [ M.M. 1881] 
The left side =z° -- 3z?.(9(y + 2)}+ 3.x.{2(y + а)}#+{9(у+ 2) 
=Íz+9(y+ а)}5 =(x +2y +22)? = {2y + (а+9)}5 
= (2y)* +8(2у)°(ж+ 22) 1-ϑ(ϑψ)(α +22)? + (z +9z)° 
=8у° +19y° (z +9z) + 6y(a +22)? + (ш +9z)5 
=4y*{2y + 3(a +22)} + {6y 4- (x 4- 2) а +22)? 
=4(8a +2y +6)у + (а-бу +9z)(z +9). 
Example 4. Prove that s 
T° +y +25 +94шуг=(аж+ y 2)? Зу 2)2 + 12-2) + z(z — Y. 
By transposition of terms, this identity is equivalent to the form 
s 8le(y — 2? yo ο) + (z — y)°1-+94zyz ан 
=(@+у+а)9—5—у%—%, -= (1) 
If the latter identity сап be established, the former can be deduced 
by transposing terms. 


у 
ir, 


| 


1 
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Now, 3fæly = г) +y(z —2)? + z(z— y)*] -94vyz 
= 312002 —Qyz+ 22) + y(2* — 92x +z) + zls? -θαυ +y?) + 94x yz 
= B{aly? + 22) + y(z? +a) + a(x? + y?) – 9002 - 

—Qyza — ery + Bayz} 
=3{aly? +23) +0(22 +g?) + ala? + у?) +2002} 
=8(у+)(а+ж)(ж+у)=(шж+у+)9%—х°%—у9—2®. 

`. by transposition, 
a? +y? +e +94myz=(e+u+z)° —5{д(у— 2)* + (e 2)* + e(o— ν᾽. 

Example5. Prove that 
—a(b—cYc —a)(a — = а(ф—с)(ш— Ь)(ж—с) +b(e—a)(z -)(z—a) 

* c(a — b)(z — a)(z — b). 

The Ist ree of the right side 

=a(b—c){x? —x(b+c) + be} 
—a?a(b —c) - za(b* — c?)  abc(b — c). 
The 2nd expression of the right side 
= с — α)ζωλ — α{ο-- a) - ca} 
=2°b(c—a) —axb(c? — a?)  abe(c — a). 
The 3rd expression —c(a — b)íz? —a(a-- b) + ad} 
— g3c(a — b) - zc(a? — b?) + abela — b). 
. the cs side (adding the columns vertically) 
a*Ía(b —c) - b(o— a) }-οἷα-- b)) — ela(b? — ο) 
+b(e2 — a?) η —Ъ®)}+аЬе{(Ь—о) + (c — a) + (a — B) 
=22,0-2{(b-clc—a)la—b)}+abc.0. Г Formule XXIII, 
XIV and XXII, Art. 133] 
= —z(b—c)(e α]ία-- b). 
Example 6. Prove that 
(1-29) —y3Y1 2°) — (z + ya)(y + ea tay) å 
=(1+ayz2)(1—-a? —y? — 2° -Qeyz). 
The left side 


-(1-2?)(1-y2)1—2*)- 


(my +2?) (шиг +y?) faz z) 
2 y 2 
sn νο s 
+(zuz)2(z2 + y? Ἔα) + (руш z2 + z22 +2" κα )*a?y?z?] 
=(1-02 — y? - 22) + (y22 + 2222 +020) αν z^ - a^ y*z 
—туг(ш* + y? +22) TAE д2 +082) -eyz 
- (1-22 1-22) -zyz - туг(к%+у°+2*) -22* y* 
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-1-α5-ψ5- 2 2wyz+ gy —ayz(z? +y? +22) 952 y? 23 
=(1—2° - y*—2* -9zyz) + eys(1—2* — y? — z* - 9xyz) 

(Ll ayz)(1—2? - y? — 2? -9xyz). 

t 150. Conditional Identities. We shall now establish certain f 

Important Conditional identities and deduce the truth of other 

identities from them. 

151. Ifa+b+c=0, prove that 
(1) a2+b2 + c?=-2(bc+ca+ab). 
We have (a-- b--c)* — a3 + b? +02 --9bc4-9ca - 2ab. 
NX 0? 7a? +b? +0? -- 9(bc ca ab). 
Transposing, a? 5? +c°= —9(bc-- ca + ab). 


(2) a? - b? -- c? -3abc. 
We have a?*-b?--c* – 8αῦο 
7(a-F b-- c)(a* +b? --c* — bc — ca — ab) 
=0x(a?+b? +02 — bc— ca — ab) - 0. 
-. transposing, αὖ -- 53 -- c? —3abc. [ See Art. 190, Ex. 10]... 
(8) (bc-- ca-- ab)? — b?c? -- c?a?-- a2b? —1(a? 4- b24- c2)?, 
We have (bc-* ca ab)? = b?c? -- c*a* + д2 --9abc(a.- b-- c) 
=b? + c*a? +a°b2 +9abe x 0 
= 0202 + сд + a2b2, 
Also, from (1) above, be +ca+ab=—#(a2 +b? + c?). 
(bc-- ca-- ab)? =a? +b? -+с)®. 
Hence, (bc-tca- ab)? —b?c? +с%а® + a?b? — Ma? D? + c3)2, 
(4) a*+ b*-- c* —2(b?c? -- c2a2+ a? b?) 
—$(a?-- b? 4- c2)2, 
We have 9b?c? - 9:?5? -- 9425? — at — bt — c* 
—(a-t bt c)(b--c— aY(c- a— b)(a4- b—c) 
—0x (b-t c— a)(c-- a — bY(a-- b —c) [ Art, 149] 
=0. 
Hence, transposing, ' 
a* +b* 10" =2b7c? + 928? 4- 99? 5? =9(Ь®с® + с®а® + a2b2) 
142 +b? +02)2, [ from (8) ] 
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(5) а5+05+с5= —babc(bc+ca+ab) 
| =$abc(a?+b?+ c?) 
I =B(a2+b2+ c?)(a5 -- b? -- c?). H 
x Since, a+b+c=0, we have, by transposition, а+ф=—с; 
| ο, (а+®®=(—д°, 
or, aë +5a*b + 10a°b? + 10a°b* +5abt +5 = —c5. [ Art. 1911 
By transposition, 
a^ +05 +05 = – ба*Ь – 104° — 10a*5? – 5ab* 


= — abla? +9a2b+9ab2 + b) 
= —5ablat b)(a* + ab+ b?) [ factorising ] 
= —5ab(—c)l(a +b)? — ad} [ since, а+ф=—с] 


=Sabe{(a+b)(—c)— ab) 
= Babc( — ac — bc — ab) 
= —Babc(bc-- ca-t ab) 
оша раз) [by 0] 
У аз +0 +0). Заро 
= (a? + Ь®+с®)(а® + b° +05). [ since, a? + 0° +c? 
: ; =8abe ] 


(6) a*-- b? -- c* -7abc(bc-- ca-- ab)? 
,735(a?-- b? -- c?)* (a? + D? -- οἳ). 
Since, o+b+c=0, we have, by transposition, a-Fb— —c ; 
(2+5) =(-c)", 
or, a7 +7a°d +2105? + 85а55 + 35а3* + 91a2 b^ + Tab* +b" 
--ο. [ Art. 127 ] 
Transposing, a* +b" +c” i 
| = - 74% - 91055? — 35a* b? —35а®Ь* — 91a? b* – Tab 
| = - Tabla” + 3a*b + 5a? b* δα” δὲ + Sab + b^) 
= -Tabla + b(a*--2a*b--3a*b? +2ab°+b*) — [faetorising ] 
= - Tab( —c)(a? + ab 4- 5*)? ` 
Tabela? + ab + b2)° 
= Tabc(bc-- ca + ab)? [as in (5) ] 
=H(be +cat ab)?.3abc 
ΡΠ 


| —35(a? +62 4-c*)*(a* + b° + c°). 


| 1—16 
к. 
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Example 1. Prove that 
(у—г)%+(а2—ж)5 + (x-y)? =3(u— z)(z —z)(z — 0). 
Tritt a for (у— z), b for (z —z) and c for (x-y), we have 
at+btc=y-—z2+2-x2+2-y=0, 
a$+b%+c8=Babe. [Ьу (8) ] 
Restoring values of a, b and c, 
(y—2)* +(2— 2)? (x — y)? = (y - z)(z -xls — 9). 


Example 2. Prove that (y-2*t(-a) tv 
f 5 


(0-2) +(2 тай +(a-y)? (у- 2) + (z =a" t(r-y. 


Put a for (z — г), b for (z—2) ahd c for (x-y), we have 
atbtc-y-ztz-zte-y-0, 

a> -- b* +05 = (42 + b? +с2)(а° +03 +02), [ from (6) ] 

or, Veto? at +02 {οὔ a? Боз, 
у 5 2 3 
restoring values of a, b, c, we obtain 
(y—2)5 (z—2)*-(z—y)* _ (у—)#+(а—х)# Έ(α-- )* 
5 2 


«(@-—4)%-+(а—д)® + (z y, 
8 ў 


Example 3. Prove that (y-z—4)* (zz y)? * (cy - z)? 
=8(у+-ж)(а+-— у)(ш@+у— 2)— —94uye, if oty+2=0. 
Putting а for y+z—-a, b for z+a—-y and c for zt — z, 
we have а+Ь+о=(у+а-—х)+(а+ж-— y) (e --ϱ) 
=e+yt+2=0. 
Honce, a? + b° + с =8abe, 
restoring values of a, b, с, we obtain 
(yz-2)* +(2+20— у)% +(e+y—-z)® 
-ϑίν t z-a)Yz tz — yy y — 2). 
Also, since G+ b+c=0, we have, by transposition, 
а= -(b*c)7 - (eto) (ct y-2)- – 92, 
ъ= —(с+а)= -iety-2)*(y*z-a))- -2y, 
c= —(a+b)= —{(yt+2—-2)+(2+2-y)}=—22 ; 
Зађс= 3(– 22)(—90)(- 92) = —24zuz, 
on &(у+г—х)(г+ш-— у)(а®+у—з)= –942у2, 
Hence, (y*z-2)* (2-0-0) *(z*y-2* 
=8(у+а—)(а+ж-— y) +y- 2) = – 94002. 


` 
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ample 4. 1їт=а*—Ьо, y=b?—ca, 2=с° – ab, show that 
g? +y’ + 2? — Szyz — (a? +b? +0? — abe)”. 
ө have c--y-- z—a? — bc-t b* — cat c* — ab 
—a* t b*-Fo? —bc-ca- ab; . 
y—2=0? —ca-(c* —ab) 
=b?-c? +ab—ca 
=(b-0)(b+c) - a(b - c) 
—(b—c)(b--c)-- al 
—(b- θ(α- b c). 
milaly, z—-c-(c—aY(a- 5o), 
zy (a ba bc). 
W, c? y? 2° — Smyz ; 
7-3 y 2i(y- 2? (2-2) (2—0) 
= Ma 1 b? +02 – bc — ca – ab)((b — c) (a-* b 9)3. 
+(c—a)*(atb+0)?+ (a — B)*(a-- δ το); 
— (a? +b? +0 — bc — ca — ab) 
x Mb-c)* (c7 a)* (a - b|ša+b+a)* 
— (a- b-- c)*(a* + D? +0? — bo — ca - ab)? 
={(в+Ь+с)(а® +b? +e? — bc — са – ab)? 
— (a3 + b? +c? —8abc)?. 
ample 5. Ifs=a+b+o, prove that 
3(s—9b)(s — 90) + ο{5-- 90}(5 — 2a) + s(s —2a)(s — 20) 
=(s—2a)(s — 2b)(s – 2c) + Babe. 
е sum of the first two terms of the left side 
=s(s—2c){(s — 2b) + (s —2a)} 
=s(s—2c){2s— 2a + b)} 
=3(s—2c) x 2c ; 
d the third term=(s—9e + 2c)(s—2a)(s—2b) — 
=(s—2c)(s—2a)(s— 2b) +9045 — 2a)(s— 2b). 
ence, the leftside | 
= s(s —20)20 + {(s — 2o) (s — 2a)(s— 95) + 2cls —2a)(s— 20) 
—(s — 2a)(s —95)(8 — 2c) + 2cls(s — 2c) + (в — 2a)(s— 2b). 
But —s(s—2c) + (s—2a)(s—20) š 
i \ =(s?=2cs) + {s? — 9s(a-- D) +440) 
— 95? —9s(a-- b c) + 4ab 
— 95? — 9s.s + 4ab —4ab. 
the left side=(s —2a)(s — 9b)(s — 2c) + Babe. 
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Example 6. Ifs—a-b-c, show that 
(s—a)(s— ὂ)(5 с) = (a- b-- c(bc-- ca -- ab) — abc. 
The left side =s*—(a+b+c)s?+(be+ca+ab)s—abe 
75? — 8.52  (bé-- ca ab)(a-- b-- c) -- abc 
=(be + ca - ab)(a-- b-- c) - abc. 


Example 7. If a+b+c+d=0, prove that 
(at b)(a-- cY(a-* d) = (b-- α)(δ 1 d)(b-- c) 
3 7 (c- d)(c 4- α)(ο Ί- b) 
7 (d- ο)(ἄ -- b((d- a). 
Since, at+b+c+d=0, we have, by transposition, 
at+b=—(c+d), 
atc=—(b+d), 


a+d=—(b+c); 
- (@+Ь)(а+о)(а+4)= (а+Ь){-(Ь+4){- (b+ с)} 
=(a+b)(b+d)(b+c) 
` =(b+a)(b+d)(b+o). 
^ Similarly, 
(а+Ь)(в+ cK(a- d) 7 1— (c d)Y(a 1 ο — (ὁ: οἱ 
=(c+d)(at+c)(b+c) 


=(c+d)(c+a)(c+d) ; 
= (a+d\at+o)(a+d)=-(c+d){-(b+ dat) 
=(ct+d)(b+d)(a+d) 
=(d+c)(d+b)(d+a). 
Example 8. Prove that 
(t a- o) +(2+a—-y)*+(e+y—2)°+2dnyz 
7 (2z--y 2) (y 2)? — (z-k y — 2)? — 6x (e — 9г)(д +y). 
Putting a for 22+ y —z, b for y +z and ο for —(ш+у— z), 
We have atbctc-z4ycz, 
: b+c=22-2, 
cta-za, 
a* b-9(z* y); 
`. the right side 
= (дж+у-— 2) (jt 2)? +{-(e+y—2)}* +3.2(9z—z)Ə9(z + y) 
—a* +b? ἠ- οὔ -3(c - a)(b - c)(a-- b) 
7 (a4 b4-c)* 
=(z+vy + z)° [ restoring values of a, 5, c ] 
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-(ytz-z)t(ztz-y)t(mty-z)? — [sinee, (у+г—ж)+(2+@—}) 
+(a+y-z)=a2t+y+z] 
=(у+а-)#+(а+а-— у)%+(ж+у- а)5+8{(а+2—) ° 
+(@+у-#Ң(ж+у-—)+(у+а—@Н(у+а—т)+(а+ш@- К 
[ Formula XVII, Art. 198 ] 
-(y-z-ao)*(z-oe-y)-(rty-2)4839x2)22 ` 
=(у+а-—@)#+(а+@—у)%+(ш+ y 2) +94002. 


EXERCISE 81 
Prove that : 
1. а?а+Ъ%у+с?г= μη 
if z? —yz=a2, y2-2ze=b?, 22 —my =c. 
2. ОТО) 
itw=a?—be, y-b3-ca,z-09-ab. ᾿ 
8. (w-a)*%(b-c) + (w—b)2(c—a) + (e — e) (a -b)+ (b — Qc — aYa — b) - 0. 
4. 27(a+b+c)® —(a+2b)® — (b+ 2c)? — (c + 2a)® 
— 3(a +3b + 20)(b +30 - 2a)(c + 3a 90). 
5. 9(s—a)(s— b)(s—c)-- als - bs с) + bls- 0)(8— a) 
5 +c(s—a)(s—b)=abe, if 9s=a+b+e. 
6. s(s—a)(s—4) +5(s—a)(s—c) +8(s ta)(s—c) +cls + a) (s-- δ) 
' =(s+a)(s+b)(s +0), if s=a+b+eo. 
7. (s-a)°+(s—b)°+(s-—c)°—3(s—a)(s—b)(s—c) 
= Қаз + b? -- c? — 8αδο), if 9s=a+b+e. 
8. (3z--2y--52)* — (Ba + 9y —5а)® — 80z{(Bx + 2)? – 252°} 
= (202 — y -- 8z)* + (y +22 — 902)? +30z(90z — y + 82) (y +9z — —902). 
9. (т+у+24)(ж+9у 1-2)(8α 1-ψ 1-6) - (y )(а + жх)(ж+ 1) 
—9(z- y ο)’ +92002. 
10. (οσα yz) (a--b- e y -g)* (b c—-a)(y4-z-«) 
+(с+а—)(г+ж—у)=4(аш@+Ьу +04). . 
11. (у—)(1+шу)(1+хг)+(а—)(1 + уг)(1+ уж) 
+(ш@—)(1 + а®)(1+ yz) - (y — #)(е—ж)(ш—1/). 
12. (х—-1)(ш#+®ж+4)(у—)+(у-—1)(у#+у+4)(2—) 
πο πο +24 4e - y)9 ο 22 ο. 
18. x+y? +28 ww 3(y + z)(2-- me y) 70, ifetytztw=0. 
44. τω» * le-a)" (a- B)" (5-3** (0 a)* (а 0? 
5 


_(b—e)'+(e—a)'+(a— b)". 
7 
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15. (+0) +20022) (ву г}(ш- οί» +g), 


16. 
17. 
18. 


19. 
20. 


27. 


28. 
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if z—a*--a?, y=a*+a and z=a+1. UM. U. 1909] 


y 2-922299) + (2 m - 99) y — 22) + (a+ y - 22 y 4 2-02) 


-3l(y — 2 —2)-- (2—-a)(e=y) (s — yy — ο). 
(y- 2)*--(z-2)* -(z - y)* — 9(z3-- y3 2? — yz zm — m). 
(b —c)Y(b-- c -2a)* -- (c - aY(c--a — 92b)? - (a — b)(a4- b —9c)* —0. 
&*(y — 2)? -y* (47 2)* +а%(ж- )* = Syz(y — ze — х)(а- y). 
a®(b? — c2)5 +Ь%(с® -a*)® t c*(a? =b?) 
—3a*b*c*(b- с)(в +a)la - b((b — c)(c — aYa — b). 
(01: c)(b — c)? -- (ο-- α)(ο — а)? +(a+b)(a—b)® | 
=9(b—c)(ce— aY(a — δ)(α 1- ὃ 1 c). : | 


κ a(y-2)* +y(2—2)* em — у)®=(у- 22 m) — y у +2), 


4(α” + ab--0?)* — (a — b)*(a-- 9b)*(2a +b)? — 97a? b*(a + b), 
ор?с? {9055 θα "03 -a*-b* БЫ 
' =16s(s—a)(s—b)(s—c), if 9з=в+Ь+с. y 
(s—a)*  (s- 2)? +(s—c)* + 3abc s?, if 95 a-- btc. ' 
(b=0) + (c-a)? +(2- δ) (Ь—с)7 +(в—а)7+(а—Ь)7 
3 


[=+ att py. 
δε 


(az by + са) + (bar+ cy + ας)" + (ο +ay +Ь4)# 
7 (z+ cy + аг)(от + ау + bz) + (оа +ay+be)(az+ by +02) 
"E (ag + by + cz)(bz + су + a2)| 
=(a? +b? + ο" — be — ca —ab)(a? 4-3 - 23 — ya — zz — my). 
(ал+ by + cz)? + (ba + cy +az)? + (ez + ay + bz) b 
— 3(а2:+ by + oz)(bz + су + az)(ca + ay + ba) 
7 (a? - δ) +03 — 8αζο)(ω” + y? + 2° — 322). j 


If a+b+c=0, prove that 


29. 
30. 
81. 
32. 
38. 
84. 


85. 


са-%=аЬ—с° —bc— a? — bo cat ab— —4(a? +b? 4 c). 
b? c bc c* -c? ca a3 — а? +ab+h2= — (bc-- ca + ab). 
alc+a)(a+b)=dlat b)(b+c)=c(a+e)(b+ c) - abc. 
a(b-- c)? -- b(c +a)? - (045) = 3abc, 
a(b— c)? - b(c — a)* + c(a — b)5 =0. A 
X ΕΥ Z°=3XVZ, where X — az + by 1-02, 
Y=betcy+az and Z=ca+ayt bz. 

(2a+b+c) + (а+9Ь+ c)* + (а+Ь+ 9с) 

=8(да +b + о)(а+92Ь+с)(а+ b-- 9c). 
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36. Provo that (3z--y-F 2)? (z-- 3y +z) +(e +y +32)° : 
—S(3z-- y + alot 3y + #)(ж+ у +32)=20(0* + у + 2° – Sea). 
97. Ifat+b+c=1, prove that Ν 
(a+be)(b +о)=(ф+са)(о+ a)=(c+ab)(a+b)=(1-a)(1-b)(1-¢). 


Prove that : 
138. (а+)%(у+а-—а)(в+а-у)+(ш@—1)%@+у+)}(а+ у=) ў 
= 4222 + (y? ο +082225) + (22 -αγγ6’ +2209 + at) N 
+(c?-y*)(a* + а®у® ευ“) : 
39. дх(у+а—ш)+(а#+-у)(а@+у—) 
-9y(z--a—) (ey — zy 2-2) 
=9ela+y—2)+(y+2-a)eta-y) 
=(y+2-a)leta-y) +(eta—-Waety—2)+(aty-alyte-2). 
40. 28 +228 —a? — Sab 3c, t λ 
when z+ +z=a, yz+ zz * gy b, αγα--ο. 
41. yely + z) + сое а) + z(a +) + Szyz Крэ — pa?), 
when aty+z=p and z? 4-y* + 2*7 q*. 
49. xT η yz! - Tar, when zy — – 2, vyz— d, yz t zx t ar. 
48. ot y*2* 395, when 2° +y? 127 =q2, 0 9718, z= -13. 
44. (ay +a\yet 2ο o) - (y 202+ αγία + y) 7120. 
when 42-45, zz =64, vy = 5. 


CHAPTER XXIII 
THE REMAINDER THEOREM AND DIVISIBILITY 
152. Important Theorem in Division. 


3 Theorem I. If pz?-qz-r is divided by x-a until the remainder. 
does not contain z, the remainder will be pa? + аа + r. ' 
By actual division, we have 
т-а pM aed eio er 
Sa 


d 


ap+qatr : 
(ap + q)e — a(ap-- q) 7. the remainder | 
а(ар+а)+т =alap+g)+r=pa +да+т. 
Note. Observe that the remainder їз of the same form as the dividend with a in. 
place of x. 
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: Theorem Il. Jf pz*-qz?-re-s is divided by x-a until the 
renininder does not involve z, the remainder will be pa? + qa? +ra+s, 
By actual division, р 
@—а\рх* + qz? rz s[pz?  (ap-- qyz (pa? 4- а+т) 
3 – арт? 3 
eer ae mrs 
(ap--q z*-a(ap-q)e .'. the remainder required 
(a, t qatrirts 7pa? * qa? 4- ra s, 
- (pa? + ga-- r)z — a(pa? + qa ++) ) 
pa* t qa* * ra s 


Note. Here also, notice that the remainder is of the same form as the dividend 
with ain the place of z. 


Example 1. Find the remainder independent of т when ο - βοΐ 
+6x+9 is divided by 2-9. 
By Theorem II, the remainder required 
=the value of ο) —5z?- 6-9, when z=9 
—2*-5.9*--6.2--9—8-90--19--9—9. 
. , Example 2. Find the remainder independent of 2 when z*—916 
is divided by x-6. 
The remainder required =the value of ϱ —216, when z=6 
Ç =6° -216-216 - 216—0. 
Note. The student is recommended to verify these results by actual division. 
158. Rational and Integral Expressions. We shall now 
' establish a more general theorem known as tbe Remainder Theorem 


by dividing ап expression of the type pz" +q t + yy-2 L...... +1@+т 
by @—a, т being в positive integer and D, q, r,......1, т being constants. 

An algebraic expression of this kind in which every power of z is 
а positive integer is called a rational and integral expression in т. 


. — Thus, z? —3z+193, z° +pz+r, etc. are each a rational and integral 
expression in т. 


154. The Remainder Theorem. If any rational and integral 
expression in ὦ is divided by α--α, the remainder independent of x, is 
obtained by putting a for т in the given expression. 


Let pa” + ga" + pyn-2 4... +lx+m be the rational and integral 
expression. Let Q be the quotient and R, the remainder independent of 
2 when the above expression is divided by 2-а. 


Then, since, ( Dividend )=( Divisor ) x ( Quotient )+( Remainder ). 
we have 


pa" + qa 73 + тд"? tot le+m=(2—-a)Q+R (identically ). 
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Since, R does not contain z, it remains the same whatever value 
be givén to z. If ais put fora in the above relation, we have 


pa" + да" + ra +5. t+latm=(a-a)Q +R, , 
( where Q' is the value of Q when а is put for m) 
=0x Q +R=0+R=R. 
the remainder В = ра" + да" +r"? ++ +1а+ т. 
Thus, the remainder is of the same form as the dividend with a in 
the place of z. 
Hence, the theorem is established. 
Cor. If any rational and integral expression in Ὁ be divided by 
ata, the remainder independent of m is obtained by putting --ᾱ for z in 
the given expression. 


Since, z--a7z-(-—a), the above corollary follows at once from 
the Remainder Thereom. 
; Example 1. If z?—5z-9 be divided by 2+9, find the remainder 
independent of 2. 
From the corollary, the remainder required=the value of the 
expression z? —5а +9, when -2 is put for 2 : 
-(-3)* -5(-9)49—4--10:9— 23. : 
. Example 2. 1{х*+рг+ а be divided by z+a, find the remainder 
independent of v. 
From the corollary above, the remainder required 
=the value of αὖ +pz +q, when 2— -ᾱ 
-(-a)* * p( -a)* q—a* — pa q. 
Note. The student is advised to verify these results by actual division. 
4 Example 3. Find, without actual substitution, the value of 
2° — 1975 + 69z* — 1512? + 2292" +1662 +26, when 2=15. 
. By the Remainder Theorem, the value of the expression, when 15. 
is put for т, =the remainder on division by 2—15. . 
But the given expression ч 
=z° — 1525 — (4x5 —60л*) + (92* — 1852*) 
— (162° — 940?) — (112? — 1652) + (α--16) + 41 
=a5(~—15)—40*(a —15)+9z5(z — 15) 2 16z2(z — 15) 
—11д(ж—15) (x - 15) * 41. 
Evidently, the remainder on division by x- 15=41. 


Hence, the value required —41. 
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155. Divisibility and Factor Theorem. If any rational and | 
integral expression in x vanishes identically when a is substituted for 
а, the expression is exactly divisible by 2-а and contains т-а as a | 
factor, 
Let the given expression be Φα”. + qa" ttre" ees ly m. 
_ The remainder on division by z-a 
=the value of the dividend when a is put for z 1 
[ by the Remainder Theorem ] | 


is zero, 4.e., if pa” + qa^71 Εγω. 4. ...... +la+m=0. d 


Also, `.` ( Dividend )=( Divisor )х( Quotient )+( Remainder ), we 
have the given expression ч 


=(ш-—а)х@+(ра" + Ча" + ra +... la +m) 
5 [ Q being the quotient ] 
—(z -2)Q, if pa" + qa"? Έτ. 1 la+m=0; 
®—@ is a factor of pz" (971 +...... +Iz+m, 
if pa" + qan-l4..... la +m=0. 
Thus, the theorem is established. 


Cor. х+а is a factor of pa” + φῶ} + уди +... +la+m, if 
2(=а)"+4(—а)”-®+(—а)"-#+...-+(—в)+=0. 


Since, ш+а@а=@-(— а), the corollary follows at once. 


Example 1. Show that 32°-2c2+"-18 ig exactly divisible by 
2—2 and contains z—2 as a factor. 


The value of 829 —9z2 +z—18, when 9 is put for z 
=3,2° -9.9°+9-18=94-8+49-18=0, : 
Hence, by the above theorem, 3z? – 9224-18 is exactly divisible : 
by 2 —2 and contains z —2 as a factor. 
^ uenis 2. Show that 32? —27?y — 18/3 + 10y? is exactly divisible ' 
у 2—90. 
Putting 2y for z in the given expression, we have 
3.(9v)° —9.(2y)?.y —13.(ду).у® -10y* 
—94y* —8y? —96y? + 10y? —0. 
4. by the above theorem, the given expression is exactly divisible 
by 2 —2y and contains z—9y as a factor. 


/ 


= pa^ t qa? + gat 8 +...... * la m. 
The given expression is exactly divisible by z—« if the remainder 
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Р 
Example 3. Find the condition that the rational and integral 
expression az" ba^ toph» 4e +Iz+ may be divisible by 2—1. 
The value of the given expression, when 1 is put for x 
=a] :bA*3o1773 nm 
Ерс TTE eom 
[ since, 1^ 21x1*1- to m factors=1 
and similarly 1"-2=1""?=+-=1] 
`. the given expression is exactly divisible by 2—1, 
iatbtcteee +l+m=0, 
i.e., if the algebraic sum of the coefficients of the expression be zero, 


Example'4, Prove that 2+3 is a factor of аЗ Ag? bo +6. 
2+3=2-(-8). 
Tho value of zê +42 +52 +6, when a= —8 
=(—3)? +4.(—3)2+5.(-3)+6= -97+36-15+6=0. 

Hence, by the corollary of the factor theorem the expression is 
exactly divisible by 2+3 and contains @+3 as a factor. И 

Example 5. Ifthe expression 23 +3? +42 +р contains 2+6 as a 
factor, find 2. 

zt*622z-(-6). 


The value of a°+3a7+4a+p for v= -6 à 
=(-6)° +3.(-6)?+4.(-6)+p= 2162-108 - 24+ p= p - 132. 
By the above theorem, (2+6) is a factor, if p-132=0; 
the required value of p= 182. 
Example 6. Find the condition that 2° +3e+p and g? 4m q 
may have а common factor. ^. К 
Let ж— а be the common factor. 


Putting a for т, the value of 


z?--8rtp-a?-3«tp—0. A T. VD 
[ since, ὦ —a is a factor of @°+8ш@+7 | 
Similarly, a? - 4a 4 q— 0. 5 hee sR) 


[ since, 2 — @ is a factor of αὖ +4m +g ] 
From (1) and (9), by subtraction, we have 
(a 4-4a-- d) (а -3a- 7) 0, 
on  àtg-p-0, or,  a-p-q. [transposing ] 
Substituting this value of a in (1), we have 
0=а2+32+р=(р- 4) *3(p-d)*» 
=р? -9pg- q* * 4p—3a ; 
`. he required condition is p? —9pq +q° + 4p — 89 —0. 


/ 
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156, Important Theorems on Divisibility. In Chapter X we 
have already considered the divisibility of expressions a” + b and a” — b” 
by a+b and a—b in particular cases. We propose now to establish the 
propositions generally, 

Theorem І. The expression а" — b" is always divisible by a-b, if 
n is ANY positive integer, odd or even. > 

Divide a" —?" by a— b until the remainder is independent of a. Let 
Q be the quotient and R, the remainder. 

Since, ( Dividend )=( Quotient ) x ( Divisor )+( Remainder ), 

wehave  a"-i"-Qx(a-5)--R ( identically ). 

Now, sinoe R is independent of a, it remains the same whatever 


value be given to a. * 
Let a=b in the above relation. Then, we have 
b-b =Q'x(b-b)+R, [ Q' being the value of Q 
when 5 is put for a ] 
or, 0=Qx0+R=0+R; .. R=0. 


Henoe, the remainder being zero, a^ — b” is exactly divisible by a — b. 
Thus, if the division be actually performed, we have 
a^ - D — (a — b (a" -* -- д-р дәр +... ‘ab"-* + n1), 
Example, Hach of the expressions a* — δ᾽, п — 8, a*—b*, q5— b5, 
ete. is exactly divisible by a— b. : 
Theorem II. The expression a"—b^ is exactly divisible by a+b, 
when т із any even positive integer, but not ¿f n is odd. 


Divide a”-b” by a+b till the remainder does not contain à. 
Then, if Q be the quotient and R, the remainder, we have 


a"-b-Qx(a-b)R ( identically ). 
Since, R does not contain a, it remains the same whatever value 
. be given to a. Putting —b for a in the above identity, we haye 
(-5-»-Qx(- b+b)+ R, [ Q' being the value of Q 
when --ὂ is put fora] 
=Q x0+R=R; 
when nis even, (- 0)" - j^ ^i^ —^-0; 
when n is odd, (-5)'-5"— —j^-p- 9p i 
`. R=0, when n is even ; 


but, since R=—2b”, when n is odd, the remainder is not zero, when n is 
an odd integer. 


Hence, a" — 0 is exactly divisible by a+b, when n is even, but not 
if is odd. 


Thus, by actual division, we have 
a" —b" =(a+ b) (a7 — а-а-а... арта 0371), when т is even, 
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Example. Each of the expressions ' a2 — 0°, at — bt, а — 0%, eto, is 
exactly divisible by a+b; but αὖ -λ, αἲ --Ὅδ, a'—b*, eto. aro not 
exactly divisible by a- b. > 

Theorem Ш. The expression a” +b” is exactly divisible by atb, 
if n is odd, but not if n be even. » 

Divide a” +b” by a+b till the remainder does not contain a. Let 
Q be the quotient and R, the remainder. Then, 

a"+b"=Qx(at+b)+R. (identically ). 

Sinee, R does not contain a, it remains the same whatever value 

be given to а. Let а= —bintheabove identity. Then, we have 
(-by «b -Q'x(-b*b)tR-Q'X0- E-R, 
when n is odd, (-b)"+b"= —*+5°%=0. 

But, when n is even, (7 5)" + 5" 2 p" +b”=2b", which is, therefore, 
not zero. 


Hence, R=0, if n is odd, but not if n is even. 


-. -a"+b" is exactly divisible by a+b, when n is odd, but not 
when n is even. 


Thus, by actual division, we have у 


a? 4- D" = (0+ 0)(а%71– а" 2+ a8 52+ — ab"? 013), 
when т is odd. š : 


Example. a°+b°, a5-- b^, αἲ +0" are all exactly divisible by a+b, 
while a? +57, a*-- b*, a° - b* are not во. 


Theorem IV. The expression a+b” is never divisible by a-b, 
whether n is even or odd 


Divide a"--b" by a—b till the remainder does not contain a. 
Let Q be the quotient and R, the remainder. Then, 


a" +b"=Qx(a-b) +R (identically ). i 
Since, R does not contain a, it remains the same whatever value ` 
be given to.a. Put b ἴον a in the above identity and we have 
Dp -Qx(b-0)-R-Qx0-R-R, or, 85:90". 
. . Since, R does not vanish for any value of m, a" +b” is never 
divisible by a — b. . ° 


Example. Thus, a2+)b2, a?+b?, at+b*, eto. aro never divisible 
à — b. ‹ 


‚„ Example 1. Show that 3*"—49" is divisible by 17, if n is any 
positive integer. 
The expression 34" — 45" = (35)^ — (49)" = (81)” — (64)" ; 
. .. by Theorem I, Art. 156, the given expressian is divisible by 
81-64, i.e., 17. : 
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Example 2. Show that the last two digits of 29" —6?" are O's, 
n béing any even positive integer. 


The given expression = (2^)" — (6®)" = (64)” — (86)», 
. Since n is even, the given expression is шоу divisible by 64 + 36, 
i.e. by 100. [ Theorem II, Art. 156 ] 


Hence, 100 being a factor of the given expression, the last two 
digits must be 0's. 

Example3. Show that 

(03 + 3az* + 3a?z + a8)?"*1 + (75 — 9453 - 95x — 53)? 

contains 22 as a factor, m being a positive integer. 

The given expression —((z- a)? *"*** + {ᾳ -- 2)5 2 

^ = (w+ α) MH + (p — g) 32%), 

Since, 3(2m +1) is an odd positive integer, the given expression is 
exactly divisible by (z +a) + (z — a), i.e., 9л. [ Theorem III] 

Example 4. Show that (5—c)?"** + (c — а)" + (a — 5)? is divi- 
sible by (b—c)(c —a)(a — b), n being any positive integer. 


^ T given expression is a rational and integral expression in 
a, b and c. 


Tf we substitute c for b in the expression, we have the expression 
t= (o o)?! + (o-a) + (g—c) "+2 
-() (o-an f-o- ajeni 
=0 * (c7 a)? (0 а)", 
Now, {--(ο-- a)? 
-Í[-1x(c- a) 
={-1х(0-а)}х{-1х(в-а)} x *- to (2n--1) factors 
7(-1)x(-71)x (71): to (2n +1) factors 
! κίο--α) x (c—a) Χ(ο--α)''' to (2n-- 1) factors 
- -ι Χ le-a)" = -(ο =)" ; 
the expression=0; 
+. by Art. 165, the given expression is divisible by b-c. 
Similarly, putting a for c, in the given expression, it may be shown 


that the expression is divisible by c-a ; and putting b for a, it may be 
shown that the given expression is divisible by a— b. 

Hence. the given expression is divisible by the product 
(b-c)(c-a)(a-b). 

Example 5. Тї be any positive integer, show that 

(ab)" — (bc)" + (ed) — (da)! is divisible by ab—be+ cd — da. 

[ М. М. 1873] 
Evidently, ab-bc+ed—-da=l(a-c)+d(e—a)=(e-a)(4—b). 


\ 


"— 


ххш.] REMAINDER THEOREM >. 955 


Now, if we put a forc in the given expression, we have the 
expression = (ab)" – (ра)" + (ad)" — (da)" 
= (ab)" — (ab)" + (ad)" — (ad)" —0 ; 22," 
by Art. 155, the given expression is exactly divisible by c — a. 
Similarly, putting b for d in the expression, i$ may be shown that 
the expression is divisible by d — b. 
-. the expression is divisible by the product of с-а and d+b, 
i.e., by (c — a)(d — D), i.e., by ab— be + cd — da. 
Example 6. Show that 2"*-2"—z*1 is exactly divisible by 
(z—1)2, when nis any positive integer. 
The given ехргеввіоп= 2" -2"-2+1=a"(e-1)-(e@-1) , 
7 (z- 1)z" -1). 
Thus, ὦ —1 is a factor of the given expression. 
Since, by Theorem I, Art. 156, 2" —1 is exactly divisible by 2—1, 
`. the given expression is divisible by (z—1) x (z —1), i.e, (a= 1)*. 
Example 7. Find the continued product of 
(w+ a)(a? 1 a? cc + а*)(д® +a"). 
Let A denote the continued product required. 
Then А= (2+ 2)(2° + а®)(ш* + а*)(а® +a"). 
Multiplying both the sides by ὦ--ᾱ, we have 
(x —a)A 7 f(z — а)(а+ а)? + a*Y(* + a*)(9 +a) 
-{{α5 — a?) (c? + а®)}(ш* + а*)(ш* +a) 
={(ш*-—а“)(ш* + а) +a) 


= (x9 — a9)(z9 + a9) 2 c! -a*t ; | 
mt6_ at’ 
A= rere tattatesat tee teat + ах, 
Example 8. If «+a be the Н. О. F. of a*+pxz+q and atp'etd’,. 
' 
hi αμα. 
show that a pop’ 


Since, 2+ а is the H. О. F. of the two expressions a" pzq and: 
95 +p'a+q’, these expressions must be exactly divisible by z +a. 


by the Divisibility Theorem, we have 


(-a)*+p(-a)+q=0, £e, a* - pa * q70, 
and (—a)2?+p(-a)+q'=0, η a? - y'a-t q'—0. 
by subtraction, (a2-plat q) - (a? —pa+q)=0, 


or, - a(p-p)*qd'-q-0. ή 
Transposing ^ a(p-p)-a-4; -. багы 
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EXERCISE 82 ᾿ i 
τε Find the remainder, without actual division, when 
1. zf-9z?*-92*-4r-5 is divided by x-3. 
2. 32° +50" +11 їз divided by 2+1. 
9. δω +702 +112+9 is divided by 32-1. 
4. 40° {δα} +9ж+ 7 is divided Ьу 22 +3. 
y az + bz? - cz +4 is divided by az +b. 
n the following examples, show that the first expression is 
aivisiblo by the secon 
6. 623-192 +172 +6 by 2a +1. 
7. apx?  (2p-- aq)z? + (да + ar)z-* Ir by аш+9, 
8. 62*--18z*y- 182? y? - 93zy? - 10y* by 3z+9y. 
9, а57 +057 by at b. 10. 642° – 729у° by 2z-+ 3y. 
1. 29?" — 4?» by z+ y (n being a positive integer ). 
12. αἳ (y -gyt by z*y*(z - y). 
18, . (8а +2b)2"**+52"42 by a+b (n being any positive integer ). 
14. 22% ag?” – паа" аЗ" by (ᾳ-- q)2, 
15, 64-89z--2r5--z* by 2? 4x 4. 
16. Find the condition that z" +90“ – 72? +1las+5a? may contain 


' 2+1 as a factor. 


17. For. what values of а will 3z5-92*—72? —52?—4ae- 3a? 
contain z —1 as а factor ? 


s18. What must be the form of m in order that a”—2” may have 
both a” +b” and a" — z" for divisors, n being any positive DUE ? 38051 


19. Ifn be any positive integer, show that 
(n? +7x+6)"-(2+2)2”, is divisible by 8α 1-9. 
20. Show that the μον of ϑοῦ +z2—1llz+7 when divided by 
®—1 is exactly divisible by z — 


E Show that each of the following expressions is exactly divisible by 
(a-b)(b-e)(o—a) : 


21. a*b*(a— b) + b*c*(b с) + c*a?(c — а). 

22, a*b9(a — b) b*c*(b —c) + c*a*(c — a). 

38. a*(b-c)9--b*(c—a)9--c?(a—b)*. 94. (a—b)°+(b-c)? * (c—a)*. 

25. a'b'(a—Db)9? - b" c" (b-c)99 -c"a*(c—a)99,. _ 

26. Show, by the principle of divisiblity that (a--b--c)(ab- ὃο-- σα) 
— афс contains the factors b+c,c+a and a+b. 


) 
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27. Shew that (ax+by)(ba ρα * ay) -lay + ba)(by +ce)(ey + az) 


contains the factors z —y, a—b, b-t and c~a. [ M. U.1874] : 
28. Shew that a"(b-c)+b"(c—a)+c"%a—b) contains oach of the 
factors a—b, b—c and с-а. [ P. U. 1916] 


29. Resolve a?(b?—c?)- b*(c? — a2)--c?(a? — 0?) into factors by the 
principle of divisibility. 

30. Shew that a*(b?-c*)+b*(c? — a?) - c*(a? — b?) is ы by 
(b+c)(c+a)(a + b)(a—b)(b—c)(c—a). 


91. Shew that the last digit in (41)" — 1, where mis any positive 
integer, is zero. 


32. Shew that 7?"—1, where m is any positive integer, is divisible 
by each of the factors 2, 3, 4, 6, 8, 19, 16, 24 and 48. 


33. Shew that 175 -- 13" —5? +97 is divisible by 3. 


34. Shew that αὖ -ᾱ-6 and z? – 11z--14 contain a common factor 
of the form a—m. 


35. Shew that the expression (81)".(191)^ —1, | whore,» ж is any 
positive integer, is divisible by 100. 


36. Find the continued product οἱ (1+a)(1+ TUM a* ya zS +079), 

981. Shew that 19"— 19(19^-* 4- 19"7? +......+1)+1, n being any 
positive integer. К 

98. Find the continued produot of 11 x 101 x 10001. 

39. Shew that 2" —nz-n-—1 is exactly divisible by l- 1)5, 

40. Shew that a"(a—1)--0"(b—1) is not divisible by a+b, m being 
any positive integer. 

Write down the quotients in the following divisions : 

41. z54y5byzty. 42. 209—0 bysty. 48. 2'-y' bys- v 

44. 1219—16 by z? +у?. 45. х1%—уї%° byz- y. 

46. If z+3 be the Н.С.Е. of az*--oz t92p and az*-3r-p-6, 
find p and a. 

47. П 2-5 be the Н.С.Е. of bz*-pz-5 and bz*—9z—92p, prove 
that p=5 and b=. 

48. If z-a be the Н.С.Е. of аз 903 and VERE prove 
that а=т—р and q(r-2)? +9r—p=0. 

49. Find, without actual substitution, the value of z?— 355 +52" 
—15а% +1305 — 392“ + 72° — 912° +17z —51, when z=3. 

ee What is the value of 9305 —48z* + 402° — 60z* +26z—38, when а 
2-15? 


1-13 
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0*1 HARDER НС. AND L.C.M. l. 
н 457. То Chapters XIV and XV we have explained the methods 
of finding the H.O.F. and the L.C.M. of compound expressions, whose 
factors can be determined easily. We shall now proceed to consider 
more difficult cases. 

E I. Harder Highest Common Faetors 


158. If the H.O.F. of two or more compound expressions be 
a compound expression, it cannot generally be found by inspection. In 
such cases the following methods should be adopted. 

159. The ordinary method of finding the H.C.F. of two multi- 
nomial expressions which have no monomial factors. 

Rule. Arrange the two expressions according to descending powers 
of some. common letter ; divide the expression which is of higher degree, 
in that letter by the other, or if they be of the same degree, either of them 
by the other ; if there be any remainder, take it for a new divisor and 
the preceding divisor for the dividend, and continue the process till there 
is no remainder. The last divisor will be the H.C.F. required. Of any 
Wivisor.amd the corresponding dividend either may be multiplied ον 
iy Фу ату mumber which is mot а factor of the other. 


- This Tile may be proved as follows : 

Let А and B stand for two such expressions both arranged accord- 
ing to descending powers of some common letter* and let the index of 
the highest power of that letter in 4 be not less than the index οἳ the 


$ 


highest power of that letter in B. 


Divide A by B, and let © be the quotient and C, the remainder. 


Then, we must have C=A- BQ, - (1) 
TN o, | A-BQ*C. ; Q) 
From (1), it is clear that every common factor of А and B is 
a factor of О [for if pate and B=pb, we have C=p(a—bQ) ]. Hence, 
if H denote the H.O.F. of А and B, H also is & p of 0, and is, 
therefore, τν common factor ої В and 0. 
Tt is clear, therefore, that the H.C.F. of B dnd C is either Hor 
an Ж of higher dimensions than H. “э (а, 


ow, from (9), it is evident that every common factor of B and C is 
a factor of A, and is, therefore а common factor of B and A. Hence, 


* The letter is called the letter of reference. 


[ ОНАР. XXIV. ]. “HARDER H.C.F. AND L.C.M. |. 959 
TE 


the Н.С.Е. of B and О also is а, common factor of B and А, and 
therefore, cannot be of higher dimensions than H. "M $ 
Hence, from (a), the Н.С.Е. of B and C is H. Υ 4 
Thus, the Н.О.Е. of B and C is the Н.О.Е. required. ^ 
Similarly, if B be divided by О, and D be the new remainder, the 
HLO.F. of C and D is the same as the H.C.F. of B and C, and is, № 
therefore, the H.C.F. required. E T: 
Now, divide C by D, and let there be no remainder. Then D is ~ 
the H.O.F. of О and D and is, therefore, the H.O.F. required. 

., Cor. 1. As the Н.С.Е. of any divisor and the corresponding 
dividend is the H.O.F. required, it is clear that, for the sake of con- 
venience, either of them may be multiplied or divided by any mono- 
mial expression which is not a factor of the other. [ See Note 8, Art. 100] 

Cor.2. In dividing А by B if we stop before the complete* 
quotient is obtained so that q is the partial quotient and О' the corres- 
ponding remainder, then the H.O.F. of В and Ọ' just as the H.C.F. 
of B and С is the H.O.F. required. Hence, by Сог. 1, in dividing 6’ 
by B (or if convenient, B by C’ when О із not of higher degree than В), X 
we can multiply or divide either of them, if necessary, by any'monomial 
expression which 4s not a factor of the other. ‹ 

'The following examples will illustrate the process : f 

Example 1. Find the H.O.F. of 32° – Τα’ -18ο-8. and 959 — 32:2 
-116-18. & 2 

The H.C.F. required is evidently the H.O.F. of 32° 2722—1872 

8 апі 3(9:8 30-17219) [ Сог. 1]. Let us, therefore, multiply the 
2nd expression by 3 and divide the product by the 1st: у § ^. 

Ρας Ne 

32° -70° -18v -8 \6a°— θαΐ-δ]α-896 2 Jis 
6x? -147° —36z —16 yy 88 

δα —15z —20 τ ie: 

Hence, the H.C.F. required is the H.0.F. of 92?- 702 -Ίθω-8 
and 3r*—15r—90—5(z?—3z—4), and is, therefore, the H.O.F. of 
3209 — 722 — 18x — 8 and 2? —3z — 4. [ Cor. 1] 

We must proceed then as follows : 

5) 5g? — 152-920 ο 
29—32-4 | 32° --Ταἳ-- 180-8 {803 
š 9z°—9z° 180 _ ^ 
Р 2z*— 6z-8 

9z:*— 62-8 í К "ИШ, 

Hence, the Н.О.Е. required =z° —8т—4. T 


* The quotient obtained is said to be complete when the remainder is of lower 
degree in the letter of reference than the divisor. 


э? i 
ο 


£ 
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Example 2. Find the Н.С.Е. of 
2955 —78z5 —16z2 and 22° —78>2 — 44. 

The 1st expression =922(112* — 392° — 8). 

The 2nd expression —9z(z* — 39x — 92). 
„Нерсе, by Note 7, Art. 100, Н.С.Е. required 

— =( the H.O.F. of 2? and 2z )x ( the H.C.F. of 
{ 112* – 392° – 8 and α΄ —39z — 22 ) 
Ж =92х X, putting X for the H.C.F of the multinomials. 


Now, let us find X, as in the last example : 
σ΄ -8θα-99}11α'- 392° – 8/11 
']11z* —499r -242 
—8 )- 39z° + 4992 +984 
13) 1829—1438х2-— 78 
ας- 1-6 
αὐ -11α-6 Е -22 (a 
" c*—11z*- 62 
11 )11z3 -- 382—992 
αοἳ- 8z— 2 
z?-9r-9]|z?-11ec -6 ed 
ω5-- .822—92 
322 – 92-6 


Thus, Х=2° -3z - 9. 

Hence, the Н.С.Е. required =22(x* — 3» - 2). 

Example 3. Find the Н.С.Е. of 19z*a? 542a? +6л2%а* —79xa* 
and 82% + 6075a? + 160z*a? + 180234 + 192?a^. 

The Ist expression —62a?(2z? + 9л%а + za? — 19a). 

The 2nd expression —4z*a(9z* + 152a + 40724? + 45103 + 18a*). 

. Hence, if X denote VERSOS of the сонца аза of the 
‘given expressions, we must have tho required H.O.F.-(the Н.С. Е. 
of Gra? and баба үх X= za x X. Έα 4 

Now, to find X. а 
90° +9z2a + za? – 12a? | 94 +15z°a + 4003 α5 + 45za9 + 18a* | z 
t+ 9хЗа+ 0242—1945 * 
За )6z*a + 397a? + 57za° + 18a* 
$ 90” -18ωδα --19xa?-- 6a? 
Hence, X is the Н.С.Е. of 2z*--9z*a--za*—19a? and 9z°+13e%a 
‚ +19та? + 6a°, and as they are both of the same degree we can divide 
either of them by the other. 
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20° +9224 + za? — 19a5 аг 130a + 9209 + m 
923 + O9r*a-- va? —19a? 
2a )4z?a + 18za2 +1825 . 
923 + 9та + 9а? 
912 +9ха + 9а \2х% +9х%а+ za? —19a*[ 2 
973 +9220 + 9та® 
- —8та*—19а% 
9r + 3a 
9c 3a nter 
2x? + 3ra 


6za+9a 
бта + 9a* 


Thus, ΧΞθω 3a. 
Hence, the H.O.F. required -2za(2x + За). 


Example 4. Find the H.C.F. of 
4o* + 112? +972 - 172-5 and 6a*+ 140° +3629 + 149 +10. 

The second expression 9(3z* + 72° 18ο" +72+ 5), but 2 is not a 
factor of the Ist expression. Hence, the H.C.F. required is the H.0.F. 
of the 1st expression and 3z*-- 72? * 18z* +72 +5. 

40% +1129 972? 172 5 


δω” + 70° 1853 + Tx + 51 upon р и 4 
4-987? + 720° +982 20 4, 
Біз + 9z2+93r— 5 οὗ 
θα” +725 + 182° + 7245 


Πα a Bo? T 9025 T 952 9б 
5z3 +9z° +230 -5 Jr Loss oos +35z+95[ 3v 


5z* 912? + 69z° — 152 
8z* + 2107 1605 + EA 


` 402° + Ton? $ 1842 40) 40 


qi 225 


2%+92+5 \5бт°+ 9z*--93r—5(52—1 
δ” «1003 +95z ` 
E =@°== 22-5 
rain 9s-5 


Thus, the required H.O.F. 2? * 2-5. 
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Example 5. Find the HG.E.of ^ 0 | 
4z* — 167 +108.айй 675—142? — — 40z* + 36. 
The first expression 4(n* — 423-97); if s 
The second expression 9(375 —72*— 2027 +18), - 
Hence, if X denote the.H.O.F. of the multinomial factors of the 
given expressions, the Н.С.Е. required = n. 


E then find X. : 
2% — 40° +97 |3z5 — ο 
` [8αΐ--1954181ᾳ 
[εις Ta? -90z*- rx B 
1954-4805 
- 4lz? – 2027 = SEP 508 
-4ᾳ5 {91 ' 


4193 —902% – 812-306 jaa —1642° +1107 


2 
4lz*— 90z?-8123— E 
—-9)-144z? - 81? + 306x + 1107 
ww — 9z°— 34z— 193 


= 36922 — 18940 — = 808416 
poe BELT —4896 
-49)- 49r$— 98e- 147 

-4ϑα᾽-- 98т- 147 


ic 81z—306|41z—102 ` 
412° +8922 + 1937 


Hence, the H.O.F. required =2(x? + 9л +3). 


EXERCISE 83 
Find the H.C.F. of : 
_ 1 1. 9z*-5r—3 and 92? + 372 — 392 4-15. 
JA. 903 -16z — -12 and 3z* + 4x? — 280 +16, 
_ δ. 92? — Sa — 90a? and 22? + 3am? — 45029 — 10045. 
š 4. Batt 775 1402—94: and θα’ — 102° — 9412, 
5. 6a?-11a? —93u-9 and 3a 4-902 4-935 — 10. 
6. 6a? —95a?b-- 324° — 19b? and 4a? 4-198235 — Tab? - 3003. 
7. 30° +522 +50+2 and 999 - 522 5r 3. 
8. 42° 7230 + Try? —3у3 and 313 — Tz? y + Tay? — Дуз, 
9. ба*+70°+52° +91 and 425-1824 Rz? — 1027, 
10. 3z*--10z* +70" 4x1 and 22? +3w — 75 — 8. 
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11. 423-182? - 82-3 ο. 
19. 192? + T1a*z-* Gaz? +ш® and 1a? + YTa?z + 9az? +a. . 
18... 35a? + 31a*z + 1842511595 and 6523 + 54a? z-t 9902? +805. , 
14: 702° 902° + 11a*23- 6a? and 912% — 95az* +9000 + 4a*. 
15. 752° 352% + 24r +4 and 852° — 9607-2506. 
16. 352° --θ403 18959 and 492° — 492% + 5at+3. 
17. 42% +9аш5.+]14а®х*+10а®2% +94at@2 and 
θα +9]az5 +30a2z* - 94a*z*. 
18. 4a*4-89a?-- 72a? +44а+8 and θα” + 54a? +1884? - 78а +19, 
19. 922*—19z?--91r —6 and 62*-- 212? -- 8x — 6. 
20. 19z*—302?-4 1962-90 and 15z* — 252° +21452 — 75. 
21. 180" +11723 151699} + T2z--9 and 1903 +681°+720° +108% + 20. 
99. 25-51% {62119 and z* — 8z? — 242 — 32. 
98. . of +503 - 8z? — 14x — 40 and 25 —4z? - 45z t 75. 
24. 4x5—825a? 1-9805α7 —94za* +94a5 and 
Bat +94z5a — 19z*a? —94xa* + 96^. 
35. 9a* —18z?y —182z?y? — 3825 — 19y* and 
i 6z5 +4ш*у + 5*9? t 4x2y* T8y*. 
26. 905-- 1103 --9 and 42° 11194581. 
97. 82a* +104a° —90a? — 192a +30 and 600° + 10a* – 45а° + 450° — 50a. 
28. αὖ +924 5z* — 72-9 and 32° — 82' — 182° +z? 2x +3. 
160. In some cases the Н.С.Е. may be found more easily by 
the application of the following principles : у 
.. If A and В denote two expressions having no monomial factors, and 
if m, n, p, q be any four numerical quantities such that та тр is 
not equal to zero, then the H.C.F. of A and В is the same as the H.0.F. 
of mA+nB and pÀ +qB, numerical common factors, if any, being left 
out. This may be proved as follows.: N 2 
Let Н denote the H.C.F. of А and B, and H' the Н.О. of 
mA+nB and pA+qB, after removal from them of any numerical 
common factors that may occur. : 
Now, since every common factor of А and B is а factor of m4 tnB 
and also of pA--qB, therefore, H is a common factor of mA+nB and 
pA+qB. Hence, H’ is either equal to H or is an expression of higher 
dimensions than Н. { τ ΚΝ 795 vs 9 
Again, since (mA -nB) -n(pA +аВ)=(та-тр)А, 
and — m(pA--qB) (тА + nB)- (nq np) B, 
it is clear that every common factor of mA +nB and pA- qB is а factor 
of (mq—mp)A, and also of (ma—np)B. Hence, as mq-mp is опу 


+ 
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a numerical quantity, every common factor of those expressions other 
than numerical must be a factor of А as well as of В. Hence, H' is a 


common factor of A and В, and therefore, cannot be of higher 
dimensions than H. . 


Hence, by (a), H’=H, which proves the proposition. 


Cor. 1. The Н.С.Е. of A and B is the same as the H.C.F. of 
A+BandA-B. Herem-l,n-l,p-landq--1. * 


Cor.2. The H.C.F. of A and B is the same as the H.C.F. of 
A+B and B; here m=1, n= +1. p=0 and q=1. Similarly, it is the 
same as the H.C.F. of A+B and A. 

Example 1. Find the Н.С.Е. of 

ασ” γω) — 5z* — 39 and xt — 3z? +m? + 3m - 2. 

Let A-7z*-- a? – 502 — 9r 9, 

and B-2z* - 91?  z* + 82 - 9. 
Then, 4-*B-9z*—9z?—42?—-9::(y?—5 —9), 
and 4-В=40° – 62% — 6z-- 4—9(92? — 853 — 3m +9). 

Hence, by Cor. 1, the required H.O.F. is the НО. of 
$(75—2—9) and 9:*-3z*-3z-9, and therefore, of «2-2-2 and 
235 302 — 3x 4-9. 


M. Let 4'-2*-2-9, and В'=953 32% - 3+9. 


Then, A+ Β'--9ω5 -905- 40--9α(αΐ — 2-9), 
Hence, the required Н.С.Е. 
=the H.O.F. of 4’ and A’+ В’ [Oor. 2] 
=@®-т-9. 
Example 3. Find the Н.С.Е. of 
40” + 110° +97z2 +17z-+5 and 3z* + 723 + 1872 + 724 5. 
Let 4=40* +1125 +9722 +17z+5, 
and В =32*+72° + 1822 +72+5. 
Then, ᾱ- Βαν +4105 +912 +102=2(03 +41 +92+10), 
nd 34 —4В=5а% 192} 4 93z — 5. 
ende, the Н.С.Е. of 2° + 42° +92+10 and 
„ду 52° + 9x? +932 —5 is the Н.О.Е. required. 
Let A'—z*-4z*-9r-10, and B'—-529--9z2--93: —5. 
Then, A4'-9B'—11z? + 29x? + 55a --11α{α5 + дл +5), 
and 54'— P'=11z° +99z+55=11(z° +9z 4-5). 


Hence, the H.C.F. required is the H.C.F. of v(z?--974-5) and 
2° +92 +5, and is, therefore = 2° --9-- 5. 
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Example 3. Find the H.C.F. of 


925-1122 —9 and 4z5 * 11z* +81. ГС. U. 1865] 
Let A —4x5 - 112* +81, Н 
and B=292x5 —11z2 —9. 


Then, 4-92B-1iz*-929z?--99—11(z*--92* +9), ç 
and A+9B=29xzx5 +11z* 991° =11z2(9z5 + x? —9). 

Hence, the required H.C.F. is the same as the ILO.F. of 
αἱ 9349 and z*(9z9--z*?—9), and, therefore, of z*+9z°+9 and 
9x5 + 22-9, 

Let A'=a*+2x7+9 and B'=2g° +х%-9. 

Then, 4'+ Β'--α" 1-93 + 3z? — z* (e? - 9x. 3). 

Hence, the Н.О.Е. of 


9z* *z*-9(— В) b À 
and 2? +9n+3(= 0! say) } is the H.C.F. required. 


Now, since B’+80’=2r° +4a* + 6x 
=22(a:? + 2a +8) ; 
`. the Н.С.Е. reqd.=the H.O.F. of 6’ and B’+3C’ 
τα" +9z+8. 


EXERCISE 84 
Find the H.C.F. of : 
1. 2-31 –42+19 and z? — 72? -16α- 12. 
2. 9x5—1T7z--19 and 4z* —22* — 342? -- 41m — 12. 
3. 41° +1302 +192+4 and 22? δα} -δα- 4. 
4. 30°—5e2+7 and 6z* -Τωῦ- 5?  14z 17. 
Б. Get —Lle® + 162? —99z--8 and 62* — 112? — 81° +222 -8. 
6. 9z*-- 1925-9073 —31z +8 and 2r* + 72? — 642? +620 — 16. Y 


7. 30“ 703 — 9123 — 6x +9 and 8α' — 192? — 402? — 9x - 3. £ 
8. Gr*—18z? – Τοῦ +19®+8 and ὅσ" — 932? -9x +162+47 — 
9. 9:*—5:?—1723—9z9 and 6z5 + 28д* + 342? +210? — Qn — 2. 
10. 625--97*— 1923 — 42? 97 — 8 and 925 + 197* — 18? — 5z* 12m 4. 
11. 25—2?-8 and z5—2*?--4. 
19. 325--1392? – 44 and 392° + 139z* – 16. 


m Д 
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161. The H.C.F. of three or more expressions whose factors 
cannot be easily found. 


Let 4, B, O stand for any three expressions of which the H.O.F. 
is to be found. 


Let G denote tho H.C.F. of 4 and B, and H that of G and C. 


Then G being the product of all the elementary common factors of 
A and B, every factor of G is a common factor of А and B, and therefore, 
every common factor of G and О is а common factor of А, B and C. 
Hence, H also is a common factor of A, Band C. Therefore, the 
“Ο.Ε. required is either H or an expression of higher dimensions 
than Н. is E the E ---- (B) 
But, since every common factor of А and B is a factor of G, every 
common factor of А, B and О is a common factor of G and C. Hence, 
the H.C.F. required «is a common factor of G and C, and therefore, 


cannot be of higher dimensions than H. 


Hence, by (8), the H.C.F. required =H. 


ч By a similar reasoning it follows that if D be а fourth expression, 
then the Н.С.Е. of Hand D is the H.C.F. of А, B, C ana D. 


| Thus, we have the following rule : 
To find the H.C.F. of any number of expressions A, B, C, D, d., 


“first find the H.O.F. of A and B, then the HOF. of this result and О, 


* 


and so on ; the result obtained last of all is the H.C.F. required. 
Example. Find the H.O.F. of 27* — 755 — 1752 + 58a — 24. 
δα” + 142* — 1195 — 702-94 and δα’ --97* — 4752 — 815-18. 
Let us first find the Н.С.Е, of the first two expressions. 
Put A=2a4 — 70° — 17° + 58x — 94, 
and B=30* + 142? — 112? — 70x 4-94. 
Then, A+ B=5zx* + T2? – 987? — 12x 
Р —a(5z* + 72? — 28x — 19), 
and —34--92B-49z* - 992? — 3142 +120, 
Henee, the H.O.F. of 4 and B is the H.O.F. of 523 +722 — 98; — 12 
and 492° 4-997? — 3142 + 190. 
Let ` 4’ — 5x? 1-Τα5 — 98; — 19, 
and В'=49х% + 99x? — 3142 + 190. 
Then, 104’+ B'=99% +9902 — 594 
. 7*99a(z* + a — 6). 
Hence, the H.O.F. of А and В is the same as the Н.С.Е, of 
Oz? +722 — 987 —19 (= A?) 
and z* m6 (= 0’ say). 
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Now,  4'-90'-85z* tz? - 80α--δα(ω" + 2-6) ; 
`. the H.G.F. of A and B=the H.C.F. of 6’ and A’— ed 
=z*+z-6. 


Hence, the H.O.F. required is the Н.О.Е. of @®+@-6 and 
бп“ + 928 — 4722 — 81z +18, which can be found as follows : 


z +e у +922 – 4702 –812+18[ δα +42 


баё tira — 3007 
—17ш% -8ir+18 


pn 412 —94m 
-8)-91ω5- δζα 1 18 
VEM orm A P TES 1 


Toit τα 2° +82 
“12 )19®+86 С —9л—{ 
gt 8 = 206 


Thus, the required Н.О.Е.=@+3. 


EXERCISE 85 


Find the H.C.F. of : 
1. 923 +722 --δμ--ἀ, 0° θα" F1lz— - 9) and 223 +192" + 400 190, 
9. 2x4 +32 +812 +15: —10, 2x* — Ba? +120? — 25a+10 

and 904 —5z* 4-102? — 200+ 8. 


9. 9*4 723 — 1922 — 1453-90, 9л* + 52° — 162? — 1091-34 
and 95” + 5x? — 10α7 + 5x - 19, 


4. — 4x? — GO? — 2: — 85, 22* — 62? — 552° — 3z — 98 
and 90’ + 182 1 412? + 9x +90. 

5. 345 +28a?b +52ab° — 480°, 3a? + 402b — 980b? + 165^ 
7 and 3a? Tris 254 +9455. 


6. 6a? +5а®Ь— 34ab% 103, 6a? —37a2b+57ab? — 9005 ` 
and 3a? —8a?b — айр кор. 


7. 32“ +1129 — 3925 — 449180, 3z* – 2° — 522? + 194 — 80, 
8n*+ 2x5 – 901° — 82+32:апа 8z* +923 — —88z? – 50x +200. 
8. Gx 14x* 5319 — 372? + 062-24, 625 — 982* + 170° 642^ 


— 39x — 18, 625 +8z* — 792° — 361° +105z +36 7 
and 20° —9z* — u^ т 72. 
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П. Harder L.C.M. 


162. L.C.M. of two. expressions whose factors are not 
obvious by inspection. 


Let А and B stand for two such expressions, nnd suppose their 
H.O.F. is found to be Н. 


Divide 4 and B by H and let the respective quotients be a and b. 
Then, we have A-aH 
B-bH 

Hence, since a and b have no common factors, every common 


multiple of A and В must necessarily contain a x Hx b as a factor. 


Hence, the L.C.M. required =aHb. 
But, ань=ан)- х В 


"au or, -(aH)b- 4x В. 


H 
Hence, the required L.C.M.= 4, B, or-Ax P. 
, OM. Tz B, H 


Thus, to find the L.O.M. of any two expressions we have to divide 
one of them by their H.C.F. and multiply the quotient by the other. 


Cor. If Z denote the L.C.M. of A and В, wehave Lx H=AxB; 


‘that is, the product of the L.C.M. and H.O.F. of any two expressions 


15 equal to the product of these expressions. 


Note. If any two expressions have no common factor, their L.C.M. is evidently 
equal to their product. 


Example, Find the L.C.M. of 
62? + 250" +162+7 and 62? —11z2 —8z — 5. 
62*—112?-8r-5 |62* +95х% +16z+ 7/1 
ба%—11х%°— 8r- 5 


19 )86z? + 94r + 19 
3z* 92+ І 
ον 8r-5[ 92-5 
Br? + 472+ 92 
а 1522 -10r-5 
152° – 102-5 


Thus, ће Н.С.Е. of the given expressions —3z? + дл +1. 
Hence, the L.C.M. required 
poe 22 t 
- τες, +2502 160 ΕΤ) 
=(2z—5)(6z° + 95x +16r+7) 
=12х* + 202° — 932° — 66z 35. 
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EXERCISE 86 


Find the L.O.M. of : 1 
1. ϑα31-9ᾳ3- 11914 and 32° +14ш° 132 — 8. 
2. 62° +172° --9z—4 and 6z? – 72° — 97:4 8. 
3. 191° – 41° –952+19 and 19z? — 98? +7x +12. 
4. 928 – 1922 — 15x +20 and 152? + 122° — 25x — 20. 
5. 4c? —10z?— 1801-45 and 62? + 8z? — 272 — 36. 
0. 4341-5405 72? llz--4 and 0z*- 72? t 4z? + 5ш t 2. 
7. 80“ 62° -8α 192-66 and 16z* – 192% + 202? – 9 * 6. 
8. 4х*+8ш° 19125 -- 18x +27 and 32* + 62% + 172? + 16 +24. 
If h be the Highest Common Divisor and l, the Lowest 


9. 
Common Multiple of two quantities z and y, and if h+l=g+ y, prove 
that hš - I$ —2* +y’. [ P. U. 1891] 


163. L.C.M. of three or more expressions whose factors are 
not obvious by inspection. - 

Let А, B, C stand for three such expressions ; to find their L.C.M. 

Let L denote the L.C.M. of A and B, and M that of L and C. 

Then evidently every common multiple of L and C is a common 
multiple of 4, B, ο: ~ she 2d T. (1) 


also every common multiple of А, B, О is а common multiple 
of M. m EM ore ... ... (9) 
From (1), М is a common multiple of A, B, C. Hence, either М 
or an expression of a lower degree than M is the L.O.M. of 4, B, 


But an expression of a lower degree than M cannot be the Τ.Ο.Μ. 
οἱ A, Б, С; because from (2), the L.C.M. of A, B, C is а common 
multiple of L and C. 


Hence, the required L.G.M.= M. 

Thus, to find the L.C.M. of any number of expressions A, B, C, D, 
ĉc., we have first to find the L.C.M. of A and В then the D.C.M. of 
the result and О, and so on; the last result thus obtained is the 
L.C.M. required. , 

Example. Find the L.O.M: of 

623 — 112-8, 4z? — 4x — 3 and 6x? + 25x — 9. ! 
6z?—11z-3 |6z?-925z— 9/1 32-1 а net 
Jes je = 9х 


-lic+ 3 
12 )36a—12 - 9218 
8α- 1 - 9518 


Thus, the Н.С.Е. of 62-11: +3 and θᾳ” 4 25z 9—9z — 1. 


πιω. 


e 
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Hence, the L.C.M. of these two expressions 


μμ; 


-6αξ- 


118, ο 
RS стт 00 + 25a —9) 


Bare 362° + 25x — 9) 
— 192? + 397? —93z +27. x 
Now, to find the LO.M. of this expression and 4z* — 42 — 3. 
40% —47 -3 pue 7980891 32+11 
== 
ЖЕ 


Y 


um 
it —44z —33 
—90 )—40z+60 
9л- 8 


$ 


22- draps 4α- un 
ER 


22-8 


Thus, the H.C.F. of the expressions considered =2x — 3. 
ἃ 4g? —42—8,. „5 а 
Hence, their 1.0.М.= 7, ^ g (100° +822° — 930 +27) 


Find the L.C.M. of : 


ds 
Р, 


3х°—10х—8, 42° – 
32* — 982—8, 62° — 


— (9a + 1) (1225 + 32? — 93x +27) 
—24a* + 162 — 154r? — 39x +27. 


EXERCISE 87 


90559 and 62? +z —9. 
τᾳ-- ὃ and 995 — 112 +12. 


з. 622—192--10, 127? — 112-9 and 8c? - 10z 3. 
Qa  4n* +2 + 6x — 3, 40+ +825 — Ta? - 648 


AV 


x 


and 8zt*+4z5— 


922 — 


[ ОНАР. XXIV. ] 


32—38. 


че 
= 


g- 


x CHAPTER XXV ` А 


AE HARDER FRACTIONS 


164. In this Chapter we shall consider fractions of а harder 
type than those treated of in Ohapter XVI. y 


L. Reduction of Fractions ' 


165. A fraction is said to be reduced to its lowest terms, when: 
its numerator and denominator have no common factor. In all cases 
where the numerator and the denominator can be factorised by ingpec- 
tion the reduction is effected by simply removing the commo 5. 
Otherwise, divide both the numerator and the denominator b eir 
highest common factor. éa 


Example 1. Reduce to its lowest terms 
а +b? +c? - 8αδο h 
а®(Ь+ c) + Ь#(с+ a) + c*(a 1- b) + Зарс 


(a-- b-- cK(a* +b? +c? — bc —ca— ab) 


The fraction? ^- (a+ b+ cK(bc + ca + ab) 
a+b? +08 = be ca ab, 
Бе+са+аЬ 


Βία) — (yz)? (zc)? - (m )*. 
Example 2. Simplify BOx+ у + э)(ж+9у+ 2)(a+y +22) 


f 3(дж+ y + а)(а+ ду + α)(α y + 32) 
The fraction = 50у оа 9 στη [ Ex. 1, Art. 132] 


51. 


Example 3. Reduce to its lowest terms 5 i 
32% — 97а02 +18420 —72a? M Я 
955 +1002" – 4а 4809 3 10.10.1889] 
The numerator-—3(z? – 901° +964: — 2443). 
^ The denominator=2(a* 4-5az? – 2а: — 9443). 
Now, to find their Н.С.Е. 
z5--5ac?— 940—944 + * 
a5 —9ат* +96а%т —94а° 
14α4 )14az? —28а®а; 
JT 


> 
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z—92a |a? — 9az? + 96a*z —94a* | 2° — Тал + 19a? 
z? —9ag* 


„ Tan? + 28a t- Aa" 
— Taz? + 14a2z 
12072 —94a* 
19a?z —94a* 
Thus, the H.C.F. required =z— 2a. 
Hence, the required result 
-ϑία" 9az* +96a2z — 94а5)-+ (z — 9а) _ (s? — Taw 18.3). 
9(z3--5az? —2a?x—94a?)-(r—9a) uF Taw + 12a?) 
Ὁ 8 2 - 
г Example 4. Reduce πο το ση to its lowest terms. 
” αν [ C. U. 1870 ] 
The Н.С.Е. of the numerator and the denominator of the given 
fraction can be found as follows : 
Qat— z*— 922 +13=-5 [ See Cor. 9, Art. 160] 
| Ταῦ -- 193 +17z—5 
4 9х)2х* — 805 +102#— 42 
a°- 4л°+ 5z-9 
οὐ - 4g? +5ж—2 \1х% —192?--17z— 5[1 
j Tz? – 982° + 35r —14 
9)9z3-18r* 9 
αἲ- 92+ 1 
guter cs 2-9 
28 942+ т 
-902 +429 
-w° +472-9 


Thus, the Н.С.Е. required =x? —97 +1. 
Hence, the required result 
— (204 — a -9z* +130 -5)+ (z? -2w+1)_ 902+32-5, 
(125 = 192" +110 -5)+ (w° - 97-1) 72-5 


1 EXERCISE 88 
Reduce to the lowest terms : \ 
1. gta жа 6, Co а" —1т+6 Я 
erg 2% +92>° — 13>+ 10 
3. q yaaa dab +з. 4 a^ +(дЬ° a? lot tbt, 
a? --δα ab? — * g*-9az* ta gbt 
5. 3a? + 40:2 — Toy? 1195 1185-αὔ-8α΄ 


Эг? + 9a? у + Bey? —5у®` ο ra + Bae 
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7 πο lees Sa ЙЕ 8 gítzr*-95. . 
"gt — 0x? gr Or T "2" —9z* -- 30x — 25 
9, 227° *3az*-5a*z-91a* . 10. 25592 -8αΐ +50+3, 
° Az*—12aac?-19a?z— 15a? °  Su*-ka? —4z*-- Sm 4 
11 97*-T7a*z—9a? 2. 15, 22° =16a%b + 44ab* —49b?. 
` 9z*-6az*—5a?z—92a? * 3a5+6a*b —94ab* — 680} 


13 Эт + 30x? + 19x? — Gar — 45. 
` δα’ +9805 +1627 —4z —48 
44, θα’ —9a^b-Fa*b* *Sa*b? — abt, 
5 445 — 6a*b-- 34205 — αὐ" 
15 9405 + 16z*y —987*y? — 9451/9 — 197%. 
* 45a*y + 8025 — 15z?y? — 90xy* — 1095 
16 λα кете пуа σι 
* (0ο) (ὃ--ο) +(с+а)#(с— а) t (a 4- b) (a — ὃ) 
17 (1—т°)(1- у®)(1 —22)— (uz + m)(zm + у)(ту +2), 
x 1-25 = y*=27 -9vys + 
18 (ж + у—9)5 + (y 2-92)? +(2t2—-2y)> 
4 19{α +y-22)(y+z)(y+2—22) 
19 (y—2)* +(z-2)? + (z - )* : 
` (ο-υῇα-α) είν - εν -2)* (z-2Y2- v) 
Ps ο a 
* bz*—8z5y 492? y? 4 9 Ty? — 18y* 


[ P. U. 1912] 


П. Addition and Subtraction of Fractions 


166. We know = + a + A +ее-=®ЖФ+тЕ тт, so that the sum ` 


of any number of fractions which have a common denominator is 
a fraction whose denominator is the same and whose numerator is the 
sum of the numerators of the given fractions. 


Hence, to obtain the sum of any number of fractions which have 
not the same denominator we must first of all reduce them to equivalent 
fractions having a common denominator by the method of Art. 108, and 
then proceed as above. 


Example 1. Simplify p s +< uya + = s=" СМ. M. 18651 
2а(а—а) | (e —a)% а? +9a[z—a) (n — a)8 

(z—a)* (2-а)" (z—a)" 
RUF MN 


(z-aP* {α-α)» 


2 
: a 
= + 
The ο ο @-a)* 


TIS 
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4 32 
Example 2, Simplify —* 9" CHE z344 e+e 


To simplify examples like this, we combine two suitable terms ; 
then the result thus obtained with a third, and so on. 


LI. Ды = (2+2)— = (eS) 4m 
Thus, we have ο 3437 — 43-4 z" = 4 
4 __ 4 а? +4)- 422—4) _ 33. 
z*-4 αἲπά z*—16 z*—16 
τρ 39 --39{α’ +16) + 39(z* —16) 
EE dl σε το ST 2° — 256 


m= which is the required result. 


ET 1 H 
Example δ. Simplity zp- zF zig sea 


Instead of simplifying all the terms together, it is convenient 
to combine them by groups. 


Thus, the given expression - [1 - οἷ] - e ls cun 
1... 1 .(at9b)-(arD. 2. ; 
Now, we have ыр" (at+b\a+2) Grat 
and 1 __ 1 _(a+t4b)-(a+3b)_ b р 
a+3b a+4b (а+8Ь(а+45) (0+35(0+46) 


b LI nu δ 
Lastly, а 95) (а 80а 45) 
= КМа+38Ь)(а+4Ь)—Ыа+Ь)(а+ 2b), 
@+Ь)(а+9Ь)(а+ 3a +40) ' 
of which the numerator = а? +Tab+ 1903) — bla? + Sab - 9b?) 
= b(4ab-- 10b?) -95* (2a 4- 5D). 


2b2(2a + 5b) 
Hence, the reqd. result = aroa +95038650545): 
Example 4. Simplify 3773 + = atus 
[ P. U. 19041 


“The. “first. denominator—z* —3e+9= (z —1)(z—9). 

The second denominator-z* —4z 4-3— (x — Βία — 1). 

The third denominator =x? —5z--6- (x — 2)(z — 3). 
the L.C.M. of the denominators -(z 1)(2 - 2)( — 3), 
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Henee, the given expression 
ZW adr 2+9 ы ΕΙ 
(z—1)(z—2) РЕ 3(z-1) (=-9)(=-3) . 
— (z +9)(z— ουν 9)+(z+1)(z—1) 
(z— 1 —2)(z — у! 
_g?-9+g?-4+g?-1 z? — 14 
-δ-ηα-2[α-8) `(ш- ie 902—8) 


Example 5. Simplify 


ΓΑ. U. 1915] 


mcg ea Yasin scope 
(a aa y) (a+w(Xa+z) (a 2Ya-z) 
The L.C.M. of the denominators=(a+a)(aty)(a+z). 
'. the given expression 
_ (@+#)(ж— у) +(a αν 2) + (a-- yz —2), 
(a z)(a- у)(а + г) 
The numerator-a((z — y) +(y—z) +(2—)} 
*z(z— y) tay - 2) (a2) 
=0. [ simplifying ] 


the given expression 


= 0 EX 
(a zYa* у)(а + г) 


Otherwise: Since, 
1 1 .(ate)-(aty) 1 ᾱ- : 
aty atx (atz(aty) (a+a)a+w) 
1 1 .(aty-(atz). 


ym ος 
atz F (a*yXa*z) _ (а+у)(а+) 
К) --(ᾱ Κε] Gta) ета αν αν 
Р ata" (ESTEE: “(at alata) 
We have the given expression 


в Wat DET πο t EO LENS 
aty atc atz aty, ate atz 


a 27,29 
Example 6. Simplify — + 2 pe рс 


Such expressions are easily simplified by adding айа MEI s 
a suitable fraction. "Thus, adding and subtracting ae the given 


: 2 4a?b? |a 
expression s = + ρε гет р 


216 


ALGEBRA MADE EASY [ ОНАР. 
a a(a-- D) (a— b)a_ 9a* | 
Ars C ES ον 
f 2 2 2 + 2 + ΕΡΤ ΕΣ) 4 4 >. 
Again, ZP a (а? >) + 2) Pri 
4a* , 4a?b* ον аа? tb?) 
and a*-b* at-b* а*-Ь aso 5 
7. the given expression 
ΣᾺ МЕ ai Aa #*-—ща+)_ За? —ab_a(3a—-b). 
a-b? a-b a?-b? a*-b* a0 
EXERCISE 89 
Simplify : 

1 Е. E 2, ΤΕ, 2-90: 
` 82-у 8л+у 9#д%+у% " т-8а 9л+ба 503 +1842 
(a*--53)3-:3) p — he SOM 1 
3. abla-b)? b a 2. 4. 2-1 +i 2-8 Tato 
EE. ο ο ee ИРИС 7 
* @-а 9r+a ata 9σ-α б a-z т+За а+т z-9a 

PECES Ἡ gu D as Re 
7. 2-1 ш*+1 ztl l-r ur ατα Go) 
1 1 9 
9: 308" ai 5046 abe FB 
10 πο : 4 а ᾗ 
* z*-baz-4a? z*-11azt98a* 2° +90az + 91a* 
T 99 1 
ΟΝ ΣΣΣΗ ΤΩ 
NENTI Cot ашу. 
` ΜΕΝΕΙ 
i xw A QN 1 4-2 6r . 
18. І+а+а? І52+19 t irito и. 2-9 2° +294 οἱ +8 
15 1 Ф 1 1242 
* 8z*—6ac-9a 9234 6а2+94% * 4т*—81а*` 
1 лр” fo -Җ j 
16. (акай а) * z+ 90 (z+) EN 
a-b b~o c-d 
17. C. Sa QU) 


18 1 9 8 
z =3а+9+ а%—ба+6 а®-4а+8` 
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i. Жур ee 
19. Getit Dh atl 243 ώς 
ОА πι ρε τ ç 
20. (20025) (23054) (2500-9) ГА. U. 1911] 

ОТБ pL o А ЕЕЕ d 
21. Tra ita? Irat Irat 1-a% 


m. (VENAE -ἰψ-ψ 5) "ατα T.71 


b c 
δρ 069 +(Б—а)(Б—в) * (c-aXc- 5) 


ΓΡ; ας 
&*—0r*6 a*-4zt3 2°-82+9 


br ez? 
25. 1.5 аа) а - D 2 › 


dz A 
* (2а - bs —cXa — d) 


III. Complex and Continued Fractions 


. . 107. Complex Fractions. A fraction which contains a fraction 
а осе ог in its denominator or in both, is called a complex 
action. 


v z 
Then, Z, a = are complex fractions, which are, therefore, 
NA 


merely divisions of fractions. 


AA n have already considered simplifications, of such fractions in 


168. Continued Fractions. 
Fractions of the type 


at e are called continued fractions. 
δε----. 5 


T ЗЕҢ 
d+ f+ete. у 
To simplify such fractions, begin from the bottom and proceed 
upwards step by step as in Arithmetic. 
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Exampleí. Simplify -1+ πετ AR Ree 


b__atb-b__a 


Sines, 17,457 atb “atb 
bottom, the given expression 


D E 
Aa b) - 459) 


— 7 we have, by simplifying from the. 


a+b 
1 татын ΤΊ TB T Sr 
TUN 2a? --9ab — (a? +2ab+ b 
ga is 2442 3 
= l+ a= ак τα 
Example 2. Simplify ——{—. [ A. U. 19191 
1+ 
d.t da 
1+1 
Proceeding from the bottom, the given expression 
1 1 1 
NS 1 σας 2 ltztc 
1+2 Ίγα 11α 
2 
cs diet 1 — 1195 
И; -lte lt9Əz+l1+tz 249r 
1+2х 1-95 
Example 8. Solve ———= 3. 
14+— 
1+—1— 
1b 
c 
Ву example 2 above, we have 
n 1+9: 8; 
the left-hand side=5 5:4 
or, 3(8-- 32) — 4(1-- 22), i.e., 6+92=4+82, 


or, 92-82=4-6, [ transposing ] 
ог, ως... : 
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EXERCISE 90 
Simplify : 
1. [ B. U. 1996] 
κ ч vetus 
9 = 2-Ь α-ο A 
s, +a aw , be , om _ 
а= πὸ;α-ᾱ PTEE E ME (a+b+o) 
ανα. bete? а? : 
a b*c ὑ το τα}, 
4. gedi art) [ C. U. 1991] 
а b+ 
aras 285 l'area l are 1 айай 
1-а ΓΟ. U. 1870] 
асса аз δν ΤῸ 
1. ατα ὑ-αο-σ . g 554° ος δη 
К КИЕ ας (¢-2 a,b 1 SEI 
т 2-а w-b @-—0 b alb a af o? ab 
Das T AR ET 
9 9ία-1) α-9 902-3) А 
PRO EEE 1 A OUR 
(а—9)(а—1) * @=1)(@-8) 02-9023) 
εἰν e tu, it каин UA у сән 
10. т Кыш. 2-2 
σ-ν cT — du f-—— 
aty m+ Í ctl 
18. atab М. 5 
d 22.0 Eb s та = =1 
b? 1 
ажар AAE 
zm k. ο (z 1-9) z 
15. Pee μα агыш 
— y)? ws pre. 
rye eo 2412-9029 
cy 
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Solve : 
17. L—= 3. 18. —2—-1 
Te 
gtl PUE 
йа Eo I^ 
19. т+—1—-. 0. ------3 
St T at a? 
3+ 2 atu 


. 169. Fractions involving Cyclic Order. Certain fractions are 
easily simplified when the cyclic order of letters is maintained. 


(Pas bc ab. e 
Example. Simplify (a —b)(a —c) * (b= 26 =а)* (c — aYc — 0) 


Considering the denominator, we see that the factor a-—c is not 
in cyolic order. 


Since, а-с= -(c-a), (а—Ь)(а—с)= — (a — b)(c — a). 


Hence, the first fraction =- πίστιν 
Similarly, the second fraction — ü Qs =) 


and the third fraetion= =з . 


The L.C.M. of the denominators - (b —c)(c — a)(a — δ). 
'. the given expression 


bc ab I 
[6ана] | 
= _boe(b—c)+ca(e — a) - ab(a — Ь)_(Ь—с)(с—а)(1— b). 1 
; (b—c)(e—a)(a -- 5) (b=c)e—a)(a=b) ^ 
170. Important Results in Cyclic Order. The following results 


can be easily verified and are very useful in simplifying many, harder 
examples in fractions involving cyclic order. 


1 
И (аа) (ара) and G= nZ 
then (i) X+Y+Z=0; (ii) aX+bY+cZ=0; 
(iii) a2X+b3Y+e2Z=1; (iv) boX+caY+abZ=1; 
(v) а®Х+Ь%У+с%Й=а+Ь+с; 
(vi) a*X+btY+c*tZ=a2+b2 c3 + bo+cb+ ab, 
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5 g ο... 
Example 1. Simplify («σης ορ ojo a) C ae T 
The given expression =(а®—Бе)Х + (b° —ca)Y+ (c° —ab)Z 
E [ adopting above notations ] 
-α X+ b? Y +c? Z- (be X+ ca Y+ αὐ δὶ 
=1-1 [ Results (iii) and (iv) 1 
=0. 


Example 2. Simplify 
pa®+qa%be+ra , pb? + qab*c + rb , pc? + дађо? +0, 
(аа) * (0-0-0) ^ (c-aXe-b) 


The given expression 
= (ра + ga?bc + ra) X-- (pb? + gab?c ^ rb) Y + (ро? + gabe* + ro)Z 
[ adopting notations ] 
= pa* х +08 У+ с) + gabelaX+bY + cZ) -r(aX-* ΟΥ oZ) 


—p(a-- b--c)-- qabc.04-r.0— p(a-- b c). 


Example 3. Show that 


ies c n κα Anm. EET. 
@=т)@-)(ж+1) * (m-nXm- lem) (т – (о т) +) 


Putting a for 2+1, b for z+% and c for z +n, we have 
a&—b-i-m,a-c-7i-n,b-c-m-—n, eto. 


The given expression ` 


1 1 1 
πας Dao)  Wb-aX6-o). (=a) b) 


£ bc ca . ab 
"i ase 22000) * (6 aXb--o) tza- η] 
=. (boX-+caY+abZ) 


1 1 AE E 
ета) [restoring values of a, b, с] 


282 
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171. Fractional Identities: Miscellaneous Examples. 
Example 1. Show that 


ολ τας É 
ET) 


Orig 


CATED 
wat m д 
Let us divide z by 22 +a? : 


Henee, proceeding no turther with the division, we have 
B 
a 

pith ЩН бая caf αὐ Wf 

wita? т α) ϱ) gt mta 

2 4 в 8 

үа a без ος 

т; з РБ at ates +a?) 


Example 2. Find the value of 


2134 L 2+ 2b, - dab, 
22942-95 When 2-77 [ C. U. 1865] : 
The given expression 


= [z+9a | т+9Ь_ = a 4b 
E a) + (2238 1) +2 2-20 @-%*? 


| = gays aate —92b)+b(z -2a) +2 
= ae aia * De - Aad} 2 


=0+9. [` (a+b)z=4ab] 
=2. 
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ΕΗ ΝΗ 
Example 8. If a b + 5 E —— show that 
Lj μη L. 10.15 
aU ty ty T (acbtoy атъ o 
i 1 1,1,1. оа ар; 
Bince, atbtc а *p b to abc 


(a+b+ce)(bc+ca+ab)=abe, 
or, (a+b+e)be+ca+ab)-abe=0, 
ог, (b+c)(e+a)a+b)=0; 
.'. any one of these factors, say, b+0=0. 
Hence, b--—c..b'-(-c)--c*, ог, b'+o"=0. 
Also, since b= — с, 1--i we à-C-1 "anh 


Hence, 


= 1 ` 
a’ * b! --οἳ 
Hence, the identity is established. 


Similarly, dre art 


Example 4. Reduce to its simplest form 


РТР ү at (n 
ΕΝ or Mm LO. U. 18661 


We have, the 1st fraotion= [Ef T MES Pr A Pe 2) 


αγ -ε]ία-ν γε)  oty-z, 

T(rtatyctz-y) otyte 

πό, 20 (y tz-2y-mt2). y-a 2, 
Similarly, the 2nd γα; z) otyte ” 
+@—у)(4@—т+1)_а+т-—у, 

and the 3rd fraction= [RR CES a) atytz 


+(z+ + 
Tense; thie given берк = a) + (y= eta: (z*a-9).. FT qus 16 


Example 5. Ife+y+z=cyz, prove that 
ute, atm, m+ υ}2 2te тту, 
1-yz'l-zz 1-ту 1- yz 1-20 l1- zy 
Since, atytz=ayz we have ytz-zyz- αΞα(ψᾳ--1). 
Ara _ш(уг—1) 
1-yz 1-72 


Hence, = —z. 


ALGEBRA MADE EASY [ΘΒΑΡ. 


Similarly, 2*%=--y апа a š 


- "Ἐς 2+0 2+7 
the left side is sys loas 1=гу 


--2-y-z--(rtytz)- – туг 
=(-2).(-y).(-2) 
alte ctm my, 
l-yzl-zzl-zy 
Example 6. Show that 


GG ene edes) 


СС. U. 1867] 


(+ (2 S) (ene) + (une) 
А era [L+ dirae) 
2449 UE es (ee 
metn sls +2)+ T - 
ΠΠ 


'. the given expression 


πο ΠΗ p RES ee 


Example 7. If2s=a-+b+c, show oe 
EE quiso» j 
Tn urere sls- =й i-a 
1 1 2s-a-b 
Wa have заар "(s-aXs-B) (s= Nes by 
ЛАК 1 mea (=) орй 
8-0 s(s-c) s(s—c) 


апа 
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Henee, the given expression 
* = 5#—0)+(в-а)(з— 
“(= TES Ъ) sls = s(s—a)(s—b)(s— 3 
= 955 sla btc) ab 
© s(s— E b)(s—c) 
es Nem s 7 [7.7952 s(a- b-- c) 29s? —2s?=0, ] 
Example 8. Show that 
athas +b? —c*) „а +02 -а3) + аа * a* — b?) —9(a-* bc). 


Putting 2s? for a? +b? +c*, we have 
аЗ ^ b — c? --(αἳ +? +02) - 952 — 9(52 — οἳ), 
b? +02 — а= (a? +b? +c?) - 2a? —9(s* — а?), 
c? +a? - δ - (a? +b? c?) - 9 =9(в® — b). 
Hence, the given expression 
Тт ται REV Ae 
ο ο ο. ο 
-3{1(фе-ь-е°)+ 1-07)» (а-аа) 
=9[1. EER 1.9 
DE a^; b 2 
—9(a- b c). 
Example 9. Show that 


аз μα”! d a*l al. 
Дата πα να Xa — P oo -ᾱ 
а .1,2a = 1(@+1)*—(а°+1) 
a?-1' 2a?-1 2 ae 
ματι ant; 
9 \a-1 а°-1 
a? 1,94: 1 (a*+1)*=(a*+1) 
στα: 9'g*-1 9 at-il 
LH- a**1); 
78 12-1 a*-1 
at ЛУ! oat Тп) Е (азе) 
a@-1 248-1 2 aset 
165-0). 


a*-1 а%-1)` 


-- 
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Henoe the oe expression 
-ilu- a s. Ë a? +1 η] & а*+1 -a) 
Uu a 


a-1 a*-1 2-1 а*-1 15691 
ЖЕН, [u- a n 
9 la-1 a®-1 


Example 10. Show that 


atd b+d ctd 
Ws pu ο) * = aXb-c) * ^^(s - aye 8) - ^ 
Since, —a=-(a-b), 
and ` i pz mA [-(a-c)] x[-(6-c)]=(a-c)(b-c) ; 
`. the given expression 
atd -(b4-d) etd 
т 0000—5040) * **(a-Dyb-) * οὐ' (a — ce(b— ο) 
—bo(a d)(b — c) — ac(b - ἆία — c) м able +da — D). 
(a— ba с) - c) 
Now, the numerator = abc((b — c) — (a —c) - (a — b)t 
+ dibc(b— c) — ac(a — c) + ab(a — D) 
= dibc(b — ο) — ac(a — ο) + ab(a — δ)ὶ 
— dia*(b — c) 4- b*(c — a) - c*(a — b) 
—d(a — b)(a —cY(b— c). 
Hence, the given expression ^d. 
Example 11. Y 


(a= =) Meta) (= ae etait (c= Mas War) 


. The given expression 


a? =p? c 
^ (a 8a cYa- a) * (a BXb— ο]ία δ) τας ο)(ὸ -- οί c) 
= U(b= ole + B) +e) — b*(a -o(s + ca + а) + са) + aX: D), 
(α-- b)(a— c)(b с)(с+ a)(z + ba + ο) 
Now, the numerator 
—a*(b— c)ia? +a(b+c)+ be] + b3(c — ain BRS EL cat 
t c*(a- biz? + a(a+b)+ ab] 


—a*(a*(b — c) 4- b*(c — a) - c*(a — D) 
+т{а®%(Ь® —c*)-- b*(c* — αἲ) - c*(a2 — 53) 
+ αδοΐα(δ-- ο) + &(c — a) -- (a — b) 
πα (a*(b — c) * b*(c — a) - c*(a - b) UN b)(a — ob — c). 


Hence, the given expression [σης no DICES 


4 


^ 
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Example 12. Simplify 


ας I e. ο ERT 
(α- bYXa—c) ' (b-cKb—a) * (с–а)(с– ὃ) poq: 


'The given expression 


as “ἕ b° c? 
(00000) + 000—8) (а—с)}(ф—©) 
_а(ь—с) — b*(a ο) - c*(a — 0), 
(a — bY(a с) -- ο) 
Now, the numerator — a?(b — c) + b?(c — a) 1- c*(a — Б) 
Ξ(α-- bY(a — cY(b — c)(a «- b+ o). 
Hence, the given expression-a t b- c. 


t Alternative Method : 


Bince а 
' (a-b(a-c) (a=b)(b-c) (α-ο)[ὺ- ο) 
`. the given expression 
-{ a wena ti + 8а М. 2208 
(a—B(b-c) (α- ο{ὸ--ο)] (a-B(b—c) (a—-cYb—o) 
a-b? αἲ -οὃ _а?+аЬ+Ь% а? +ас+с? 
“(@-БЬ(Ь—с) {α-ο[- ο). ὃ-ο b-c 
=b- ae 


=atbte, 


Example 13. If 4 a nta tera i-o prove that a=b=c. 


1 ΜΜΕ ο 1. 


at etc? оа ab O 


or, i-i. К: e dos Πο ula XXIV, Art. 188 ] 


Now, as none of the terms of the left-hand expression is negative, 
this equation cannot hold unless each οἳ those terms is zero. 


Р μα MEATUS 
Hence, 555 0; zv ὅτο, 
133258 = 
ΓΣ 0; ТУ: 
апа Lillo; . а=, 
a b 
Thus, a=b=c. 


+This method is due to my friend and pupil Babu Bimala Charan Shome, 
Head Assistant, Forest Surveys, Dehra Dun. 


^ 
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EXERCISE 91 


Prove that : 
a Dos o BE 1 
ds eee beta ante m ate Di» ay [ B. U. 1920] 


1+2? 1+? κ ματ. 3 E 
ο απ UTAWA GFE? 00е. 


(oco +14 :) -1*(bko(ctaYa-tB) ifabc-1. 


1 1 ы Vi 
4. at Sree li =0, ifbe+cat+ab=0. 


δ. 


atyz +ат etary |. ` m: 
Galera) и ей ταὶ Galery) ο ο τς 
т 4 LL IM Amyz Bri = 
6. 1-09 uk par du papi αγαπας) ifg+yt+s=ayz, 


y-z,z-m,vr-yMH т ois )- 3 = 
T. > + J + F. ) 2: 9,ifztytz-0. 


в. Lehí.l- 
(b-c)* (α- =3. 

(с= a)(a — b) dis =: Pra A j^ 

"(p с 39 + (c? ye 294( 2-p2)s _ (b+ 29 +b 
A E Корса te a р" аат, 


γατα. 1 
αρ ο 


iL 1 A dg 
i REA d “atbte 


ESAS EET. OI eed 

п. > Lys g*-z*y* tyt e+e 
6 6 

eae 4 224,4 “κ 

12. η κ, τ + 20828 

myst туг туг 1, 1,1. 

E АГИШ Ts zi ту 

14 mya? tyz" c + arty? _ ο. 

2 xyz? y 


3a-6 H 1 1 { 
(@—1)(@—2)(@—3) = —8) (а—8)(@—1) (@—1)(@—2) 


3m? —14 wb mol дир ost asd 
etete) ` (c+ 92-3) * G+3e+1) T (F1) 3) 
1-- m 955 
17. Ipga + 208 - -w IS 
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a a as as а? 
18. a8 tg αγαπη 2509 atza) 
aS αν доз et S -ᾱς a? mmo 
19. m +a zŠ 29 +29 ο τα 1 Get at: irm +a) 
z*—1 =i 
20. ρα =g az? afz-a$ +" ao 
A +2a t-20, ab ab 
21. Find the value of a r= ëZ СОЗСИЗ whenz=_ +` 
rta +2+b ate 
22. Show that ^ — vb А σα =3 
T ‚ jf p= ab+bo+cea) 
AEO š atbtc 
23. И 2229305700, show that 
α-θα ,bt9)r,ct9r 
азе КО ук уы 
24. Find the value τς 
22 — (b+ c)z: —(c+a)w , αἲ--(α Έα, Sabe | 
(c — bz - зт =a) ` (z— a)(z — 2) ат тутт 
25. Find Ње value of 
зиз +b З 
yi =, when 2-20 аду sty „ГС. U. 1883] 
[me given expression =, eet a =e | š X e 
i α΄ +3abr? = 10822. аз Sab δὲ, д 
26. Hind the value of az + Tabu® + 100203  a$ —даЬ + bš ` 
when αὖ — a? +02, 
oy’ 2 2 2 272 8 
27. Find the value of * ΠΝ ^ xb 
when z—a tb and y-—a-— b. 
s т* + abe? --θα 03 _оу+а®+Ь, 
28. Find the value of - 2909 +(e? -9y3)ab-- 2a3b* at- ab+ bš 
when emat band y= =a-b. 
ed p T 1 
29. Simplify zer ees eon E 5 Ἔστιν 
-(a—b)* , a$-(y—b)* ,b*-(—0)*. 
30. Simplify фейс Teraj- Ъ# К @+Ы* mu 
as (а+9Ь)#—Ь% , (а—1)#—4Ь° , (2a-- 3D)? —b*. 
31. Simplify ο. (2—27 = b (да+ Б) Е 
-(c—-1)* ἘΠ. m*(2—1)*—1. 0 
32. Simplify Cras ED 21*g* EE 


τ 19 
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38, If2s=a+b+c, show that ' 


y- 2 tb*=c? .9(s- α)ία-- D). 
: 2ab ! ab 


94. Simplify ρε tss == ats 3 > b 


85. Simplify заь debi ec- a) Slota- - b). 


306. Simplity ον ο" +y та) Ауыз аз) 80да yt) 
87. Simplify πμ a*) +955 (ο) ta- _ b), 


38. Τί 4 +0243) jen 3403 —D? аё 4 p2—c* 


Qe p and z= дар ' find in its 
simplest form, the value of (b+c)a+(ct+a)y+(a+b)z. | 
39. It р=®=%, Ж r= S= find the value of pt qt r * par. 
1 + š | 
40. Show that бс: oU s j (60) (02 з (а= | 
дл δ 1 16015 
41. Show that ae l+g? uu = Ί-α 1-zi9 
ER Wa | | 
2. (a= i =0)+0 E ) *(- == b) | 
208. ас i-a ü= οἷ ф = a by ГА. V. 19851 1 
iy: 2 
Oy ren rer M уса? ГЕТ? 
ав; ke 9b*—ca , Ф%%-аЬ | 
2599. [α-λία-ο) = ШЫ a) e-a- | 
g“ —}у2 z 
16. 679-3 σος” =a) tG- sir [ой 
δ οσο. 10.0.1881 ] 
48. 1 + 1 1. f 
` (a-b(a-c(z—a) (b— я 00) * (c-aXc 5020) 


(a= a= ae =a) = a -οἷα- D e- ae δα c 


з arar ra a) [ὃ-- αἴξ es ir aps de c 
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a**ha*k , Drhbtk κ.  ctthetk _, 
* (a-bKa-cY(z-a)  (b—a)lb—c)le—2) (сас δ]ία-- c) 


5 


= 


52. Show that 


αἲ (03 —c*)+ 295{ο5 —а)+о®(а® ec 23) 


53. Show that a*(5 c) b3o—a)- c*(a —5)' «αὐ bc ca. 


(at+batc) , Ub+a)(b+e) , ο{ο-- aYc-- D) 
54. Show that "a Xa co) * (b abo) * (220000) το. 


bc ac 
55. Prove that a(as - 53a - c3) + Wb? — а*)(5° — c3) 


b 1 
+q a= Be =a") abc 


=a)? —})2 Sone 
5. Simplity (ο σος tale 
MISCELLANEOUS EXERCISES V 
I t 

. Express the following as the difference of two squares : 

(i) (w+ 7-9) 4- 11-13) ; à 

(1) (z+1)(z +9)(z +3)(z+4) - 15. 
2. Factorise 7(2+2)° -(z—9)* - (y + z)*. 


3. Simplify (a—2)*(a-- b—20)* (b — c)*(b-- c —2a)* 
+(c—a)*(c+a—2b)*, when a+b+c=0. 


4 Ifety+2=4cyz, show that 


= 


mu y LIN 16αγ2 4 
πο πμ απ - 4y*L- 42?) 
5. If2s=a+b+c, show that 
ме. 2 +с2—а3\2 _ 4s(s—a)(s—b)(s —c), - 
9bc рса: 


(btob? +02 — a*) | (ctal? +a? – b° 
bc 9ca 


6. Showthat 
2 22,2 
aat 300-0 aga 
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Š qr тр 4 
7. Find the value of laca ба a a Gs πας © 
when 1 - (1+1 +1); i 
8. Show that (z°— + ЧЫРК eg is divisible by each 
of the expressions z* — γ΄, s -ᾱἳ and z* 
п 
1. If z+y+z=15, zy -- yz 22-75, find the value of z*- y? t5 - 
— Bayz. 
2. Show that (a+b—2c)* +(b+c-2a)*+(c+a—2b)® 
—8(a-- b — 9c)(b 4-c — 2a)(c - a — 9). 
8. Show that (b-c)(b+c—2a)? (c - а)(с+ a — 2b)? 
t (a— b)(a-- b — 9c)? —9(a — bY(b — с)(а— ο). 


4. Simplify zp- ata a= =) аа = CS) 

5. Find the value of 2 +2 5-4, when α-ρ Ἢ and у= 2 

6. d the H.O.F. of ab+2a*-3b?-4be-ac—c? and 9act+2a* 
ώς 1903. 
7. Find the L.O.M. of 6z° -1103 +52-3 and 9z? —9z2 +5z —2, 
8. Resolve into factors 

(a — by (b- dca) +(b= oc aYa 5) (c— αγία +b) (ra. 
TII 


1. Expand [z+ 3)’ in a series of descending powers of g. 


2. Show that (a-b--c)* —a? — 0° —c? —3(a - b(b-- c)(c-- a). 
Henoe, prove that ЕЗЙ 
(а+у+)%—(у+а-х)% —(а+ш- у)%-(ж+ y 2) =94шул. 
3. Find the value of a*— δὲ +с5 --3abc, when αξ- 4918, b=1'2345 
and c= "8067. 
^4. Show that (z—a)*(b—c)-- (c — 5)*(c— a) *- (z —c)*(a — δ) 
5. Find the H.O.F. and L.C.M. of атон 2 
- 62° – 952° +932: —6, 913-159 and 6z2 —7z+9. 
6. Find the H.C.F. of 2° 1119-19 and 254-1123 +54. 
аЗ(Ь+с b*(c--a 3(g.4- 
% ο μας 2 *ü- 299+ = o 2 


8. Show that a*(b*—c*)- b*(c$—a2)4- -p tly divi- 
sible by each of b—c, c— ЫЯ аат 
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IV EX 
1. Ifa+b=9,ab=7,fnd the value of а5+ 55, 


2. Resolve 2(a°+b°)—abla? +b2)(Qab—3a* + 3b?) into five factors. 
3. Find the value of a?--b5--c?—3abe, when a=2658, b=2664 
and c=2678. 
4. If z=b+c-a, у=с+а-Ь and z=a+b-oe, prove that z°+#° 
t 23 — 8zyz = 4(a + b° +c? —3abe). 
2 2 
5. Find the value of Sa tbe nd » when т= P^ i b and y= $ 5 5 
6. Show that 8(a-4-b4c)* —(a-- b)? — (2+0) - (cr a)? 
=8(да+Ь+ c)(a-- 9b c)((a-- b+ 2c). 
7. Find the L.C.M. of z?-3ry-10y?, z*--9zy—35y* and z*—8cy 


+1502 ; and resolve into simple factors the quotient when the L.O.M. 
of the above expressions is divided by their H.O.F. 


8. Find, without direct substitution, the value of ο” - 180" 1 4Τα7 
—31z* +19: — 60, when 2=15. 


у 
ШШ MR. у= (о and z= ©—®› show that 
: m-c m-a m-b 
ztytztzyz-0. 
8 3 3 3 
2 Ἡ 94922548, prove that ® + 95 = 03 +45, 


: (z aX - b), а? ab δ) r 
8. Find the value of (zac) whenz di 


— ay (z - o) 
4. It e= 275, show that the value of (а-а) (0-0) 
atc a 


4ac . 
+0 taty 18 


the same for all values of a and c. * 
5. Resolve the following into factors : 
(i) 62*--43a*b — 56a? b* + 43ab* + 6b* ; 
(ii) 19” — 372? -- 45x? — 377 119; 
(iii) abz* +(ас+ Ь®)х% + (Qab + bc)z? + (ac + b*)x + ab. 
6. Show that (z--y)* — (y--2)* (2—1) =З(ш + у)(у + 2 2). 
7. Find the H.C.F. οἵ; 
(i) 29 — (a-- p)? + (q + ap)e ад and αὖ t az? —3a?z * a? ; 
(ii) zè- y? — 23 — Bayz and z? 9zy +y? —2zz +yz  z*. 


\ 8. Show that, if a rational and integral expression in z vanishes 
when ‘a’ is put for z the expression contains х — a as a factor. 
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VI 


1. Show that (a? —a+1)(b—c) + (2 = b+ 1N(e-a) +(c? — c + 1Y(a - Б) 
(a? — a 4-152 — c2) - (D2 — 5-- 1)(c* — a?) + (c? — c + 1)(a? – 0%). 


ab ca =0 
2. Show that (e=) T (z— Manat са) 
Яе: 1 
when >= 3\a «3 at 1). 
8. Prove that πε να when ο 


4. Express (z*-y?--2?- 9zy)* – 9(z y)? 2? ‘as the sum of two 
perfect squares. 


2,2 
2,2 
ον USE eps οὔ. .8 z n 
5. Simplify T TOI +(a+y +2) 


y z] uz zæ ту 
6. Find the H.C.F. of 
(i) αὖ + (бт 3)? + 3m(2m — 5)z — 18m* 
and z? + (m —3)z? —m(9m + 3)z + 6m? ; 
(ii) 102° — 542 +87z — 45 and δα" — 3623 + 872* — 90x +54. 
7. Find the H.C.F. and L.C.M. of 
9z*--z? —97* +8z—9 and 9z* — 722-112? — 8z 4-9. 
8. Show, without actual division, that z55—g5^ is divisible by 
$—y; and that the remainder when it is divided by z+ y is -2y**. 
VII 
1.' Divide the continued product of 1--z--y, 1—2--y, 1+a-y and | 
z-y-1bylt92zy-2?-y?. 
Ук bo[z — a) ca(r-b). , ab(r—c) | | 
2. Simplify CCD + (b—aYb-o)* EST QU [ C. U. 1896 1 
8. Prove that 9((b--c—2a)*--(c-- a — 9D)* - (a- b —9c)*] 
: =Í(b+c-9a)2+(c+a-9b)2+(a+b—2c)%]. 


4. Reduce the following 6ο their lowest terms : 


ο ος mls 
UP Otero” l-zt2? 1+@ 
atb а+ ^ 1+@+т# 1-2, 
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‚5, Express 412° —60zy--104y* in the form of (pe + qy)* + 4(qz — py)’, 
finding the numerical values of p and q. 


6. Find the H.C.F. and L.O.M. of ° 

6z° —17z° +11z—2 and 122° — 42? — 801. 
7. Show that m-n is a factor of 

(a +b)(m? +n?) + am(n — 8m) + bn(m — Зп). + = 
For what value of а is œ? +5æ +a divisible by 2-3? 

8. Show that the last digit in 3?^*!.-9?^** jg 5, if n be any 
positive integer. [ M. M. 1868 ] 
VIII 

1. Show that š 
(a—b)(e—a)(e—b)+(b— Y Ь)(ж-— с) + (о- α)(α-- e) — а) 
= (a— bb — c)(a — c). 
2. Show that 4(a? -ab-- b?)* — (a — D)*(a + 95)*(2a +b)? $ 
=27a*b*(a+b)?. [ M. М. 1888] 
8. If2s=a+b+c, show that 16s(s -- а)(з — b)(s — c) : 
=2a*h? --9a?c? +2b%c? — at — b* — ot, [C. U. 1867] 
4. Resolve into factors 
(a3 — 53)? + (c? — 4®)# — (a -b)*(c — d)? — (a-b)? le +d)’. 
| EM: М. 1876] 
(y — zy +2) + (а—- oem)? (2—1 (pu. 
yt zy - г)® + za) -a)* t ct v) -u Р 
[ M. M. 1892 ; B. М. 1888] 


Ге 2- yitee . αὖ : 
6. Simply Giana) yrau- σαν 15.0. 18051 


5. Simplify 


7. Show that 2*" — 1 is divisible by 15, if n be a positive integer. 
[ M. M. 1875] 
8. Find the H. C. F. and L. C. M. of 
2* ορ” +1, αὐ  z* — 2? — 1 and z* - 1. [ C. U. 1869] 


“ 


CHAPTER XXVI 
SIMPLE EQUATIONS AND PROBLEMS 


I. Simple Equations 


172. We have already explained the process of solving easy 
Simple equations in Chapters V and XVII and shall now consider the 
subject more fully, Е 


š 173. Solution of equations facilitated by suitable transposi- 
tion and combination of terms. ' 


` 


The following are typical examples. 
Example 1. Solve 4(z4- 1)#+9(ж+29)® =13(z + 3)2. 
Simplifying the sides, we have 
0° + 2x +1) -9(2* +4ш 4-4) - 19(2? +6z+9), 
“or, 1802 +442 +40=13z% +782 +117, 
or, 180° +440 —13z* —78z —117 — 40, [ transposing ] 
de, -Мш=Т7; .'. α-----οφ. 
Example 2. Solve (α-- 9) +(z—6)° +(z —10)° = 3(z —9)(z — 6)(z — 10). 
Transposing, "We have 
i (z-9)*--(z —6)* -(z—10)* —3(z— 2) (x —6)(ж— 10)=0, 
or, — $(-2)-(z-6)*(—10)liG --θ)--(α-- 10)? 
+{@-10)— (ш—9)}°+{(ш—9)—(ш-6в)}#]=0, 
'— [taetorising the left side by Art. 134] 
or, . 3(%:—18){(10—-6)#+(—10+9)#+(—9-+в)з} =0; 
or  $3(3z-18)96-0; ~. 3z-18-0, or σ-6. 
174. Fractional Equations. 


72-11 819-41 Ταϑ-ᾳ 
Example 1. Solve 6 24 BG 4T 


By transposition, wo have 
725-4 310-41 72-11 = (810-41) — (Ə8z—44) _ 3(2+1) _ z+1, 
1562—47 24 6 24 8 


- 


4 
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Multiplying both sides by 8(56z —47), we have 
8(7a* — 4) = (x + 1)(56z — 47), 


or, 5607—32=5609+92-47; ` J^. —88-9x-4T. 
Hence,  9z—-382447-15; .. 2—3$-1$. 
Example 2. Solve S P leeti 38 ες 
By transposition, we have 
18514} 98 _95-ы, о. 256 ὅο-9 
ϑα 9 ctl 2+1 ' 9zt29 ctl 


Hence, (α--δἑ)(α 11) -(ἑα- 9)(8ω 1-3), 
or, αἳ -(4{)α-δ{-α"-(δἑ)ο-4. 
Hence, (5$—4%)х=5%—4, 
or, #sz=1$=8; ~, w= Ex AF=Al=38, 


Example 3. Solve — 
x 8 εδ Br? 3 [pated 5. 
Since, 773 PET. τσκ we have 9+6 2139'z48 
25, 
2-6 


: TE Boe OL LOU 
Hence, by transposition, Boo 238723 
"ΠΗΓΕΣ; 
* (z—3)z-3) (ω1-δία--θ) 
Multiplying both sides by z+3, and dividing by 155. 
AS MD. 
we have προ 
Hence, α-6--ϑίο-9); 
m5 43-19, or z=3. 
Example 4. Solve στη ΞΕ 
8 9 κε καεί 
Wehave 3, 1*8: 17541 atl 
Hence, [24-54 --e [ by transposition ] 


dame WV «ШЙ o 
en (àr-1 z41) Gz-1(c41) ^ 


1 Hi 
Hence, Эй" vii 0. 
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Multiplying both sides by (2z — 1)(9z —1), we have 
‚_ (82-1)+(22-1)=0, 
Therefore, 52-9, or, 2=#. 


τ а—с , b-c _а+-—9с. 
Example 5. Solve bro дата" atit 


a-c , b-c _(a~c)+(b-c)__a-c Бо; 
We have biz Wate atbtz atbtz atbtc 
` Hence, by transposition, 


ο το οσα E 


a-b , a-b 
οσο 0-0 базу ҮЗ (ТОТУ 
ao bo. 
Hence, ie E. 
(a-c)(Qa+«)=(b-c)(2b+2) ; 
αἷία-- c) - (b— c)) - 9b(b — c) - 2a(a — c), 
or . a(a—D)-9(5* —a2) 9«(b— a) 
£9(b- aY(b- a-— c) 
-9[α- Ὀλο--α-- 0) ; 
`. s-9(c—a- 0). 


EXERCISE 92 
Solve the following equations : 
1. 3-1?-4(7-3)?-7(049). 2, (x - a) 5) = (c— a - Dy. 
3. (z—a)* (x - b? +(ш-с)® - ία -ae 500-0), i 
4. ο ο (s ρα 
Ы 982-78 _ 1429 185-16, 


or, 


3 152-9 : 
в. 997-159 195-99 172-47 1. 917-21, 947-93 18.39, 
3 35 атта 85x – 138 8 
6, 1172-96, 162-77 18514. 84 


185 “92-10 15 "97 
Ge=Th 5 ,14+16c_ 4, 198-Br, 
рш tt og сг 
2etBl 130-2, z 7r 0+16, 
10. 2581 1/2-82*3 719- 36 
11, S73» 7-95 143p 9-94. 
` 105 Me- 21 6 
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eee 2 А 16 

19, d ын абра nt бл, 
2-1 @+7 Te- 9 18. B3ri4) "23 3z+4 

и сут CDM i 
32-5 "4z-7) disco) 42-7 


15. ЗВЕНИТ μις ГЕШ RUPEE 
19(147-19) 90132-14) l4z-19 132-14 


16 E: 3l- 95 „49-22, 
2-1 19-1 190-11 92-1 
17, 0Dex19H kie. a- uns, (19z— m 


Qa +5 ot + 20748 
1s, (9802—38 ΚΝ etja н>, —99. 
° dn+7 ^ 803 &r*99 ' 4r 
EI μη 48.3 eee. 
19. z—i*z-3^7s-8 eri tet 1033 
өз, AUI a Ne Та аы LP 
* 3830+11 3=+17 8т+5 ^^" 5at+7 5r+13 5z+13 5z+19 
` 
m, 8 P παν 
Ərz+17 01-99 9л+95 Ww+33 
ο AE n d 10:795 О N 
М. s mtm &т+5 0 25 προ бт+19 6z+7 
9 ct PANI Ma, ον Ch Re rs 
26. απο mro B-m. e ür-b ®+8 $r-5 
Өх XE g - 9. 21:20. бй 
38. 3-4 dtl 2+7 39. 35-8 4z-19 2+9 
atb. a , b, а? ο be ar, 
90. 2-с 22508-5 1 31. a= ben ate 
mia γα) πα). b-c Lab ἄ-ο, 
30. σερ * στα =m+n. s 88. Sfat stb ate 
gy, 20-8 _ 2b-Ba δία-δ), 1 2 Шү» ae 


z-a+b zta-b mtatb ° α-θα Έρεβαα- -θα 2-0 
175. Solution of fractional equations facilitated by the 
division of each numerator by its denominator. 
2+1 2+9 99r 80, 
Example 1. Solve 2214291218: 


(z-1)*2 , (z— =2)+4_ aus- 18)+66, 
We have i PEDE 112-18 


4 66, 

ΟΥ, ETT 
: EDS ЕСУ Ж GO 
gr z-l'z-9 llz-18 


ty 
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Henoe, by transposition, 


p ον ЖЫР. ο $. 
* g-1 112-18 15-18 «-2 


τν dM es. ng σος 
о, — (z-1Xiz-18)- (lz-18)5-3) 


EE HET ολων 
Therefore —— 177-3 


ου, 72-14-82-8, 7. ς-θ. 

= E 407 -8α 111 45” Für 6, 
Example2. Solve 35-1 TES E 
We have 


(473 — 1)-8 , ϑα(ϑα-1) 9(37—1)*-9 _ 4а(а+1)-(а+1)+7, 
22-1 32-1 ctl 
8 st TR ae ERE 

or, {+1+8 Ú+ fos- 2+s- ig IFFI 

ARE Ды ТУ 
Henoo ος 1 * 8; -17 στι 
For the subsequent part a the solution the student is referred to 
example 4 worked out in Art. 174 


12-55 ,90-17_62-T1 , 32-14, 
Example 3. Solve WO IQ шс 1а * z- =5 


We have 
12—871. Җв-9)+1_ θία--19)3-1, ϑία -δ)Ε1, 
2-8 72079 2-18 2-5 


‚ог, tig ij- >ы үт bs: 


1 1 1 1 


'*os-8'z-9 0-12 2-5 
Hence, by transposition, 
CEES d мылын 95 
£-8 2-5 -12 z-9 
e 3 a 3 ; 
' (@—-8)@-5) (z-—19)(z-9) 
з ϱ--θίᾳ-- 5) — (x — 19) — 9), 
or, αὖ —13z--40—2? — 9191108; 
` 8л=68, or, '7-81. - 
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EXERCISE 93 - 
Solve the following equations : + 
1 2z— 1, 32-4 527-12 9 9911 45135 6r- 10 
Gal ο οσοι "uta "ort6* 5-3 
957-40 "r9, 62-1 qu sunm. 
3s les) fet ue ce Delo 3 
g 
2*3 
5. 8+ — J. [ See Ex. 3 worked out in Art. 168 ] 
8+ 8 
δε ες 
1 __9х+Т, 15r-7,4r*9, 8*1 
eb LE 7. δρα 142-8 9л-1 
1+2 
6, 47-7 ,.152+11.192+1. g 4α5-4α5 +82+1 _ 922 +92+1, 
" 4mt6 52+7 8σ14 9ο {9058 2+1 
10. 1903 - 167? 997 —1 42? t 20r — 4: 
р 32 +42+8 И 
т%ї—-ш+1, ot- wti 
zs Γ ο M 2-9 +22 3 
12 2*-9c*—ot1. 9r*-4mTl. 
NETZ 2 2-9 2-8 
13 —Se+7 622 {90191 _ 372 {Βα ΕΤ, 
x E 1 3z+1 2+8 
8-9ᾳ 5 +22 4g? —9 


M. жар Τερο l TF Ga a 
2z— EUIS 32-90. α- =3, 42-19; 


m 229+ 2-7 z-4* 225 
Sr edet TS -2z C a 


ὅ-θ6α 991 81- їй дк Ка 

0-1 248. 85-7 τὸ 

z*-9r48,2*—15 ασ 11σ 111 αὖ --4α-90, s 
2+9 2—4 BESS РУ СУС ЕЕ 
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` 2r*ll 9r-9  4z-13 15r-47. 
κ 73-4. 213. 82-10 [ 0. U. 1860] 


99, £-23,2-922-1,2-4 "[O. U. 1887] | 
176. Miscellaneous Examples. 


Babe, a?*b* , (Qa-b)b?r _ ba, 
Example 1. Solve БҮР ος ЛЫ + ala το 8ου + 


By transposition, y. have 4 
= g+ (a т b) bs)" ze + 2x roo } 
bf , _Qa+b)b 
КИЕ 
X z[ + a (a т (a +b). utm) Š 
{ 


ταβο + ba) 


ab 
Therefore x= PUB 


от? P+ brc. az tb. 
Example 2. Solve рх#+ат+т ρα κα 
We have alan+b)+o_ax+b 


a(pr*q)*tr potq 


Hence, putting m for az +b and n for pz +q, we have 


moto т; 
netr n 
εν ттш+сп=тт@+т%®; S. стт, 
or, e(pz-g)-r(azb); ~. a(cp-ar)-br—-cq; 
а se DR cg, 
cp-ar 


Example 3. Solve (z—2a)*--(x—95)* -9(z — a — b)*. 
"By transposition, we have 
(z-2a)* -(z -a— b - (x —a— 8)? — (x —9by*. 
Putting X for z—2a, Y for z 92b, and Z for z—a-— b, 
we have Xs — Z° =Z*-— Y°, 
or, (X-Z)X*-XZ + Z°)=(Z- Y)XZ° + ZY+ Y?). 
But, X— Z= Z — Y, because each of them=b—a ; 
uU X° +XZ+Z°=Z°*+ZY+ ҮЗ. 


. 
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Henoe, by transposition," x:-y?-Z(Y- x) 
Removing the common factors X- Y, which : =2b- 2a, 
we have X+Y=-Z, 
$e, (2—94) +(2-9)= —(ш-а-Ь). 
Hence, '82=3(0+5), and .. z-atb. 


I στα (Βστατο 
Example 4. Βοῖνο ZEB rrbi з). 


ατα. (m b)* (a— δ) 14:55, 


Bince TED 2+6 
а 9rtatc, (9m btc)*(a— b) 44 a-b 
and Ontbt+c Qrtbtc Təz+b+o 


_ 2 2 
wohave 1+4% =f1+ ο ye Ala ax a D 


στό 9z+b+ce, Əz+b+o (80019) 
Hence, transposing and dividing by a — b, we have 


Donum 1912 ыба 
a+b 9e+b+c (9z+)b+ ce) 


c-b aD» 
95  (ztbQQr-btc) (дт+Ь+с)%' 


6 =p καν 
a+b `9л+Ь+с' 
5 9л(во— δ) + (02-2) = z(a — ϱ)1- δία - D) ; 
A ж(а+Ь-9с)=с®-аЬ; 
4 P2 c?—ab . 
n Gt b—9c 


4. 1989-5 _„ 532-1. = z. 
Example 5, Solve 3 7 (5z-1Xz5) 5r- 3 tS 
2. 19528-5 _ Б(9522—1) | 5(52+1), 
inco,  (Em—1)z5) (z-l)e+5) 2+5 


5 322-1 328-1) 5z*-$, 
ang 3 z*5 σα: «td 

4ш _5(бх+1)_ δσ5- _ 95, Am. 
we have 3 FEET Ξδω- T5158 +3 


Hence, transposing and dividing by 5, we have 
z*—-3-(5z1). 
2+5 72-65. 
Hence, z?—5z-1$-2?-(13)z-31$; 
Š (3839-8305; ~. т=її=Өй. 
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2 EXERCISE 94 . 
Solve the following equations : 

Jo 72-85 ` gt4atb,4rtat9b | 
+ ZO atl 7-9. D. qaas zta-b 5. 
з. 3055 4.28. 10541. 46518 304381 
''gt-l 82+3 6т+8 οι m a р, 
p 5418: 31-89 ϱ o 2b α-α 9(a-D)., 
409-9. 82—19 ° " z-a z-b w-la+b) 


* 


z 
‚ &*9a,2—-9a, 4ab ἡ g, (-a)z-b)_ (α-ογα-α), 


|'"'* 9b-m Fo z*—4b* tT SE b 2-0-4 
H 1 92 15000 16059427 
ο. 293019094008 х*+бш+б6 1 2+3 
^40. ata ane i. 3 - 
' atante? a*-azctaz? s(a*-ta*z*-z*) 
11. -2-+2-9.2+1,2-8 


1 ДО ULT Tis 
12. (aqa erai rato T а*—(а—5)* 


v^ 18 322 +52+8 _8х+5. m 5812 +872+7 9038, 
° δοῦ {651139 бт+6 "8702 +1452+11 32+5 


аы 272 
15. а= «ole ат _ a*b 


a-b b τ τα 
‚ 16. (=—93)° + (2-27) =9(:—95)°. 

40-17 98-99 ϐ -£) (25% 2 2-92-2b. 
п. 9 μα. ou gj 18: ze τα 9a 9b 


- 19 zt- (taa ee i 99, (£2) ..2—-2a-b, 
* +10 Qa 94, ° +b] т+а+дЬ 
—177. A simple equation eannot have more than one root. If 
terms containing the unknown quantity be transferred to one side of 
the equation and those involving known quantities to the.other side, 
every simple equation can ultimately be reduced to the form ах= b. 


„Thus, to make the equation true, z must be equal to ° and to 


nothing else. 

Непсе, a simple equation cannot have more than one root. 

Otherwise: Every simple equation, is ultimately reducible to the 
Tori 27 b. Let this equation, if possible, have two different roots 
a and p. 

Thus, we must have aa=b } 

and also ap=b 
Hence, by subtraction, ala- 8)=0. 


y 


кч 
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But this is impossible because a is not "zero and by supposition 
а also is not zero. i н 


Thus, а simple equation cannot have more than one root. 
178. Two exceptions in the solution of a simple equation. 
(1) If a simple equation reduces to the form 

Oxz=0, £e, 0-0. 


Evidently, the equation is identically true and has, therefore, any 
number of roots. x 


Example. The equation 


=Z +4 
2+2 3 + 3 
gives, on transposition, (1—3—3)z—$—2, е 
or, 0xz-0, or, 0=0. 


i The equation is, therefore, an identity апа is true for every value 
of 2, %, 


(2) The equation 


3 9 6 
leads on simplification and transposition to 
(3-1-02-$7$-$, 
or, 0χα-1, or 0-1 which is absurd. 

This equation is, therefore, absurd and has consequently no root. 

Generally, if a simple equation reduces to the form 0x =b, where 
b is not zero, the equation is absurd and cannot, therefore, have ату root. . 

II. Problems leading to Simple Equations 


179. The general process of solving such problems has been 
explained in Chapter XVII. We shall in the present section consider 
a few problems of a harder type than those treated of previously. 


The following examples will serve as further illustrations. 


Example 1. At what time between 1 o'clock and 2 o'clock is there 
exactly one minute-division between the hands of a clock ? 


Suppose it is z minutes past one when the hands are one minute- 
division apart from each other. 


Then, at the required instant the minute-hand is at a distance of 
9 minute-divisions from the 12 o'clock mark ; and since the minute-hand 
moves twelve times as fast as the hour-hand, the hour-hand moyes 


over ud ths of а minute-division whils& the munite-hand moves over 


I—20 


$ 
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@ minute-divisions ; therefore, at the required Шал the hour-hand is 
ata distance of Ís * 2) niinube-divisions from the 12 o'clock mark. 


Hence, as the minute-hand is at the required instant one minute- 
division apart from the hour-hand, we must have 


pee: (5*2) ax. 


„ ; The upper sign being taken when the minute-hand is ahead οἱ 


_ the hour-hand, and the lower when behind it, 


V.  the=5+1=6, or, 4; 
е. α---6δ, or, =#=4. 

Thus, the hands are one minute-division apart at 44r ог 61r minutes 
past one.” 


Example 2. The distance from a place P to another place Q is 
8% miles. Two persons, А and B, start together from P to go to Q, | 


the former by carriage which travels at the rate of 6 miles an hour, 


the latter walking at the rate of 3 miles an hour. If А remains ab 

for 15 minutes, and then returns by the carriage to Р, find where he 

will meet B. [ О. U. 1889] 
Let z miles be the distance of the place of meeting from P. 

a Then during the time that B travels z miles, 4 finishes the 

journey, remains at © for 15 minutes, and then travels back (33 — z) miles. 
Now, the time in which А does all these 


(Eris) hours ; 


amd the time in which В travels z miles— 5 hours 3 


331,1,88-2 α 
БОДО ш, j 
“дг, 7+3+(7—92z)=4m; J. Ge=17; 2. z=98, 


Thus, А will meet В at a distance of 98 miles from P. 


Example 3. A landlord let his farm for £10 a year in money, and 
а corn-rent. When corn sold at 10s. a bushel, he received at the rate of 
10 shillings an aere for his land ; but when it sold at 13s. 6d. a bushel, 
13 shillings an acre. Of how many bushels did the corn-rent consist ? 


Let «=the number of bushels the corn-rent consisted of. 


. Then when corn sold at 10s. a bushel, the annual income was 
£10+ 10x shillings or (200+ 10x) shillings ; hence, as the income in this 
case was at the rate of 10s. an acre, the number of acres must evidently 


+ 
be 20021102, ог, 20 z. 
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In the second case (i.e, when corn sold at 199. 6d. a bushel) the 


annual income amounted to £10-4-(133)z shillings or, 2007318 shillings ; 


but now the income was at the rate of 185. an acre. Hence, the number 


of acres must also be equal to 01212. 
Henee, 20tz- 0-21, 3 i 
or, 5904967400972; -'. α-190, MTS Wes 


ν 


Thus, the corn-rent consisted of 190 bushels. 


Example 4. A hare is eighty of her own leaps before a greyhound ; 
she takes three leaps for every two that he takes, but he covers as much 
ground in one leap as she does intwo. How many leaps will the hare 
have taken before she is caught ? 

Let 32 = ће number of leaps the hare takes. 


time, 

The distance of the place where the hare is caught from the first 
position of the greyhound =(80+3х) leaps of the hare and is also 
72x leaps of the greyhound. 

But, 1 leap of the greyhound being equal to 2 leaps of the hare, 
9 leaps of the greyhound = 49 leaps of the hare, 

.. 80-82-2472; .. c=80. 

Hence, the number of leaps which the hare takes before she is 
caught —3 x 80— 240. 

Example 5. A banker has two kinds of money, silver and gold, 
amd a pieces of silver or b pieces of gold, make up the same sum s. 
Person comes and wishes to be paid the sum s with c pieces of money ; 
how many of each must the banker give him ? 


Let aw=the number of silver pieces required ; 
then c-z= ,, A; » gold „ n 
LI 
The value of one piece of silver= = 
s 


and that of one piece of gold— А 


Hence, since by supposition z pieces of silver and (c2) pieces of 

gold are together equal in value to s, we must have 

EIE oe Aes Er 
scam (c — a). b 


πλην 


; £c 
nds a EE 


Then 27=the number of leaps the greyhound takes in the same 


ñ LAE 
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UM ο δα: 
yaz: Жр a] b L 
yd ΝΤ a(o— b), 
f a= 
К κα, ΤΙ; αἰο-Ὀ) bao), 
ГЫ m ROMERO LT abi 
хіў This, ec-B pieces of silver and δα. pieoes οἱ gold will be 


“ 
' required. `. 


«> Example 6. АВ is a railway 290 miles long, and three trains | 
(Р, Q, В) travel upon it at the rate of 25, 20 and 30 miles per hour | 
respectively; P and Q leave A at 7 A.M. and 8-15 A.M. respectively 
and R leaves В at 10-30 А.М. When and where will P be equidistant 
from Q and 2? 

A а P R B 


Let P, Q, R, as in the figure, be the respective positions of the 
trains at the instant when P is equidistant from Q and R. 


Let this happen z hours after E has left В, i.e., v hours after 
A.M. 


"m d 


^ 1090 


Then, since P left A 8% hours before 10-30 A-M., 16 has evidently 
been travelling for (32 +2) hours up to the instant in question. | 
Hence, clearly АР=(8%+).95 miles, 
and AQ- (21 *2).20 miles ; 
also ВЕ = 302 miles. 
Hence, PQ=AP-AQ + 
={(8}+ x).25—(24 + х).90} miles, 
and PR=AB-AP-BR 
ў —1220 — (34+ 1).25 – 30x} miles. 
^ Bub PQ=PR; 
~. (8b +a),25 — (92 + x).20=220— (93 + 2).95 — 30x ; 
С. 60(8$+2)— (24 + «).20=220 — 30 ; 
=. θῦα-990-115 145-90; 
т=1}. 
^!" Thus, P wil be equally distant from Q and E at 1$ hours after 
10-30 A.M., 4.е., at 12 A.M. 


Also, as P left A at 7 A.M., its distance from A at that instant will 
be 5x25 or, 125 miles. 


$ * 
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Example 7. Two passengers have together 5 cwt. of luggage and ^ 
are charged for the excess above the weight allowed 5s. 2d. and 9s. 10d. 
respectively ; but if the luggage had all belonged to one of them he 
would have been charged 19s. 2d. How much luggage is each passenger 
allowed to carry free of charge? And how much luggage had each 
passenger ? ГС. 0. 1877 ] 


Let zowt.— weight of luggage that each passenger is allowed 
to carry free of charge. А; 


Then, (5з. 9d.) + (95. 10d.) = charge for (5—22) ewt., 


D 15x124, = charge for 1 суф. 


Also, 19s. 9d. = charge for (5—2) owt., 


Тозо - 
fe 5-@® charge for 1 суф. 


15х19. 980. 
Henoe, Dcos SET 

18(5 —2) -23(5 — 22), 
or, 280 =115-90=25 ; 7. s=, 


ie., weight of luggage allowed —38 owt.—38 x 4x 28 Ibs.— 100 Ibs. 
Now, charge for 1 owt = 0 4 = 299 a = Bg d= 66d. 
And since charge for excess luggage of the first passenger=5s. 2d. 
EDS and charge for excess luggage of the second passenger— 98. 10d. 
weight of excess luggage of the first passenger 
=$% owt.=$ x 4x 28 Ibs. =124 Ibs. ; 


and weight of excess luggage of the Second passenger 
-148 owt. =e x 4x 28 Ibs. —236 Ibs. ; 


Непсе, the whole luggage of the firs& passenger 
— (100+ 194) Ibs.=224 Ibs. ; 


and the whole luggage of the second passenger 
= (100 + 236) lbs. = 336 155. 
Example 8. A person buys some tea at 3 shillings a pound and 
Some at 5 shillings a pound ; he wishes to mix them, so that by selling 


the mixture at 3s. 8d. a pound, he may gain 10 per cent. on each pound 
Sold. Find how many pounds of the inferior tea he must mix with each 


Pound of the superior. 


1 
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` 


_ Suppose α lbs. of the inferior {еа are mixed with each pound of 
the superior. 


The price of z lbs. of the inferior tea and one pound of the superior 
= (8a +5) shillings ; 


8556 
+1 


P But by selling the mixture at 335. a pound, he gains 10 per cent. on 
£ ie each pound, i.e., realises 110s., for every 100s., or 155. for every shilling. 
Hence, ^ 3$s.—13 of the cost per pound ; 


gate < 


f the average cost per pound = shillings. 


EET 1.11 8σ1δ. 
38-1) 21 от, 37107 +u 
10(a+1)=3(82 +5) ; 2. α-β, 


Thus, 5 pounds of the inferior tea must be mixed with each pound 
of the superior. 


Example 9. An officer can form his men into a hollow square 
5 deep, and also into a hollow square 6 deep, but the front in the latter 
formation contains 4 men fewer than in the former ; find the number of 
men. [ C. U. 1887] 


[A number of men are said to be arranged in a solid square when they are 
arranged їп parallel rows and the number of rows is equal to the number of men in 
each row. The following diagram, in which 4,, B,, C,, &c., represent men, will 
give the student a correct notion of such arrangement. 


απ OS IDIOT line ELI παν h ani 
ἌΝ OP Ср A Sp aqa yupay dH ЕНУ 


А, B, 0,—D.—E,—F, G, Н, 


A, B, DISSE SS SM С: 


A, Bs Os «D; 6 ey Ἐφ. Gat Hs 


Ac Be б, 


Fe б, Н, 
О ЙЫЛ ος οσο ОШ 


А NCBI Кб ADS EU Ἕν, быз Н» 


The above diagram represents an arrangement in which there are 8 rows, each 
containing 8 men. Thisis a solid square. If the square C,F',F,C, be removed from | 
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inside, the remainder will be a hollow square two deep, having 8 men in the front 
rank. if, however, the square D,E,E,D, be-removed, the remainder will be 
a hollow square three deep, having the same 8 men im the front rank. , to 


Hence, the number of men in a hollow square two deep having v men in 
the front rank-2?—(z—4)!; in one three deepez?—(z—6)'; and во оп; thus, 
the number of men in a hollow square m deep having z men in the front row 
=z3 — (z — 2m)2. ] Кое уар. ως 

Let «=the number of men in the front row of the first arrangement. `x 

Then,z—4-the number of'men in the front row of the second ..' 
arrangement. tay 4 ч 

Hence, the number of men in ће first square $3 

=a*—(x—10)? ә (1) 
and the number of men in the second square 
=(z-4)2—Í(z—4)- 191. 

But the men that form the first square are exaetly those that form 
the second ; 

&? — (r—10)? (x —4)? f(x —4) 19], 

or, 20a — 100 — 24(z — 4) — 144, 

$ 4a =144 +96 -100=140, 


D. 2= 85. 
Henoe, from (1), the total number of men 
= (35)? — (25)? =60 x 10 — 600. 


EXERCISE 95 


1. Find the time between 3 and 4 o'clock, when the two hands of 

a watch are coincident. 
`9, At-what time are the hands of a watch together between 5 and 
6 o'clock ? д [ G. U. 1886] 

3. Find the respective times between 7 and 8 o'clock, when the 
hour and minute hands of a watch are (i) exactly opposite to each other ; 
(ii) at right angles to each other ; (iii) coincident. 

4. What is the first hour after 6 o'clock, at which the two hands of 
a watch are (i) directly opposite, and (ii) at right angles to each other ? 

Б. Two men set ont at the same time to walk, one from AtoB, 
and the other from B to A, a distance of a miles. Тһе, former walks at 
the rate of p miles and the latter at the rate of q miles an hour; at 
what distance from A will they meet ? 

6. Two persons walk at the rate of 5 and 6 miles an hour 
respectively. They set out to meet each other from two places 22 miles 
apart. Having passed each other once, find the place of their second 
meeting, supposing them to continue their journey between the two 
places. Also find the time when the second meeting takes place. 


», А * 


SN 
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7. A man rides one-third of the distance from A to В at the rate 
of a miles per hour and the remainder at the rate of 2b miles per hour. 
Tf he had travelled at a uniform rate of 3c miles per hour, he could have 
ridden from 4 to B and back again in the same time. 


Q cT 
Prove that = z t $ LO. U. 1889] 


_. 8. A and B start to run a race. At the end of 5 minutes, when 

A has run 900 yards and has outstrpped В by 75 yards, he falls ; but 

though he loses ground by the accident, and for the rest of the course 

makes 20 yards a minute less than before, he comes in only half a minute 
_ behind B. How long did the race last ? 


9. A person sets out to walk from a certain town ; but when he has 
accomplished a quarter of his journey, he finds that if he continues at 
` the same pace he will have gone only #ths of the whole distance when 
he ought to be at his destination. He, therefore, increases his speed by 
a mile an hour, and arrives just intime. Find the rate of walking. 


10. А tenant hired his farm for £80 а year in money and a corn 
rent in rice. When rice sold at £1. 5s. a bushel, he paid at the rate of 
£l. 16s. an acre for his land; when it sold at £1. 10s. a bushel, he 

í paid oe rate of £2 an acre. Find the number of bushels of rice in 
e rent. 


11. А footman who contracted for £8 a year and a livery suit, was 
turned away at the end of 7 months and received only £9. 3s. 4d. and his 
livery. What was its value ? 


12. A hare, 50 of her leaps before в greyhound, takes 4 1еарв to the 
greyhound's 3; but 2 of the greyhound's leaps are as much as 8 οἳ the 
hare's. How many leaps must the greyhound take to catch the hare ? 


18. А greyhound spying a hare at a distance of 60 of his own leaps 
from him, pursues her, making 4 leaps for every 5 leaps of the hare ; but 
he passes over as much ground in 3 leaps as the hare does in 4. How 
many leaps did each make during the whole course ? Š 


14. The St. John’s boat is ahead of the Gaius by a distance equi- 
valent to 30 strokes of the former. The Johnians pull 4 strokes to 
8 strokes of the Caius, but 2 of the latter are equivalent to 8 of the former. 
How many strokes must the Caius take to bump the St. John’s boat ? 


„15. A and B find a purse with shillings in it. A takes out two 
shillings and one-sixth of what remains ; then B takes out three shillings 
„and one-sixth of what remains ; and then they find that they have taken 
out equal shares. How many shillings were in the purse, and how many 
did each take ? 


16. A ship sails with a supply of biscuit for 60 days at a daily 
allowance of 1 pound a head ; after being at sea 20 days she encounters 
a storm in which 5 men are washed overboard and damage sustained, 


» i e 
| x 
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that will cause a delay of 24days; and it is found that each man's ` 


allowance must be reduced to $ths of a pound. Find the original 
number of the erew. y^ d 1 


11. If 191bs. of gold weigh 18 165. in water, and 10 Ibs. of silver 
weigh 9 lbs. in water, find the quantity of gold and silver in a mass o 
gold and silver weighing 106 Ibs. in air and 99 lbs. in water, 


18. A person rows from Cambridge to Ely, a distance of 20 miles 


and back again in 10 hours, the stream flowing uniformly in the Same. 


direction all the time; and he finds that he can row 2 miles against 
the stream in the same time that he rows 3 miles with it, Find the 


time of his going and returning. 


19. A person passed th of his age in childhood, {th in youth, 
#th+5 years in matrimony; ће had then a son, whom he survived 
4 years, and who reached only one-half the age of hisfather. Find the 


son's age when he died. 


20. There are two bars of metal, the first containing 14 oz. of 
silver and 6 of tin, the second containing 8 of silver and 12 of tin. How 
much must be taken from each to form a bar of 20 oz. containing equal 
weights of silyer and tin ? 


21. Divide £607. 1s. 8d. into two sums, such that the simple interest 
of the greater sum for two years, at 3% per cent, shall exceed that of 
the less for 2$ years, at 3t per cent. by £18. 16s. 


99, To remove four articles of furniture, I required for the 186 
article two coolies, for the 2nd three, for the 3rd four, and for the 4th 
five. After giving the Ist set of men one group of pice,'and one pice 
more, to the 2nd set an equal group and four pice more, to the 8rd 
an equal group and five pice more and to the 4th an equal group and 
nine pice more. I found that each man of the 8rd and 4th sets had 
received the same number of pice. How many pice were there in each 
group; how many pice did each man receive, and how many pice did I 


distribute ? 
93. Fifteen current guineas should weigh 4 ounces ; but a parcel of 


light gold being weighed and counted, was found to contain 9 more | 


guineas than was supposed from the weight; and a part of the whole 
exceeding the half by 10 guineas and a half, was found to be 14 oz. 
deficient in weight. What was the number of guineas in the parcel ? 


94. A silversmith received in payment for a certain weight of 
wrought plate, the price of which was £10, the same weight of 
unwrought plate, and £3. 155. pesides. At another time he exchanged 
12 ол. of wrought plate of the same workmanship as before for 8 oz. 
of unwrought (for which he allowed the same price as before), and 
499, 16s. in money. What was the price of wrought plate per ounce, and ` 


the weight of the first sold ? i 


4 95. Two passengers are charged for excess of luggage 9з. 104. and 
Ts. 6d, respectively ; had the luggage all belonged to one of them, he 
would have been eharged for excess 14s. 6d. ; how much would they have 
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been charged if none had been allowed free ? 


96. How many bundles of hay, at Rs. 5. тег thousand, must 
a ghaswalla mix with 5600 bundles at Rs. 6 per thousand, in order that 
he may gain 20 per cent. by selling the whole at 11as. per oed 18751 


~ 27.- А boy buys а certain number of oranges at 3 for 9d. and 
one-third of that number at 2 for 14. ; at what price must he sell them 
to got 90 per cent. profit; if his profit be 5s. 4d., find the number 
bought. s: [ C. U. 1885] 


28. From each of a number of foreign gold coins a person filed 
а fifth part, and had passed two-thirds of them, when the rest were seized 
as light coins except one, with which the man decamped, having lost 
upon the whole half as much as he had gained before. How many coins 
were there at first ? 


.29. Find a number of three digits, each greater by unity than that 
which follows it, so that its. excess above one-fourth of the number 
formed by inverting the digits shall be 36 times the sum of the digits. 


i 30. A number of troops being formed intoa solid square, it was 

` found there were 60 over; but when formed into a column with 5 men 

more in front than before and 8 less in depth, there was just one man 
wanting to complete it. Find the number. 


91. An officer can form the men of his regiment into a hollow 
square 10 deep. The number of men in the regiment is 2800. Find the 
number of men in the front of the hollow square. 


92. A company of men is formed into a hollow square 4 deep ànd .. 
also into a hollow square 8 deep; the front in the latter formation — 
contains 19 men fewer than that in the former formation; find the ` 
number of men. 


‚88. А detachment from an army was marching in regular column 
with 5 men more in depth than in front ; but upon the enemy coming in 
sight, the front was increased by 845 men ; and by this movement the 
ырш was drawn up in five lines. Find the number of men in the 

ment, 


E 
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ОНАРТЕВ XXVII 
HARDER SIMULTANEOUS EQUATIONS AND PROBLEMS 


У 180. The process of solving easy simultaneous equations in two 
variables has already been explained in Chapter XVIII, We propose 
now to consider the subject more fully. М 


181. Method of Cross Multiplication. i 
Tf aye t b4y +с12=0, and dot + dey 09270, T to prove that 
m y τὰ, z È 
bıCa— Бабу 0102 — Cada абз — daba 
Multiplying the 1st equation by c, and the 2nd by οι, we have 
абат + 6.80 + 1092 — 0, 
and aəcim- decry 09012 70. 


Hence, by subtraction, 
(cxa2— саал)х + (bees — bics)y Ξ0, 
(czas зал) = (b102 — Баса) 5 
ο ται ιο S cd 
Again, multiplying the 186 equation by аг, and the 9nd by аз, 
we have j 


arase + Буба} +61422=0, 
and агауй2+Әгау +C2012=0. 
Hence, by subtraction, 
(arba —aabı)y + (esa: —0309)2—0; 
n s larba- asb1)U = (суаз = с201)2; 


y = z É. АУ, P 9 
010а — 0201 аба — азі 8 


+ It is necessary to point out to the student the notation here used. The 
letter a, is as different from a, as c js from d, or as any letter of the alphabet from 
any other; а similar remark applies to the pairs of letters (δι, ba) and (οι, са). 
But it is very convenient as an aid to memory to use the same letter with different 
suffixes to denote-corresponding coefficients in different equations; thus, whilst 
a, denotes the coefficient of z in the 1st equation ; a, denotes the coefficient of € 
in the 2nd equation ; and precisely а similar meaning is attached to the letters bı, 
b, and c,, c,. Sometimes, however, letters with accents serve the same purpose; 
thus, if a, b, c denote the coefficients of z, y, 2 in one equation the corresponding 
coefficients in a second equation are denoted by a’, b', οἱ; in а third equation by 
a", b, c ; and so on. 

« 
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Hence, from (1) and (2), 
c - PEL £ М 
bica — 0561 бүйз—бзйу ἄιδο”-- obi 
Note. This result can be easily remembered ; writing down the equations one 
above the other, 
a,2+b y+e.2=0 
аз=2+,0+0с,2=0 
(i) the quantity under х= coefficient оў y in the Ist equation x coefficient of 2 
in the 2nd minus coefficient of y in the 2nd x coefficient of 5 in the Ist ; С 
lii) the quantity under y=coeficient of 2 in the Ist equation x coefficient of 2 
in the 2nd minus coefficient of z in the 2nd x coefficient of x in the Ist ; 
1 (iti) the quantity under s= coefficient of z in the Ist equation x coefficient οἱ y 
in the 2nd minus coefficient of z in the 2nd x coefficient of y in the Ist. 


} we find that 


Cor. Inthe above equations, if we put z=1, we have 
g = y - 1 , 
διθα-δασι C162 — 6901 0102 — азб 
which gives the solution of the equations 
038 by +c =0 } 
and age+bey+ce=0 
‚ Note. The above results should be thoroughly committed to memory, as ready 
applications of them will enable the student to solve with neatness not only simple 
equations, involving two unknown quantities, but also a certain class of equations 
involving three unknown quantities. The following examples are intended for 
illustration. 
Example 1. Solve ὃσ-- ὄψ --9--0 } 
TN 5r-3y-1-0 
Here 41-8, ὅι---δ, а= 9; 
аз=5, ba=-3, cə=-1. 
Henoe, we must have 


а $ y - 1 Ў 

(-58(-2-(-3)9 9x5-(-1.3 8(-3)-5(-5) 

go Im Eo qp 
5-97 45-8 —9+95 0° 33748 16. 

ste 2—12$—9, and y—1$- 3. 

Thus, we have 2=9, and y=3. 

Example 2. Solve -7z48y- 9  -- o 
w B5r-4y--3 = (2) 

From (1), p c 

From (2),  5r-4y43-0 


Hence, 


or, 


Z, = y = 1 , 
8x3-(-4(-9) (-9)5-3(-7) (-7(-4)-5x8 
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ΟΥ 5 y ity 
> 24-386 -45*91 98—40 

За eee š 
oy -27-4 -13 

12 - 


Thus, we have z=1, and y=2. 
Example 3. Solve 


(2+7) 3)+7=(0+3)(2-1)+5 ~ oi 
δα-11ν 185 -0 Tf ay / 
[ C. U. 1888] 
From (1), ay Ty - 32-147 2y t 82 — y +2. 
6a -8y +16=0; 
J. το epu 
also ба—11у+85=0 


Hence, z £ — = 
(=4).35-(-11)8 8x5-35x 3 3(-1)-5(-4 
: 1 


x io age ay EA ; 
А =140+88 40-105 -38+20 
jm go. ντο. 
Oba CREE D 
Hence, 2-4, and y=5. 7 
Example 4. Solve 2¢-3y+4z= 0 (1) ds Ж 
To +2y-62= 0- (2) HC ЖА 
4х+Зу+ z= 87--- (3) 


From (1) and (2), we have, 


@ TF y = z Ў 
(2306) =9х4 4x7-(-0)2 3x8-T7(-9) 


Vos DAL б, 
Мо а Bc 5 


Now, let Ё denote the common value of these fractions which is 
at present unknown. ; 


Then, we have 5 - 5 = i: -k. 
ασ], y=8h, z=5k. сс cU (4) 


Substituting thes? values of a, y, z in (8), we have 
k(8+94+5)=37, 
or, 375-231 ; .. k-1l. 

Hence, from (4), 2=2 y=8, and 2=5. 


818 
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Tr^ z=6y --: (2) 
Set+6y—4z2=24 ++ (8) 


mi ccc 
Tæ—-6y+ z=0 


Example 5. Solve s+6y=5z -- 0) 


From (1), 
From (9), 


" 2 y E 8 2 
Hence, Gy 1- (84-8) (7831 - 1x17 τς -τκᾶ 


б” z 
or, = =— z 
or, Ezra 


[ Multiplying each fraction by -12 ] 
Supposing each of these fractions = k, we have 
m=9k, y — 9k, z—Ak. 
Substituting these values of z, y, z in (3), we have 
(10 + 18-16) —24, 
12k =24 ; k=2. 
Hence, from (4), α--4, y —6, and z=8. 
EXERCISE 96 
Solve tho following equations : 


(4) 


or, 


2. 32-5у+ 9 


1. 2z78y-8 = at 
Ba-4y+5 = 0 
8. 40-5у+8 = 0 
92-8у+6 = 
5. 62—7/+18 
—-Tæ+4y +11 
9.-62+5у+9 
182 -9у 


11. –122+17у+16 
92—13y 
Ίπτα-τη Ξ59 
3r -9y 
[ From the 2nd equation 
3—$-k (suppose) ] 


18. 


10. 


4.-82+9у+9 = 
5z-3y-5 = 
6. 72-8y 
5r- 3y 
8.-7=+5у+11 = 
82-5у = 
82-70 = 
102-90 = 2 
12. 142-11у+18= 
liz- Ту+1 = 
92+5у = 
Ta = 8y 


rug 
5rt2y-16 = 0 
0 

0 


14. 
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15. 15=+7у н Zo 16. 92 = “у 
9z =4y 10x+23y-287= 0 
17. 42-3у = 0 | 18. 4c-'ly =e ү} 
7z—lly+92 = 0 107z-9y-102 = 0 
19. 132—19у+15 = 0 ) 20. llz—10y+82 = m 
85 — Ty = 0 14α-- 9y = 0 
91. d(c-9)ti(r-y)-59 4r By 
52 33y πο] © τν 
πρ 
38. y(8*2)—a(7-- y) 4y—6 ү” 
42+9 Bey 34. στη 5 | 
8-5 Mi ` 
y-z c 
25. (a+ My tlet Nya } : 
2a +10 =3y+1 
26. 4z-5y+2z = o} 27. 5a+6y+ 8z= 0 
9х-Ту+4г = 0 З2+4у+ 6z= 0 | 
vt ytz-6 æ+5y+16z= 8 
28. 2r-7y+11z= o} 99. 7т+8у— 8z= 0 
62-8у+ 72= 0 δω-πν 82= ol: ' 
Эл+4у+ 5z=35 3w+5y+ Te-04) ' 
30. z-2yt z =0 31. 2(42+9у) =7(2y +2) \' 
92-8у+32 = | 7(с+9у) =8ly +2) 
308) -δε =36 Зл +4y 452-88 
ΓΟ. U. 1887] 
32. 4le+y) -8(2z— y) 
(c —9y) —3(2y — 32) 
elz —2) + (y — 3) - 8(z — 4) =67 
88. 5a=2y, Ty= 52 } 84. 152= 10у = e 
ἊΝ 4z t Бу +6г=150 Ta 8y 492—382 
35. 42-13у+82=0 
τα 6y—92—0 | 
518.15. 
zt Yy ος 
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182. Equations of the form a4x--b3y--C12—d,a2X +boy+Coz 
= 12, üsX-FDsy-- C327 ds. 
Multiply the first equation by cs and the 2nd by ci; then by 
subtraotion, we have 
аба — as) + (Буса — bac1)y = й: — οι. - (1) 
Similarly, multiplying the first equation by cs and the 3rd by cx, 
we have, 


(ases — азс) + (bcs — bs01)y = discs — 301. - (2) + ἶ 
Now, from (1) and (2), the values of т and y can be at once found 
by cross multiplication. Then substituting the values of z and у thus 
found in any of the given equations, the value of z will be obtained. 
Otherwise; Multiply the 1st equation by ds and the 2nd by di; 
then by subraction, we have 
(arda —asds)g-- (bids — badi)y-(esda —cadi)e-0. --: (а) 
Similarly, multiplying the 1st equation by ds and the 3rd by di, 
ave have 
(aids — asdi)e- (bids — bsdi)yt(eids —csd,)g=0. — (8) 
Now, evidently (а) and (8) together with any one of the given 
equations form a group which can be easily solved by the method 
illustrated in the last article. 
Example 1. Solve 42-3у+9:2=40 --: (1) 
5a+9y-7z=47 - (9) 
9a+8y-32=97 =- (8) 
Multiplying (1) by 7, and (2) by 2, we have 
28a — 21y +142=280 } 
Tand  l10z-18y—14z— 94 
Hence, by addition, 382-3у=374. --- (4) ` 
Again, multiplying (1) by 3, and (3) by 2, we have 
12x- 9y4-62—190 } š 
and  18r--16y—6z—194 
Hence, by addition, 302+7у=314, (5) 
Now, from (4) and (5), we have 
38 3у -374—0 | 
and 30z+7y-314=0 
Hence, 


z M y 2 1 
3x814-7(-374) (-374.30-(-314).38 38x 7-80 — 8) 
or, 


is y ait. 
9499618 —11920--11982 966+90 


mon ανα, 
3560 712 356 
Therefore, z—10, and y—2. 


ot, 
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‚ Substituting these values of z and у in (1), we have 
40-6+22=40, ^ whence 2—3. 

Thus, we have 2=10, y=2, and 2-3. 

Example 2. Solve 2v- 4y+ 92= 28 "'' (1) 
Tat 3y- 5z= 3 = (2) 
9z+10/-1l1z= .4 = (8) 

Multiplying (1) by 3, and (2) by 4, we have 
62-190 +972=84 ) 


and Wa +12y —202=12 
Honce, by addition, 34-12-96. + (4) 
Again, multiplying (2) by 10, and (3) by 3, we have 
$ r (беру оор 
and 972+ 30у —332—12 


Hence, by subtraction, 432-172=18. + (5) 


Now, from (4) and (5), we have 
94r 72—96=0 ) . 
and 48ж—174—18=0 
Hence, 


m p z ta 1 AN 
T(-18-(-174-980) (—96).43—(—18).84 _ 34.(=17)-43%7 


or, 2 =— 5 = 1 , 
› 2196-1682 —4198+619 -578-301 
jussu 9 7 Ie) ^ AN 
{ oen —1758 —8516 -879 
А --1168.. = 3516 __ 
Therefore, c 879 9 απᾶ 2 =879 4. 


Substituting these values of z and 2 in (9), we have 
14+8у—20=8, 
whence 3у=9, and .. y=3. 
Thus, we haye z=2, y=3, and z=4. 
Example 3. Solvel92z+ 9y- 7z=2 = (1) 
Өл-9бу+ 9г=1 -- (2) | 
‘ 980+21y-152=4 = (8) 
Multiplying (2) by 2, we have 
162 —52y +182=9, 
also, 'l9z+ 9y- Tz-2.- (1) x Ë 
Hence, by subtraction, 42—617 +952=0. (4) 
1—21 
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Again, multiplying (1) Ьу 2, we have 
24x t 18y — 142 4, 


. also, 93r91y-152—4. + (3) 
Hence, by subtraction, z-3wu+z=0. -- (5) 
Now,since we have 4a-6ly+25z=0, =- (4) 
and r-3ytz-0. »'' (5) 


"Therefore, by cross multiplication, 


ο 028. 
-61+75 25-4 -12+61 


————— 


. Supposing each of these fractions — k, we have 
2=2k, y=3k, z=Tk. 
Hence, from (1), &(24--97 —49)- 9, 


о,  92k-2; S8 k=l. 
Therefore ^ 2-2, у=8, and z- 7. 
: Р EXERCISE 97 
Solve the following equations : 
1. 9:z-3y + 52 = 11 2. 3z+9y+ 5z= 32 
brt2y — Tz = –19 9л+5Бу+ 3z= 81 
-4σ τὸν  α- ὅ Sz+3y+ I= 27 
ο ου е = р 4. 2x+3y+ 4z= 99 
82+3у – 62 = 1 З2+9у+ ба= а} 
832-40 — y= 1 40+8у+ 2z= 95 
5. 2rt3y + 42 = 16 6. 42-3у+ 9z= 8 
8e+2y — 52 = J З32-4у+ 5z= 6 
9r-6y + 32 = 6 —Gxt+5y+ 7z=- 1 
7. 8s-7y — 02 = . 1 8. т+бу —4z= 5 і 
—Tet+by + ба =- 1 3r-9y 492— 14 Ϊ 
làr-8y -llz= а —102+8у+2= 6 | 
Se [O.U.1867] | 
9. 20+4у + 52 = 49 10. =+3у+ 5z— 10 
3Szt5y + 62 — 64 8a+5y+ 72— и | 
στὸν + 42 = 55 betTy+ 8z= 15 | 


llz-13y- z= Te+6y-122= 16 


11. 19z4 8у-112= – j -12. 5z-4y+9z = 19 
8rt17y-192— — 9 deam. an] 
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18. α- y- а= 18] 14. 9-3)-3s -2 
y+ m+9z= 40 2-82=3у -1 
Az—5r—6y-7 -150 J~ 9rt32-4(0—-9)) . 
[ C. U. 1886] $ 
15. 3т+ду— 5-90 16. 4(y-2)-52—22 
Qn + 3y 62510 | 32+42=6у+ 2 
æ - у+62=41 z-3y=14- 10x 
17. 5a+2y+ z= 30 18. ἐσιὰυ  =12-%z 
1ο {ἐν -Ύσε- (| 4yt+42-te= | 
2g + 5y + 102—199 tatte =10 k 
[ C. U. 1868] 
баъ 3.4.1. πᾳ 
19. tyz ΙΒ 20. Som E oe η 
8.445.719 Tug 
m v*z 24 3c y 2 108 
1459. 56 M ur due 
Της 9, δω ay tz 161 š 
21. 5e+8y= 65 2.1.8 
w- zn] 22. ty 3 Я 
85 +42= 57 3 2.9 
ΓΜ} 
ү! eyo ur 
ate 8 
23. ay+br=c 94. 3e+4/-11= 0 
cæ+az=b ὄν —62 = -8 
betcy=a 72-82-13= 0 
[0. U. 1877] 
25. 3yt2-2- 0 | 
32—4у = r*15 | ГО. U. 1888] 
+72 = 7 А 
183. Miseellaneous Examples. 
acr boe Ebro шү up 
Example 1. Solve L + =1, g Ка кесер τς 


Adding together the given equations, we have 


a,b,c|- a 
o(2+2+8) 85-207; 25 


bye 


б 2-3. S Ea) 


Subtracting the 2nd equation from (a), we have 


Bx „1: 


LE 


m 9. 


2—9a. 


Similarly, we have y=2b and 2-96. 


308 ` 
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Example2. Solve 


f bi Gi) 2-9; Gü) 2-3 
From IG dh ы 15! Sor, Fala a 
» Gh uu Кш, on, 1+1=1. 


8 
% From (4), (5) and (6), by iow we have 
4141 +1)- pud 1+1=1; 
‚ mb μα ας κ e. E 
MT i y i 2 12 
Subtracting (6) from (7), we have 


ΕΠ (5) from (7), we have 

иа ока 5: d iý 

7719-9710} S у= 
Subtracting (4) from (7), we Du 

DIIS ld pares να 

2 12 1 13! адата, 
Example 3. Solvo αγο--α(ψε--εα-αγ) 

= актуу) =о(шу — ya — za), 

Since, zyz—alyz - zz — zy), we have 


der gigi z, (1) [ Dividing both sides by ax aye] 
О Talal oie A 
канчу, we have B7 y ες 
HI SEDET ὋΣ de 
and Goce ye у 
‚ Adding together (2) and (3), we have 
ν΄ qp i bo: Шыр! 
€ be. Be"? T7 Fo 
inii 251, 1 Late, = — 2ca, 
Similarly, ο σα dr MOT 
22.:1,1.atb. = —2ab, 
ane аат b ab * ato 
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Example 4. Solve a+y+z -0 
` (bo) (ct a)y- (α-- b)2—-0 B 
bez + cay + abz Ft 
Sinco, (b+e)z-+(c+a)u+(a+b)z=0 


ani 


ztytz-0 } 


Therefore, by cross multiplication, 


2 e y s z А 
(с+а) (0+0) (0+0) (6+) (6+c)—(c +a) 


Supposing each of these fractions k, we have 
2 (c 0), y— а-о), z=k(b— a). 
Substituting these values of z, y, z in the third equation, we have 
k{belc — b) + ca(a — ο) + ab(b — a)) — 1. 


But 


ba(e—b)+ca(a — ο) - ab(b — а) 


= 000-0) + a*(c — b) - alc? — 03) 
=(c—b){be +a? — a(c +b} 
7 (c ba — ο{α-- Б). 


Thus, k(c—b)(a 


Henoe, 


-c)\(a-db)=1; .`. 


μὲ i. 1 ; 
z-kc-0)- Ya =n 


ie 1 $ 
υ-Μα-ο-[-Ῥ[α-ἢ ; 

a NES 
z=k(b-a)= ο а) 
EXERCISE 98 


Solve the following equations : 


(AA Es ον. зз, Але 
ως 1, uiia , DES 1. 
Li hara ρα σας 
i 2; ποσα, η b, Т с. 
yz Μις 4. agy-c(bz ay) 
8. yz c FEST mty ^ bry =claa — by) 
5. Sry=4(mt+y), 2zz=3(n+z) 5yz=12y +2). 
6. у+2=4, 2+2=6, cty-8. 
7. у+з-т=6, ztz-y-710, xty-z=14. 


i Lats ue 
05а 000—0) 


Р) 


| 


325 


y 


[ ОНАР. 


826 | ALGEBRA MADE EASY 
8. д—4у+2= -10 9. yt+z2-Trt+16=0 
у-—44+т=-—-15 | eta-Ty+24=0 
g-4rty- – 35 aty-Tzt+40=0 
10. a?rtb =2ab(a +b) J 
аш а®+а?Ь+ ab* +b? 
711. 2 + yt 2=4 12. с+у+е =o] 
ax + byt cz=0 | (se ordre nde | 
a*g t b*y 1 οὓρ-0 abu + acy +002 =1 
18. ον 2=0 14. т-ау+а?г=а% 
- my um a—by+b?z=b? 
ap δη m—cy c*z-c? 
15. axt+by+cz Ξ0 
(b--c)c - (c à)y + (α 0)2=0 
» a*m b*y- c?z —a3(b-- c) - b*(c — a) - c*(a — 0)) 


16. Find the condition that the three equations, 
üt tbiy toi =0, dextbaytce=0, asat+bsytcs=0, 
may be consistent. 


17. Find the value of a so that the four equations, 


Qa —3y + 62—18, 3r —y 42-90, 4v 9y —2—5, 
(a+1)x+(a+2)y + (a-- 3)2=76, may be consistent, 
18. 3» -2y- 2 19. 9r-9z24w =41 
5r—7z=11 Ty-52-1 =12 
22+ 3y =39 40-82+9ш= 5 
4y +82=41 3y-4w-- 8t= 7 
72—50 EXE 
20. atyt+z —abt bc ca 
Зе 5 = 
BUS bods 5 


(c — b)e + (a — b)y + (c—a)z=2abe — ab? — 2+ ac? -a?e 


П. Problems producing Simple Equations with 
more than one Unknown Quantity 
184. In this section we shall consider a few problemsgof а harder 
type than those treated of in Chapter XVIII. 
The following examples will serve as illustrations. 


x 
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Example 1. A cask P contains 12 gallons of wine and 18 gallons 
of water, and another cask Q contains 8 gallons of wine and 3 gallons of 
water. How many gallons must be drawn from each -cask so. as 
to produce by their mixture 7 gallons of wine and 7 gallons of water ? 


Out of 30 gallons of the mixture of wine and water in P, there are 
12 gallons of wine; hence, 4 or #ths of the mixture consists of wine, 
and .`. #ths of water. 


Hence, for every gallon drawn from P, there are taken out ths of 
га gallon of wine and $ths of a gallon of water. 


Similarly, for every gallon drawn from Q, there are taken out ths 
of a gallon of wine and #th of a gallon of water. ` 

Let «=the number of gallons to be drawn from Р, 

and y= 5 ” » » ono» bi rms e. 

Then, since z gallons from P contain gx роте of wine and 
x gallons of water, and y gallons from Q contain 47 gallons of wine and 
ἦν gallons of water, .'. inthe now mixture there are ($c +) gallons of 
wine and (Ër + 27) gallons of water. I 

Henee, by the conditions of the problem, 

irtiy-7 + o (1) | 
апа βα11γ-1. : (9) 
. Multiplying (2) by 3, and subtracting (1) from the resulting equa- 
tion, we have 
1т=14; 2. =10. 

Hence, from (9,  y=4(7- 8x 10)=4. 

Thus, 10 gallons must be drawn from P, and 4 gallons from Q. 

Example 2, The fore-wheel of a carriage makes 6 revolutions more 
than the hind-wheel in going 120 yards; if the circumference of the 
fore-wheel be increased by one-fourth of its present size, and the 
circumference of the hind-wheel by one-fifth of its present size, the six 
will be changed to four. Required the circumference of each wheel. 

Let z yards be the cireumference of the fore-wheel, 
and: jM. ade anos d » » hind-wheel. Я 

Then the numbers of revolutions made by the wheels in going 
120. 
4 

When the circumference of the fore-wheel is increased by one- 
fourth, and that of the hind-wheel by one-fifth, the circumferences 
respectively become 


[ει 5] апа (u+ τ) yards, ог, = апа y yards. 


190 yards are respectively m and 
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Therefore, the numbers of revolutions made by the wheels respec 
~ „tively will be 


; 4 190.35 and: d or, 38 апа m. 
Hence, from the conditions of the problem, 
120 190 DUP πο 
ФОУ +6 (1) 
96. 100 Ash acis 
and TT *4 (2) 
Multiplying (1) by 5 and (2) by 6, we have 
600, 600 | 30, 
2 4 
576 _ 600, 5, . 
and ing +94; 
: 24... б in 
by subtraction, viis] εν. @= 4. 


> . Hence, from (1), 20 10 6-94; 219385; : 
Thus, the circumference of the wheels are respectively 4 and 
, 5 yards. 


,,EXample3. A pound of tea and three pounds of sugar cost six 
shillings ; but if sugar were to rise 50 per cent. and tea 10 per cent., 
they would cost seven shillings. Find the price of tea and Sugar. 


. Let 2 shillings be the price of a pound of tea, and y shillings, the 
price of a pound of sugar ; then, we must have 


2+8у=6. cx ss (3) ᾗ 
When the price of tea rises 10 per cent., the price of a pound of | 


tea becomes [z + 10) or, tdz shillings; and the price of sugar rising 


7 50 p. ο., the price of a pound of Sugar becomes [+ z ) от, 3y shillings. 


2 
i ὃν И 4.9 
| Непее, 10° + 3-9 =7. (9) 
Егош (9), ёл +9у=14, 
and from (1), 82+9y=18 ; -. (8-М)шт=4; 
or, S 4 2 oy 2=5. 
Henee, trom (1), y=655= 1- 
Thus, the price of a pound of tea=5s., and that of a pound of 


sugars. —4d. 


pw 
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Example 4. A certain sum of money is to be divided among 
a certain number of men ; if there were 3 men less, each man would have 
£150 more ; but if there were 6 men more, each man would have £120 
less. Find the sum of money and the number of men. 


Let «=the sum of money in pounds, 

and y=the number of men. 

Therefore, each man gets 27 ; if there were 3 men less, each 
would get 2:2. ; and if there were 6 men more, each would get 8 En. 


Hence, from the conditions of the problem, 


vd a in Sen) 
апа ТЕЕ х -190. - (2) ! 
From (1), 150=a(4,- 1) = 3 Mis n=50ly*- Sy) 
From (2), 190=2(4 - L |= „уру; 2. х= 90009 6y). 


Hence, . 50(y*—3y)-90(y? + 6y), : 
or, 30y* — (150 + 190)y =270y ; S. y79. 
2 —20(81--54) — 20 х 135 =2700. 


Thus, there are 9 men and a sum of £2700. 


Example 5. A man has to trayel a certain distance. When he 
has travelled 40 miles, he increases his speed 2 miles per hour. If he 
had travelled with his inereased speed during the whole of his journey, 
he would have arrived 40 minutes earlier; but if he had continued 
at his original speed, he would have arrived 20 minutes later. How. 
far had he to travel ? 

. Letz-the numberof miles the man had to travel; and suppose 
his original speed was y miles an hour. 


Hence, the time actually taken to complete the journey 


_(40,т—40 _80+ 
-(E + A) homs 80420 hours. 


The time he would have taken if he had travelled at the increased 


speed during the whole of his journey = 775 hours. 
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And the time he would have taken if he had travelled all the way 
aft his original speed = y hours. 


Непсе, from the conditions of the problem, ` 


-ᾱ _80+ту _ 2, отау 
y*2 у(у+9) 8 
g _80+ту ‚1. 4-5 к 
EL ЖМ " 
Subtracting (1) from (2), 
ολα. z = aid 
«(1 їз) 1, or 9z-y(y-*9) (3) 
Also, from (2), 3«(y - 9) -3(80-- ey) + (y +2), 
or, 6@-940= y(y 4-9). er = (4) 
Hence, from (3) and (4), 6z — 940— 9, 
or, 4v —940 ; <. m-60. 


Thus, the man had to travel 60 miles. 


Example 6. If there were no accidents, it would take half as long 
to travel the distance from A to B by rail-road as by coach ; but three 
hours being allowed for accidental stoppages by the former, the coach 
will travel the distance all but fifteen miles in the same timo ; if the 
distance were two-thirds as great as it is, and the same time allowed 
for railway stoppages, the coach would take exactly the same time. 
Required the distance. e 


Let z miles be the distance from A to B. 


Suppose the coach travels at the rate of y miles an hour, then 
evidently, the rate of train is 2y miles an hour. 


` , The time in which the train can travel the distance plus 3 hours 
=the time in which the coach travels only (х— 15) miles. 


$3 α--Ίδ. . ' 
Hence, ay*37 070 (1) 
$e, _фт, туе Or, 
апа p oT 7 ог, 3,*378y (2) 
From (9), $^ or, 2—9y. - (8) 
From (1) т+бу=9т—30, or, 6u=z-30. SORS) 
Hence, from (8) and (4), 6y—9y —30, whence y=10 ; 
y апа P 2=9х10=90. 


Then, the required distance —90 miles. 
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Example 7. А boat goes up stream 30 miles and down stream 
44 miles in 10 hours; it also goes up stream 40 miles and down stream 


55 miles in 13 hours ; find the rate of the stream and of the boat. 
[ C. U. 1880] 


Suppose the boat will travel z miles per hour if there were no 
current, and that the current flows at the rate of y miles per hour. 


Then, it is clear that with the current, the boat travels 2+7 miles 
per hour, and against the current, z — miles per hour. 


Honce, the time taken to travel 30 miles up stream = s hours, 


and the time taken to travel 44 miles down stream=, 4, hours ; 


and .'. by the 1st condition of the problem, we must have 
80 , 42 Ss 
аеру 10. (1) 
Similarly, by the 2nd condition, we have 


40 , 05 _ E 
КЕШ СУЫ 18. (2) 


Multiplying (1) by 4, and (2) by 3, we have 


and η ETT. 


Hence, from (1), δν. 10-426; ©.) z-y-b. 
Thus, we have т+у=11 | 
апа -у=б 

Непсе, by addition, 905—160;  .. $—8 } 

and by subtraction, W= 6; -. y-8 

Thus, the rates of the stream and the boat are respectively 3 miles 
and 8 miles per hour. 

Example 8. 4 challanged B to ride а bicycle race of 1040 yards. 
He first gave B, 120 yards’ start, but lost by 5 seconds ; he then gave 

- B, ὅ seconds’ start, and won by 120 feet. How long does each take 

to ride the distance ? ГС. U. 1881] 


Let the times. which А and B take to ride the distance be 
€ seconds and y seconds respectively. 
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Then, the times they take to travel one yard are respectively 
104 and ΠΡ seconds. 
Let PQ represent the given distance, and let PR, SQ on it respec- 
tively represent 120 yards and 120 feet (or, 40 yards). 
R s 
Р Q 
In the first race B is at R, and A at P when they start, but 


"В reaches Q, 5 seconds earlier than А ; therefore, the time taken by B 
to travel RQ=(x—5) seconds. 


Bas = ә Ёс 
Hence, α-δΞ(1Ι040 120)x тоду 
i -(1-d9)y = 880. sno) 
In the second race B starts from P, 5 seconds earlier than 4, but 
arrives a$ S when 4 arrives at Q; therefore, the time taken by B 
_to travel PS=(x+5) seconds. 


= z MH 
Hence, 2+5= (1040 40) х 3045 


=(1-7s)y = 85y. ο) 
Subtracting (1) from (3), we have 
vey =10; <. y=130. 
Hence, from (1), æ=5+88 x130 
=5+115=120. 


` 


Thus, the times required by A and B to ride the distance are 
‚ respectively 2 minutes, and 2 minutes 10 seconds. 


Example 9. If the sum of the digits of a number is divisible by 3 
80 is the number. [ B. О. S. 1923 


> Tf the number consists of one digit it must evidently be9. Thus, 
the problen is true for a number of one digit. 


. If the number consists of two digits, let z and y be the digits in 
the unit's place and &en's place respectively. 


the number 7 10y +2. 
10у+2_ рУ γα, 
9 9 


` 


Now, y 


Hence, the number is diyisible by 9 if x+y is divisible by 9, 
i.e., if the sum of the digits is divisible by 9. 


Proceeding similarly, the proof follows for a number with more 
digits. 
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EXERCISE 99 


1. There is a certain number consisting of 3 digits which is equal 
to 25 times the sum of the digits, and if 198 be added to the number, the 
digits will be reversed ; also the sum of the extreme digits exceeds the 
middle digit by unity ; find the number. 


2. „А shopkeeper, on account of bad book-keeping knows neither 
the weight nor the prime cost of a certain article which he purchased. 
He only recollects that if he had sold the whole at 30s. perlb. he would 
have gained £5 by it, and if he had sold it at 22s. per 1Ь., he would have 
lost £15 by it. What was the weight and prime cost of the article ? 


9. Two persons 4 and B, played cards. After а certain number 
of games, А had won half as much as he had at first and found that if 
he had 15 shillings more, he would have had just three times as much as 
B. But В afterwards won 10 shillings back, and he had then twice as 
much as 4. What had each at first ? 


4. A and В can doa piece of work together in 12 days, which В 
working for 15 days and О for 80 would together complete; in 10 days 
they would finish it, working all three together; in what time could 
they separately do it ? ; 

5. A has twice as many pennies as shillings; B, who has 8d. 
more than A, has twice as many shillings as pennies; together they 
have one more penny than they have shillings. How much has each ? 


6. Two persons, A and B could finish a work in m days ; they 
worked together n days when A was called off, and B finished it in 
p days. In what time could each do it ? 


7. A, В, О compare their fortunes ; A says to B, ‘give me Rs. 700 
of your money, and I shall have twice as much as you retain’; B says 
to О, ‘give me Rs, 1400, and I shall have thrice as much as you have 
remaining’; О says to A, ‘give me Rs. 420, and then I shall have 
five times as much as you retain. How much has each ? 


8. A man walks 35 miles partly at the rate of 4 miles an hour 
and partly a£ 5; if he had walked at5 miles an hour when he walked 
at 4, and vice versa, he would have covered two miles more in the same 
time. Find the time he was walking. : 


9. A train travelled a certain distance at a uniform rate. Had 
the speed been 6 miles an hour more, the journey would havo occupied 
4 hours less ; and had the speed been 6 miles an hour less, the journey 
Would have occupied 6 hours more. Find the distance. 


. 10. Two vessels contain mixtures of wine and water ; in one there 
is three times as much wine as water, in the other five times as much 
water as wine. Find how much must be drawn off from each to fill 
a third vessel which holds seven gallons, in order that its contents may 
be half wine and half water. sf 
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11. A number consists of 3 digits whose sum is 10. The шій 
digit is equal to the sum of the other two; and the number w: 
inereased by 99 if its digits be reversed. Find the number. 


19. A man has one pound's worth of silver in half crowns, shilli 
and six-pences ; and he has in all 20 coins. If he changed the six-pen 
for pennies, and the shillings for six-pences, he would have 73 coin 
How many coins of each kind has he ? " 


13. A sum of money is divided equally among a certain number 
persons ; if there had been four more, each would have received & shill 
less than he did ; if there had been five fewer, each would have recet 
two shillings more than he did; find the number of persons and 
each received. 


14. There is а cistern, into which water is admitted by three cock 
two of which are exactly of the same dimensions. When they are al 
open, five-twelfths of the cistern is filled in four hours; and if one 
the equal cooks is stopped, seven-ninths of the cistern is filled im 
ten hours and forty minutes. In how many hours would each cock fill | 
the cistern ? i ' 


15. A person exchanged 12 bushels of wheat for 8 bushels of barley, 

- and £9.16s.; offering at the same time to sell a certain quantity of. 
wheat for an equal quantity of barley, and £3, 15s. in money, or for 1 
in money. Required the prices of the wheat and barley per bushel, 


16. A wine-merchant has two sorts of wine, one sort woxtl 
9 shillings a quart, and the other worth 3s. 4d. a quart; from these h 
wants to make a mixture of 100 quarts worth 2s. 4d. a quart. Ho 
many quarts must he take from each sort ? 


17. The rent of a farm is paid in certain fixed numbers of quarter 
of wheat and barley; when wheat is at 55s. and barley at 39. 
quarter, the portions of rent by wheat and barley are equal to on 
another ; but when wheat is at 65s. and barley at 41s. per quarter, 
rent is increased by £7. What is the corn-rent ? 


18. A train 60 yards long passed another train 72 yards long which’ 
was traveling in the same direction on & parallel line of rails, in. 
19 seconds. Had the slower train been travelling half as fast again, it 
would have been passed in 24 seconds. Find the rates at which the 
trains were travelling. ў 


. 19. А farmer with 98 bushels of barley ai 35. 44. a bushel, would - 
mix rye at 3s. per bushel, and wheat 4s. per bushel, so that the whole 
mixture may consist of 100 bushels, and be worth 3s. 4d. per bushel. 
How many bushels of rye, and how many of wheat must he mix with ` 
the barley ? р 


„2. А person has £27. 6s. in guineas and crown-pieces ; out of 
which he pays a debt of £14. 17s. ; and finds that he has exactly as many 
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guineas left ав he has paid away crowns, and as many crowns as ho has. 
paid away guineas. How many of each had he at first and how many- 
of each had he left ? 


‚21. А waterman finds that he can row with the tide from A to B: 
a distance of 18 miles, in an hour and a half, and that to return from 
B to A against the same tide, though he rows back along the shore 
where the stream is only three-fifths as strong as in the middle, takes. 
him just two hours and à quarter. Find the rate at which the tide runs. 
in the middle where it is strongest. 


22. Aand Bruna mile. First A gives Ba start of 44 yards, and 
beats him by 51 seconds; at the second hit A gives B a start of 


1 minute 15 seconds, and is beaten by 88 yards. Find the times in, 
which 4 and В can run a mile separately. 


23. A and Bruna race round a two-mile course. In the first hit. 
B reaches the winhing post 2 minutes before 4. In the second hit 4 
increases his speed by 2 miles an hour, and В diminishes his by the 
same quantity, and A then arrives at the winning post 9 minutes before 
Find at what rate each ran in the first hit. 


24. Arailway train running from London to Cambridge meets on 
the way with an accident, which causes it to diminish its speed to i th 


of what it was before, And it is in consequence a hours late. © If tho. 
accident had happened 6 miles nearer Cambridge, the train would have , 
been c hours late. Find the rate of the train before the accident. 
occurred, : 


. 25. EINE train after travelling for one hour, meets with an 
accident, which delays it one hour, after which it proceeds at three- 
fifths of its former rate, and arrives at the terminus three hours behind 
time ; had the accident occurred 50 miles further on, the train would 
have arrived 1 hour 90 minutes sooner, Required the length of the 
journey. 

26. If the difference between the sums of the odd and even digits. 
of a number is zero or divisible by 11, the number is divisible by 11. 

[ B. C. 8. 1999 1; 


27. Ifthe sum of the digits of a number is divisible by 3, so is the, 
number, 


` E 
hc 
‘CHAPTER XXVIII 
GRAPHS AND THEIR APPLICATIONS 


` 185. We have explained in Chapters VII and XIX how algebraio 
expressions can be represented graphically by points and lines. 


We shall now give some illustrations of the way in which graphs 
may be used to solve algebraic equations and problems. Graphical 
solutions are generally in the nature of approximation, but in many 
cases they are obtained more easily than the corresponding exact 
solutions by algebraic processes explained previously. 


186. Graphical Solutions of Equations. 


Example 1. Solve graphically, 
Qa-Ty+12= 0 } 


Ba 1-90 =32 
Let us draw the graphs of the two equations. 
We find that 7 
--6 } Агы are points on the graph of the 
y- 0 y=2 1st equation ; 
whilst т= 0 } eS} are points on the graph of the 
y= 16 у=7 9nd equation. 


Henco, taking the length of a side of a small square as the unit of 
length, the &wo graphs are as shown on the next page. 


Let P be the point where the two graphs intersect, P being 
common to the graphs, its co-ordinates will satisfy both the given 
equations. 


Now, thé co-ordinates of P are found to be 8 and 4. 


Hence, | 2-8 


PEN ) is the required solution. 


Verification: Substituting z=8 and y=4in the given. equations: 
we have 


2z—7y*12-2x8—7x4-12-0, 
and — 3242y-32—-3x842x4-32-0; 
both the equations are satisfied when 2=8 and y —4. 
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Y 


ELT 


Example 2. Solve graphically 213. 90-85 TUNES E 


All that we have to do is to draw the graphs of the expressions 
2a +12 32-32. 
2 


~y ~ and ' and take the abscissa of the point common to the 


a 
two graphs, 
The graph of the function 22412 is the same as the graph of 
2z+19 ; ή = $ 
Үр 27 - i.e., 2r —1y - 12—0 ; and graph of the function 9-81 ig ће 


same as that of y= 92537, ο 


Drawing the graphs of 2z — 7y-- 19—0 and 3z--2y = 32 (see example 
i EM we find that the abscissa of the common point, P, of the 
тарЬѕ = 


С. #=8 is the required solution. 
1—22 


. 
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Example 3, Solve graphically æ -5=3. 


Let us draw the graphs of the expressions z —5 and 8. The abscissa 
of the point common to the two graphs is the required solution. 


Now, the graph of the expression 7-5 is the same as tho graph 
of y—72—5 ; and we find that A 
Pon a } and ο } are points on this graph. 
Also, the graph of the expression 3 is the same as the graph οἱ 
y=8, which isa straight line parallel to z-axis at a distance of 3 units 
from the origin. 


Hence, taking the length of a Side of a small i& of | 
length the two graphs are as shown in the figure, Nr P tes 


Let P be the point where the t i | hat 
sa e ne pol e two graphs intersect. We find tha! 


2=8 is the required solution. 


AU d 4. оило. oe of the vertices of the du 
1089 sides are given by the equations z—2y--19—0, z--y--3-0 an 
5a—y-21=0, and calculate its area. ç 24 


We find that х= 4 and z= d are points on the graph 
y- 6 y= ο of z-2y 1270; 


whilst m= 04 and v=- 21 are points on the graph 
y=-3 y= 0 ої@+у+8=0; 
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- and m= у апа bcn are points on the graph of 
у= у=4 5a—y—-21=0; 


Hence, taking the length of a side of a small square as the unit of 
length, the straight lines PQ, QR and RP represent the graphs of the 
1st, 2nd and 3rd equations respectively. 


Девина 
PERE ETS 


X 


Bit EEEE 


We find from the diagram that the co-ordinates of the vertex 
P, aro oat ls of Q, tere | and of R,z= 3}. 
y=9 y= 3 y=-6 


Drawing lines parallel to the axes (as shown in the diagram by 
dotted lines), we have 
APQR=the rect. ABDP- AQAP-AQBR-ARDP 


APxAQ QBxBR RDxDP 
3 P РЕ 


=ABx BD- 


12x6_9x9_ 8x15 
SLE Se с сс. 


—180—36 - 32 - 5 —81 units of area, 
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Example 5. Find graphically the co-ordinates of the vertices of 
the quadrilateral whose sides are zt y —10—0, z— y 10-0, zt y t 10-0 
and а—у—10=0. Prove that the quadrilateral is а square and find its 


area. 


Y 
ji 
LLLI 
(0, 10, 
(5, 5) 
-5, 5) 
(= 10, 0) 10,0 
σαι З 
= 5, = 5 
(5, - 5). 
5 
(0, —10) 

We find that = 10 } and == 0 are points on the graph 
y= 0 y= 10 ofzty—-10-0; 
z= 0 } and z- -10 } are points on the graph 

! у= 10 у= 0 оїт-у+10=0; 
т= 0 } and α--10 } are points on the graph 

` у=—10 y= Ὁ oiztyt10-0; 
whilst Ξ 0 ) and т= 10 } are points on the graph 
y=-10 y= 0 of z-y - 10-0. 


Hence, taking the side of a small square as the unit of length, 
m E graphs are represented by the straight lines PQ, QR, RS 
- ап ` 1 


We notice that the co-ordinates of the vertices P, Q, E and S are 


Len ) Pru } ve e | айй: 0 } respectively. 


XXVIII ] GRAPHS AND THEIR APPLICATIONS  - 3 341 


Tt is obvious from the diagram that ΟΡ--00-ΟΒ- OS, each being 
10 units long and the diagonal PR is perp. to QS. 


Hence, it follows from geometry that the quadrilateral PQRS is 
a Square. 
The area required=APQR+ APSR 
-PRx 0Q , ΡΕΚΟΡ 
F 2 2 


20x10 , 20х10 


greg —900 units of area. 


EXERCISE 100 


Solve the following equations graphically : 


i. 2+0=9,32-9у=7. 2. 4998/19, 8091 - 11. 
з. 2+0=4, de -5y=9, 4. y-2-9, 80-29 =5. 
5. δα-ϑγ-11,9γ-ϑο14-0. 6, 5-3--δ514, 
9551 9z-T, 4m-3 6α _ 
τ. το δα в. 8-8-1, 
9. z-19=-3. 10, 5z-13=7. 


ii. Find the vertices of the triangle whose sides are given by 
—g--3y —18, z--7y 229 and у +32=96 and calculate its area. 


12. Show that the straight lines 4r — y —16, 8a—2y=7 and 2+0=9 
meet аб а point. Find its co-ordinates. 


13. Find the vertices and the areas of the quadrilaterals whose 


sides are given by (i) 2+7=3, eri =1, PET and т-у+8=0; 


(ii) α-1, y=5, 2-19 and y 710; (iii) 2-0, y= 0, 3+ d =1, аи 

14. Find the vertices and the areas of the triangles whose sides are 
given by (i) 2=0, у=0, 5 πα (ii) z-2-0, y-1=0, zty-6; 
(ii) 2-9у+8=0, r+y *2-0,5z-y-14-0. 


“In each of the following examples, show by solving the equations 
that they are satisfied by the same values of т and y. 


Find these values and verify graphically : 
15. at+y=2, c=1, y=1. 16. 72+5у=24, r +y=2, 201459. 
17. 92-у=7,у-2=9, lla=9y. 
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187. Applications of Graphs to Problems. 


Example 1. Given that the price of a seer of rice is three annas, 
show that a graph in the form of a straight line can be drawn such that 
if any point-be taken on it, the abscissa of the point will represent the 
quantity of rice of which the price is represented by the ordinate. 

Determine from the graph (i) the price of 19 seers and (ii) the 
number of seers that can be had for 27 annas. 


In the figure below let the length of a side of а small Square 
measured along OX represent one seer, and let an equal length measured 
along OY represent one anna. Then the meaning of the figures along 
OX and OY is clear. 


Since, the price of a seer is 3 annas, the price of 8seers must be 

24annas. Clearly, therefore, P 

Y| isa point such that its abscissa 

represents a quantity of 

rice of which the price is repre- 
m sented by the ordinate PA. 


Join OP, and produce it. 
Then this is the straight line 
every point on which will 
satisfy a condition similar to 
that satisfied by P. 


Q is the point (10, 30) ; conse- 
quently its abscissa represents 
2 quantity of rice of which the 
price is represented by. its 
ordinate. R is the point (3,9); 
its abscissa, therefore, represents 
2 quantity of rice of which 
the price is represented by its 
ordinate. Similarly, this is true 
of every point on the line OP. 


ANNAS 


Hence, OP is the required 
Straight line. 


The graph enables us to 
determine readily the price of 
any given number of seers 
of riee. For instance, if the 
abscissa be taken to be 12, the 
H ordinate is immediately found 

to be 36; thus, we know that 
the price of 12 seers of rice is 
36 annas. Similarly, for any 
other abscissa the corresponding 


ο 5 15 x 


10 
SEERS 


, ordinate can be immediately found. 
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The graph also enables us to determine quickly the number of 
seers of rice that can be had for any given price. For instance, if the 
ordinate is taken to be 27, the corresponding abscissa is immediately 
found to be 9, which shows that we can have 9 seers of ricerfor 27 annas. 

Note. The line OP is called the graph of the price of rice, or more simply the 
price-graph of rice. ч , 

Example 2. A person, named B, starting from a given place, 
travels at the rate of 5 miles an hour. Show that a graph in the form 
of a straight line can be drawn such that if any point be taken on it, 
the abscissa of the point will represent the number of miles that 
B travels in the time represented by the ordinate. 

Determine fromthe graph (i) the distance travelled in 3 hours 
24 minutes and (ii) the time to travel 13 miles. 

In the figure below let the length of the side of a small square 
measured along OX represent one mile, and let an equal length measured 


along OY represent 12 minutes. Then the meaning of the figures along 


OX and OY is clear. 

Since B travels 5 miles in one hour, he trayels 10 miles in 2 hours. 
Clearly, therefore, P is a point such that its abscissa represents the 
number of miles that the person travels in the time represented by its 
ordinate. 

Join OP, and produce it. Then this is the straight line every point 
on which will satisfy a condition similar to that satisfied by P 

Let Q be any point on the line. Its abscissa represents 6 miles 
and ordinate represents 1 hour 12 minutes; but we know that the 
person travels 6 miles in 
1 hour 12 minutes. 

Hence, Q, satisfies the 
condition mentioned above. 


Let R be some other 
point on the line. Its abs- 
cissa represents 20 miles 
and ordinate represents 
4 hours ; but we know that 
the person travels 20 miles 
in 4 hours. 

Hence, R also satisfies 
the proposed condition. 

Similarly for any other 
point on the line. 

Hence, OP is the re- 
quired straight line. 


The graph enables us 7 
grap! [2] 5 10 ες !Š 20 x 


to determine readily the i 1 4 
time in which В travels any given number of miles. For instance, 


` 
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if the abscissa be taken which represents 13 miles, the corresponding 
ordinate is immediately found to be that which represents 2 hours 
36 minutes; thus, it is known that the time taken by the person to 
travel 13 miles is 2 hours 36 minutes. 


The graph also enables us to determine readily the number of 
miles that the person travels in any given time. For instance, if the . 
ordinate be taken which repesents 3 hours 24 minutes, the correspond- 
ing abscissa is immediately found to be that which represents 17 miles ; 
thus, 15 is known that in 3 hours and 24 minutes the person travels 
17 miles. 

Note. The line OP is called the graph of B's motion, or the motion-graph of B. 


Example 3. If one inch be equal in length to 9'5 centimetres, 
show that a straight line can be drawn such that the abscissa of any 
point on the line will represent the number of inches that are equivalent 
to the number of centimetres represented by the ordinate. 


. Determine from the graph (i) the number of centimetres in 
10 inches and (ii) the number of inches in 15 centimetres. 


In the figure let the length of 
a side of a small square measured 
along OX represent one inch, and 
let an equal length measured along 

represent one centimetre. 
Then the meaning of the figures 
along OX and OY is clear. 


Since 1 inch=2'5 centimetres, 
we have 8 inches —90 centimetres. 
Clearly, therefore, P is a point 
such that its abscissa represents 
the number of inches that are 
equivalent to the number of centi- 
metres represented by its ordinate. 


Join OP, and produce it. Then 
this is the straight line every point 
on which will satisfy a condition 
similar to that satisfied by Р. 


Let Q be any point on the 
line. Its abscissa represents 
12 inches, whilst its ordinate 
represents 30 centimetres ; but we 
know that these two are equivalent. 
Hence, @ satisfies the condition 
above mentioned. 


; Let E be some other point on 
; E Ç ] the line. Тїз abscissa represents 
.2inches, whilst its ordinate represents 5 centimetres; but we know 


CENTIMETRI 


= 
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that these two are equivalent. Hence, E also satisfies the proposed 
condition. 


Similarly for any other point on the line. Hence, OP is the 
required straight line. 

The graph enables us to determine readily the number of centi- 

metres that are equivalent to any given number of inches. For instance, . 
if the abscissa be taken which represents 10 inches, the corresponding 
ordinate is immediately found to be that which represents 25 centi- 
metres; thus, it is known that 10 inches are equivalent to 25 centi- 
metres. 
. . Tho graph also enables us to determine readily the number of 
inches that are equivalent to any given number of centimetres ; for 
instance, if the ordinate be taken which represents 15 centimetres the 
corresponding abscissa is immediately found to be that which represents 
6 inches; thus, it is known that 15 centimetres are equivalent to 
6 inches. 

Note, The line OP is called the graph for converting inches into centimetres 
and vice versa, or more briefly, the conversion-graph for inches and centimetres, 


Example 4. А and B are two stations 30 miles apart. Р starts 
from A and travels towards B at the rate of 5 miles an hour; at the 
énd of 2 hours he takes rest for one hour, and then resumes his journey 
at the rate of 3 miles an hour. Q leaves B, 2 hours 40 minutes after Р 
leaves A, and travels towards A, without stoppage, at the rate of 4 miles 
ап hour. When and where will the two travellers meet ? 

Let the length of a side of a small square measured horizontally 
represent one mile, and let an equal length measured vertically represent 
10 minutes. Then the meaning of the figures along the lines in the 
diagram on the next page is clear. 


(i) P starts from A, and travelling at the rate of 5 miles an hour 
completes 10 miles in 2 hours. Hence, if the point C be taken such that 
its co-ordinates respectively represent 10 miles and 2 hours, AC is tho 
graph of P's motion for the first two hours. 


The graph for the 3rd hour must be such that the abscissa of any 
point on it may represent 10 miles, because P is supposed to be at rest 
throughout this hour. Hence, CD drawn vertically to represent one 
hour, as in the diagram, will be the graph of P’s rest. 

After the third hour, P travels at the rate of 3 miles an hour. 
Honce, if DM be taken to represent 6 miles and ME to represent 
9 hours, the straight line DE is the graph of P’s motion after the 
3rd hour. 

Thus, the broken line АО ЮЕ is the complete graph of P's motion. 

(1) Q starts from В, 2 hours 40 minutes after P leaves A, Hence, 
it BF be measured vertically to represent 2 hours 40 minutes, BF may 
be Togarded as the graph of Q's rest at В. ' $ 


in 
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When Q leayes В, Һе moves towards А at the rate of 4 miles ап 
hour. Hence, if FN be taken to represent 8 miles and NG to represent 
2 hours, the straight line FG will be the graph of Q's motion. ч 
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(iii) Let the two graphs intersect at H, and draw HK perpendi- 
cular to AB. Produce FNto meet HK at V. 

Now it is clear that at the end of time HK, P will have gone 
a distance AK towards B, and Q will have gone a distance BK (i.e. FV) 
towards A. Hence, they will meet at this instant. Thus, the required 
time of meeting = that represented by НК —5 hours 40 minutes after the 
commencement of P's motion. 


Also, the distance of the place of meeting from 4 —that represented 
by AK = 18 miles. 


Notei. As HV represents З hours it is clear that P and Q meet at the end of 


8 hours after Q starts from B. ч 


XXVIII. | GRAPHS AND THEIR APPLICATIONS 347 


Note 2. The horizontal line through L meets the graphs at the points S and T. 
Аз AL represents 4 hours 10 minutes and ST represents 103 miles, it is clear that at 
the end of 4 hours 10 minutes from the commencement of P’s motion, Р and Q are 
at a distance of 10 miles from each other. 


EXERCISE 101 


f 16 If milk sells for 4 annas per seer, construct the price-graph of А 
milk, giving the price of any quantity of milk up to 5 seers. From the 
graph read off the price of 3 seers and 5 chattaks of milk, and also the 
quantity of milk that can be had for 10 annas and 9 pies. 


2. If Fazli mangoes be worth one rupee two annasa dozen, 
construct a price-graph for mangoes, giving the price of any number 
up to 30. Read off from the graph the price of 17 mangoes and also the 
number of mangoes that can be had for Re. 1. 12as. 6p. 

8. If a man walks at, the rate of 4 miles an hour, construct 
a graph of his motion. Read off from the graph the time in which he 
travels 18 miles, and also the number of miles he travels in 4$ hours. 

4. Ifone cubit be equal to 15 feet, construct a conversion-graph 
for cubits and feet. Read off from the graph the number of feet that . 
are equivalent to δὲ cubits, and also the number of cubits that are 
equivalent to θὲ feet. 

Б. A starts froma place and walks in a given direction at the rate 
of 8 miles an hour; В starts from the same place one hour later and 
moves in the same direction at the rate of 5 miles ап hour. Draw the 
motion-graphs of A and B, and find when and where B overtakes A. 

6. Aand Bare two stations 20 miles apart. P starts from A and 
travels towards B at the rate of 3 miles an hour ; whilst Q starting from 
В travels towards A at the rate of 2miles an hour. Construct the 
motion-graphs of P and Q, and find when and where they meet. 

7. Fifty articles of the same kind cost Rs. 3. 2as. Construct 
a graph from which you can read off the cost of any number of articles 
up to 50. Hence, find the cost of 19 articles, and the number of articles 
that you would get for Rs. 2. Tas. 

8. Given that 1 kilogramme=2°2 lbs., construct в graph which 
will enable you to read off the number of kilogrammes that are equi- 
valent to any given number of lbs. up to 16 lbs. Read off the number of 
kilogrammes in 11 lbs. * t 

9. A man travels for 3 hours at the rate of 2 miles an hour, at the 
end of which he takes rest for an hour and a half, and then starts 
to walk at the rate bf two miles and a half per hour. Construct the graph 
of his motion. , 

10. A man starts from a place B to walk towards C at the rate of 
4 miles an hour. After З hours he changes his mind and walks back 
towards B at the rate of 3 miles an hour. Atthe end of 2 hours again 
he suddenly changes his mind and begins to run towards О at the rate 
of 7 miles an hour. Draw а graph of his motion. 


b 
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11. A, Band C are three stations in order on the same road, the И 


distance between A and В being 6 miles. Q starts from B at noon 


to walk towards О at the rate of 3 miles an hour, and at 1-30 P.M. Р starts 


from A to run towards О at the rate of 6$ miles an hour. Draw graphs 
of their motion, and find when and where P will overtake Q. 


\ 12. А man spends Rs. 620 in 40 days. Draw a graph to give his ` 
"expenditure in any number of days. Determine from the graph the — 


amount spent in 28 days. 


13. At what time between 3 and 4 o'clock are the two hands of ` 


a watoh together ? 


14. An income-tax of 5 pies per rupee is in force. Draw a graph 
to show the tax on all incomes from Rs. 3000 to Rs. 5000 and determine 
the income corresponding to a tax of Rs. 85 and the tax corresponding 
to an income of Rs. 4350. 


15. The following table shows the timings of two trains, one 
an express from Calcutta to Ranaghat, and the other a local from Naihati 
to Calcutta. Find by graphical methods when and where the trains 
moot, assuming that all runs are at constant speeds and that the local 
train waits one minute at each station between Naihati and Calcutta. 


Distance from 

Calcutta 
46 Ranaghat ; 17-56 
94 Naihati дер. 16-24 
22 Kakinara » 16-29 

19 Shamnagar P 16-36 + 
17 Iehhapur » . 16-42 t 
15 Palta » 16-45 

14 Barrackpur » 16-49 

13 Tittagarh eee 16-53 

12 Khardah ή 16-57 e 
10 Sodepur = l 17- 9 

9 Agarpara » 17- 6 

8 Belghurria » 17-11 

5 Dum-Dum " 17-19 

Calcutta » 17-31 16-42 


[ B. C. S. 1922] 


E 


CHAPTER XXIX 


ELEMENTARY LAWS OF INDICES 
E. 


188. Definition. The product of m factors each equal to a is 
represented by а”. Art. 16 ] 


Thus, the meaning of a” is clear when m is a positive integer. 


189. The Index Law and the truths necessarily following 
from it. 
To prove that am хат = а", where m and n are any two positive 


integers. 
Since a”=a.a.a Mey +++ to m factors 
and a? = q. 0.0.0. 29 . to n factors 
`. %ха"=(ааа. τ ** tom factors) 
Χία.αια.α. — + Бо n factors) 
= 0.0.0.0,0,0.0, *** * to (m+n) factors 
=a", 


This result is called the Index Law. р 
Соғ. 1. a" xa^ x а? = q 2, when m, т and p are positive integers. 


For, а" хана"; ,', d x anx a? = 9" ха? = qmm omm, 


Hence, α xa^" xaPxad xg mmi, 


Thus, the product of any number of powers of a given quantity is 
that power of the quantity whose index is equal to the sum of the indices 
of the factors. 

Cor. 2. (a™)"=a"", when m and n are any two positive integers. 

For, (a™)"=a™ x am x a™ x -** to n factors 

=qmimimt---to n terms [by Cor. 1] 
and .'. =a™, ; 

Cor. 3. am-an=am-n, when m and n are positive integers and m is 
greater than n. 

For, a"-^ x а= а0"—"+% [because m—n is a positive integer] 


0^ 4- qt — a7. 


24 
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190. Assuming the formula а®хап=а"\“% to be true for all 
values of πι апа п, to find meanings for quantities with fractional 
or negative indices. 


(i) To find the meaning of di, when p and g are any two 
positive integers. 


Since, a” x а" = a" for all values of m and n, putting r for each of 


в. р рар gp 
them, we have αἵ ха =at * =a", 
F ЖЕГДЕ, τν ОР E 
Similarly, a?xa*xa*-a"xa'—a* ; and so on. 
P EUR 
Hence, аха X a X- to q factors 
- 
ез 
2 ῃ 

Thus, a* is equal to the gt root of a”, and is, therefore, equivalent 

to Ya?. 


Cor. Hence, а= Ма, а? — Va, а&=4а; апі во оп. 


& 
Generally, а"= а. 
1 1 1 
Note. From the Index Law it із also easy to see that a^ Xa? Xa? x еее to 
pee μεν р Р 
р factors=at ? * σας. Thus, a* may as well be regarded as the 
1 


Е Р 
pt power of αἵ, i.e., equivalent to (а)?. Thus, αἵ may be interpreted either аз 
the q™ root of the р" power of a, or as the р" power of the @® root of a. 


(ii) To find the meaning of a°. 


Since, a” x a^ =a" is true for all values of m and n, putting m=0, 


wehave | a9?xg"—-g9 gn; 


E a°=a"+a"=1; 


Thus, any quantity raised to the power zero is equivalent to 1. 


t (iii) To find the meaning of a”, where n is any positive 
integer. 


Since, α x an=amtin is true for all values of m and n, putting 
m= —n, we have 


q nx qh=qnin=q0=]; 4 
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Cor. Hence, a”+a"=a™ for all values of m and n. 


m 
For, a eget ο ха" qn, 


Example 1. Find the value of ef. 
8 - (8) -2* - 32. 
Example2. Find the value of 4, 
πας 1 d 1. 
"n (αμ 25280 
Example 3. Multiply together «/α”, ай, 4475 and ay 


The required product =a x atxa * x a* 
=gitt hs 


E th μι ο ς 


EXERCISE 102 


Express the following avoiding fractional or negative indices : 


+. ut Bhai: ЛЗ Δ. vx ва, 
gi 

Б. En?xm S. 6. x53 5.7. casi 8, 5815279. 

9. 3π/ῃ-5 Mae: 10. 4YE + 24/578, 


Express the following avoiding radical signs and negative indices : 


1. (097. o d» Wa)". shy М. COA 


15. Vat+(Ya)*. 16. i/a-3--(Ma)*« 

Find the value of : F 

17. £ š. ав. в 19. 92. 
20. 16%. . zn oer 22. ds 
23. (125) °. 24. (ar) Š. - 95. Gh) 


gena 8m-8n. 


26. Simplify δη ` [ C. U. 1874] . 
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" 191. To prove that (g7)^—G7" is true for all values of m ` 
and л. 
(i) Let & be a positive integer. Then, whatever may be the value 
of m, we have р 
(a nno qm x at x af x eene * to п factors 
= GMM een enn to n terms 
=", 
(ii) Let m be a positive fraction, equal to m” when p and q are ` 


positive integers. "Then, we have 


"uM (a (а) 0 [ Art. 190 (i) ] 


ο) [by (01 
ae [ Art. 190 (1) ] 
=q™, 


‚ Gü) Let m be amy negative quantity, equal to -Ῥ, where p is 
' positive. Then, we have 


(amy = (a)? = cp [ Art. 190 (iii) ] 
s E [by @) and (ii) 1 
| =q-™ [ Art. 190 (iii) ] 


=а"С®=а"", 
] Thus, the proposition is established. 
` 192, To prove that a?5^— (a5)? for all values of n. 


(i) Let л be a positive integer. Then, we have 
ab^ = (a.a.a. ........ to п factors) x (b.b.D......... to т factors) 


у =(ab.ab.ab......... to т factors) 
3 =(ab)". | 
4 (ii) Letn be a positive fraction, equal to i where р and q are 

С positive integers. Then, putting x for ab", we have 


aat ; 
SAM 29 (as p) = (e) x (z) [ by 191 ()] 
=a? xb? [ Art. 189 ] 
= (ab)? ; [by (}} 


2— (ab) ; ien a" b^ — (ab)". 
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(iii) Let πι be any negative quantity, equal to —p, where p is 
positive. Then, we have 


qnin 47272 3 
= ap [ Art. 190, (111) ] 
- ap [by (i) and Gi) ] 
=(ab)> . [As 190,010] š 
7 (ab)". 


Thus, the proposition is established. 


Cor. 1. 5 =а"у"= απο)" =(ab71)"= ( 5 IE 


Cor.2.  a"b"c^ —(ab)"c" — (abc)" ; 
generally, anpnengn. = (abcd---)", 


193. Applications of the results proved in the last two 
articles. 


Example 1. Simplify (ан) 
(ы) 5-9) 309? 
DEME) 
Example 2. -Simplify J/a-8 x Vab 2, 
аъ (аа) ай; 
ana Ya = (0679) e a3 x (0-8) bos. 


Hence, the given expression 
=at x ab = trt x p za dy t, 


Example 3. Simplify y asb So e / atio. 
i $ ni ЕС 
м ERO) - (6:3) (ЖУ АЛЫЛ 


x 3, p μὲ 
and af ord Gol) (а) (η) (8) = abo has, 
1—93 / 


RE 


mi^ 
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Hence, the given expression 
cA LC ath ha ; 
Saip tot xa Spot 
ah ty htt 1 
E bes Pu Ἷ 


С 

EXERCISE 103 

Simplify : 
À xe t s Av -$ 

ι. (αὐ. ә, (QU xs (03). а. (ао) 
5. (Чу. € (уу τ. Vergi. 

„/а8Ъ% x 4/48, 9. Yar? Juy5x Nat. 
10. (803 --οτα-ὅ. 11: (6479 --97075) Š, 
1. Mae xime. 18. ade eal atten. 

νε ΕΘΝ 3/—8:3-—31- [ipi asb- 

14. Jab-3c9--(Masb3z-3) Y. 15. (2 р-а jJ E m 


194. Miscellaneous Examples. 


Example 1. Divide а+0+с+30 69+ 3ай by a3 93 cf, 


Let us proceed by arranging the dividend and the divisor according 
to descending powers of a : 


at + (у®+®%) | в+3За®ь® +За®ь® + (b+) | νι. p 
+ p И; e ου 
ata (at + οὗ) 


ао с) a a) 
alan? =o. 3) πα alot + DS = с) 
dl- [Б + с) +(b+c) 
ables Eun 8) +(Ь+с) 
Thus, the required дпонепь= 49 +90802 -- αἲ οὗ + ας dd. d, 


\ 


— A 
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Note. In multiplication as well as in division the arrangement of the expres- 
sions concerned according to ascending or descending powers of some common letter 
should never be overlooked. Such arrangements inwariably give neatness to the 
required operations, if not always indispensable. 


Example 2. Divide cy +28- 3c 3, ys by x+y? +, 
$ 3 


Putting a for KA b for y* and c for z?, we have 


yb dg 
=a? +b° c? — Sabe. 
— (a. b-- cY(a* +b? +0? — ab — be-va) 
-hetty 0 8 08)° 4. (28)° ptt eet αὖ p. 
eH ar AX, ue οὖ - σὐγξ-- 218 ES) 


Hence, the required quotient 
αλ δα ανω 
E (+2 $)«Q* -ytz 34), 


Example 3. Divide 


n-2 4n-2 n-i 
a* et τα 


n n-i n-i n n-i 
gt +a?" αἳ 107 byz* {= 


-2 n-2 
Let m=z" and n-a* . 
ΜΗΝ -2 -1 
Тһеп, m =(q3” Pane" =a?” 
-142 т-1 n 
and т = (08) (02"7 7) =r" =a”, 


Similarly, pica" ^ and n= 


-1 -1 a 
Hence, αἲ καν ot tat 
» r=" e on- ma 
a? =al” g? ta 2 
= тё +mË°n° + т^ (та noy = т?т 
m° — m+n? m — тт + n 
(т? imt + nav + па = тт) 
= т +n 
=m*+ AT n? 
n-i п-® 21-2 n-i 
ο. ασ, üt σι 
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Example4. Find the Η.Ο.Ε. of 
a? - 2b? - (a-- 9b) Jab and a° — b? (a — b) Jab. 
Tho 1st expression —a? +a Jab 9b Jab + 9b? 


at alib +2085! + 992 
= als + ο) + б ΣΠ ο) 
= (a? e o3 a3 +900). 

The 9nd expression = а + a Jab — b Jab bš 
=аз айз b? 
=з) AG.) | 
K 

| x 

I 


Hence, since а +980 and а 
H.C.F. required 


Laf have no common factor, the 


EPA Jat Jb. 
2d. t 
Example 5. Simplify --. 
$38 δὲ 


The numerator—z-z^"y? —a°y 
=M убай); 
and the denominator= (ο) * (0% Е 
OROORO 
ο 49). 
$ 


Hence, the given expression--37 3: 
\ ety 


Example 6. Show that 


1 + 1 + 1 =i 
1 + gn + т”? T + gem + gn? 1 + gem + gen e 
à i πώ A -m w 
The 150 term аат в) oto +z 
mn ag Я 
the 2nd term = а 21% +o") απ +z m+ d 
-p g? 


and the 3rd term = (T Fa gum) = тна тр 
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Hence, the given expression 
=m 711 
2 c 
= 
Ὁ ασ t; hie 
M “нш р 
mg" xg? ^ 


-v 2 
РОГ ЕД» 


Д 
n 


a 
$2. 
Example 7. If а= 0°, show that (2) =a Yi and if 
show that b=2. 
a 
Since, @ =, "а=, [ extracting the bth root 
of both sides 1 


Hence, 


If a=2b, from the given relation, we have 
(259-(5)9—(D* ;  .. 9b=)b2; | .. b=9. 
Example8, Тїт=(а+ «ας 59) *(a- Ja? +), 
show that 2°+3bz—-2a=0. 
Putting m for a+ Ja? +b”, and n for a— ψαξ +b, we have 


т%= (nt int μη (my + (3) t 3m Sn md n?) 
=m+n+ Зп). (πὸ +n)=m+n+ 3(mn).z. 
But m+n=9a, 
and (miS qas —(a* + 29 
=(<ю#=-ь; 
z*-9a-3bz. .. z?-3bz-2a-0. 


EXERCISE 104 
Multiply : ` 
1. а®+дд*+8х#+9л®+1 by αἲ-αδε1. 
2. а#+зЗа®Ь®+95% by 3-33. 

3. 1tab-++ab-? by 1—-ab^ *a?b^*. 


4. at oy? + 32 by α-9γδη- з, 


857 


858 


Б. 
6. 


7. 
8. 


10. 
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ag ty bey? bya- αν tty, 
2 ti-a tta t by Какым: 


A. b A АА-А py h kah. 


Ci и E, 
a" + 3b" — 9c? by a" — 3b" + Qo”. 


ай Gab ла ai +9908 +160501 by a? — 2). 


ας αἷς au Š + ol t+ р “+ ata t by 


[ ОНАР. 


Е E 


Divide : 


11. 
12. 


18. 


14. 
15. 


26. 


ρἷ-- ο олі + 6z— z by αἲ aant. 
8-192714 927? +9д^* by 27° -27 +4. 


zy ойу t+ 3495 b ta^ by c Жн Ачи TE y^. 


al - al ati — 9230 + bŠ by а#-аї+а%ь-М. 


Өл" —8л" +505" — 827?" by 62^ — 327". 
&? ty beet бабу 2: by wryta, 


Show that z°+a° salad is divisible by rm cial, 


gn-l gn-1 gn-1 _ _gn-t 


by z a 
+y” 


Multiply = +a 
Divide z*"—y*" by z 


t SEI 
Simplify {(a")" pea, 


on- 


ο ον ο ο by e$ - 22 1. 


и 2 Ж 
Find the square of z* ay c SEE 
Divide 26 Е by gi ae ah 

Find the square of gb - osi αὖ, 


Divide az να στ by gin Эше, 


pap 
Simpl &-b E уз 
imp! zs t=) 


Го. U. 1879] 
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Simplify the following : 


ji jon -atty : 
х MUTO 
98. š Bey m -αἳ 


B-a {шу би kalt ας 
299, 9 24+52-a7?-b-? 4 (a= a (b= b3) 


ajp—3 55 aba 3b 
ου. јесу. ir 
attatyt atyt+aty® 
91. (a+b+c)a? +D Fc) ас (b+ e\(c+ а)(а+). 
ο. 9 (a6 —1*. b(a*-b7) 1-α τὸ 
° ὅσα ab) даба) S 
33 εἲ-αἳ af £ af) dd αἳ ү]. 
` wa \ 8, ρὲ ota \%_% 
apto дт 1 1 ac 
94. gl] 2v а"—1 ++]! when = ΠΕΣ 
35. Show that 
“asa Jet η; 
——— ο ο ο πα εὐ”). 


2-1 
36. Write down, without actual division, the value of 
(- у??? +(e SAN Жы» 


956 695 57 
Simplify : > 
ie Va μπάλα} 
37. mim [ B. U. 1989] 
q+ 21 αρ 
[ B. U. 1891 ] 
39. (Gx) "x € dp й ay [0. i dad 1 


40. Ἡ α-αδ--ᾱ- š show that z з+80=а-1. 
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195. Exponentia] Equations. 


Definition: An equation in which the variable (or variables 


occurs (or occur) as indices or exponents, is called ап exponenti 
equation. - 


Thus, 37=97, 817=9"+4 eto. are called exponential equations ; like 


wise, 3" —9 and 8°, 167=198 are a pair of simultaneous exponenti 
equations. 


The metho 
following axiom: 
If a*=a™, whatever а may be, then will x= m. 
Thus, to solve an exponential equation, we have 
(i) to reduce both the members of the equation to the same 
base, and then, k 
(ii) to equate their exponents. 
The following examples will illustrate the process. 
Example 1. Solve 3.977—9***, 
The left-hand side=3.27°=3.(3°)* =3,39* — 3321 , 
and the right-hand side=9*** =(32)*+4 = 32(244) — 32245. 
the equation reduces to 387+! = 322+8. 
8015928: 1. δή, 
> -æ = G2b2+1 
Example 2. ` Solve the equation а7(а®+Ь ES aor 
We have — a "(a*--b-7)—a-7.a* +a-*.b-* =1 + (ab)-*, 


as 1 (αῦ) -19 57 1(b)^*. 


(ab)*—(ab-?; ... α-9, 
Example 3. Solve a”.a¥#4=q7 - (1) 
D азу ght ts = 307 Pd (2) 6 
From the 156 equation, | 
acutam. 7. 2+у+1=7. 0) 
From the 2nd equation, 
ο 080, 2y+3e+5=20, -.' (4) 


- From equations (3) and (4), we have, т+у—6=0, 
t and 3x+2y-15=0. 
by cross multiplication, 


EA e S 7 Ss 
=15+12°-—18+15 3-3 9^ =3=-3--1 
Hence, x=8 and у=3. 
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EXERCISE 105 
Solve the following equations z . 
1: QutT mta 9, (4/8)**5—(5/3)2915. 3. κά ωρών 
4. (W/95)2%+1=(V195)%t*, 5. 97-*—4a*-*, (a 7 0). 
ex-d az-b 
6 [5] -(2) Ы 7. 989-5 qz-2=oz-8 9q? 
EU x б a s i 
Bro a SN anes: α--αι[ 9242 1-2 -9(49 2 
8, есере des 9. az-2(q2e+2 + 17?) =a" *(a* Γαλ). 
10. 2**1—9*—8-0. 11, :gus-9gmey 
19. 4919-939" +14, 18. a"-— y" and 2=9у. 
14. 9511 gute — 1 апа 922+1 33V+5 = qfy. 
15. a? oY? = д8 and a^? ag, 
10. а%-3.7+ = а2.а° and a*.a" = а*. 
17. аЗ+1.8%+1= 43 = attt αντ 18. 99 —922-v— ,/8, 
19. 92".3"—18 and 9*7.3" — 36. 90. 29**:—9y" and 27 *—1, 
21. gia = γοιὸ and 2= y". 
92. Ifa'""-(aq")", find m in terms of n. [ Pat. 1918 ] 
23. Ifa*-b, b" ^c and c*=a, prove that vyz- 1. 
94. Ifa%=m, a" m and a? = (m"n*)', prove that туг —1. 
i [ Pat. 1919, 91 ] 
35. I3 4377, provo that 8ο’ —9л—10=0. 
26. If a?+2=35+3 3, prove that 34° +9a=8. 
27. Ifay?-! = a, zy! = b, vy" =с, show that i 
app ss q. [ Pat. 1990 ] 
Solve : 
98. ου” = Ве+2-и 29. ( Ja) = (#/a aaa 
Бена coy κα ο 
g22+2z+u — 03х+у (4/c)Y -(ο5 TE 
30. 


av=(z+ + z), 


az=(z+w +z), | 
and а=(0+у+2)°. 


CHAPTER XXX 
ELEMENTARY SURDS 


196, Definition. Any root of an arithmetical number which 
cannot be exactly found is called a surd or an irrational quantity. 
Thus, /2, /6, 8/4 and' 5/5 aro all surds. 


Note. Quantities which are not surds are called rational quantities. Hence, 
every root of an arithmetical number is either rational or irrational. Thus, Ns, 
N35, and 5716 are rational quantities, whilst /2, %/5 and 9 are all irrational 
quantities, 


An algebraical expression also, such as να, is called a surd, 
although the value of z may be such that ./z is not in reality a surd. 
For instance, if z=4, J/z— 4/4—9, and is, therefore, not really a surd. 


197. To express in the form of a surd the produet of 
а rational quantity and a surd. 


Example 1. 5,/3=(5°)# х 8% =(р х 3)? [ Art. 199] 
= 5 x8- J75. 

Example 2, 21/9-(25) «9d. (gs κο [ Art. 192 ] 
= M85 x9 = 3/79. 


EXERCISE 106 


Fixpress as a complete surd : 


1. 3,5. 2. 23/3. 3. 246, 4. 44/5. 
5. aub. 6. 25 Vy, 7. a*/p*. 


- 198. А surd may sometimes be expressed as the product of 
à rational quantity and a surd. 


Examplei. /82= 16x 3- (* x 9)! μή κοὐ [ Art. 192 ] 
=4х 9-4 2: 

Example2. 1/20-*/855 (95.3 (gl x54 [ Art. 192] 
=2x5=93/5, - 
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EXERCISE 107 


Simplify : ` 
1. 18. 2. «ΒΟ. 8. 5/2950. 4.. 1/198. 
5. 4/405. 6. 3/1872. 7. 4/1875. 8. 2/4. 


9. nq. 10, 2/9560. 11. 3/-199435*. 12. 2/50007@*. 


.199. Similar Surds. Two or more surds are said to be similar 
or like when they can be so reduced as to have the same irrational factor. 
Thus, and 4/80 are similar surds, for they are respectively equivalent 
to 84/5 and 44/5. The sum of any number of similar surds may be 
found as follows : 


Examplei. J147+ J97— J/49x8-* /9x3=7 3+3 ./3=10/3. 
Example 2. %/625— 3/135 + 4/40 a 

=3/125x5 - NOTx 5 8x5 

= 9/58 x5- /83°хб+А/2#х5 

= 59/5 — 88/5 + 23/5 = 45/5. 


EXERCISE 108 


Simplify : 
i. κ ἴδ. 2. «181 ./32. 3. A903 κ/180. 
4. vI- ./50. 5. 5/198— 5/51. 6. 4/80+4/405. 
7. 4/768- 5/948. 8. 2/27- JT5+ JIZ. 
9. 9,/405—8/195+ „/45. 10. 43/102- 43/875 + 98/54. 
11. 35/20+25/695 – 45/390. 19. 5%/—54— 93/—-16 + 45686. 


19. J/450°+ J80z° + ψόαν". 
14. 05/550 + уА/—Ву?а— zN – 27280. 
215. 9t/392*z + 31\/51да*ж — 4αν 162. 

200. Surds of the same order. Surds are said to be of the 
same order ox equiradical when thoy have all got the same root-symbol. 
Thus, /5, Ja’ and (a+z) are all surds of the same (viz. the second) 
order. 
xu he e n older sasan eae τ. 

Surds of different orders may be reduced to equivalent surds of the 
same order. 


L 
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Example 1. Reduce 5 and 3/4 to surds of the samo order. 
The given Tl respectively of the 9nd and 8rd orders ; and 


the L.0.M. of 9 ani 189. Hence, we can at once reduce them to 
surds of the 6th order, thus : 


«5755-53 - gr - 9/755; 
V4=4=4 vp ута, 
Thus, the required surds are V/1925 and 5/16. 
Example 2. Reduce УЗ and Š/9 to surds of the same order, 
The L.C.M. of 6 and 8 is 94. 
Thus, we have $/3—35 —321— *13* —?1/81 ; 
and ο segs aeg 
Thus, the required surds aro * 1/81 and 24/8, 
Example3. Which is the greater 3/9 or 4/90 ? 
We have /9= οἷ-- 91.1308 -13/65 ; 
and 1/3030! = ад — 19/958 = 12/400, 


Thus, the given surds are respectively equivalent to 12/6561 and 
*/8000, and as the latter is greater than the former, therefore 
4/20 > 3/9. 


EXERCISE 109 


Reduce to surds of the same order : 


1. „Запа 3/2. 2. 3/4 and 5/5. 3. U9and 3/3. 
4. /3and 9/5. 5. 44 апа 2/6. 3 
Which is the greater : 

6. J2or$/3? 7. 2/8 or 4/4? 8. 3⁄6 or 4/10? 
Arrange according to descending order of magnitude Š 

9. V6, /2 and 2/4, 10. 1/3, 5/10 and 32/95. 


201. Multiplication and Division of Surds. 
Example 1. 1/6x1/10-63x 10° =(6x 103 3/50. 


Note. In this example the given surds are of the same order. 
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Example 2. {5х 46= δὲ хві git καὶ” 


=(5°) x (βογὶν [ Art. 191] 
= (59x got [ Art. 192] 
= + 195 x 64 = * 4/8000. 


Note. Im this example the given surds are of different orders. 
+ A БЕН. 
Example 8. 1/2x1/2-93 x93 - 908 — ТЕ —1 4/95 = 19/956, 
Note. In this example the given surds have got the same quantity under the” 


radical sign, They may as well be regarded as surds d different orders and treated 
like those in the last example. 


Example 4. 4.18. ,/75=4.3/2х 5 /3=60,/2, /3=60/6. 


Note. In this example the given surds have been reduced to simpler forms 
before multiplication, 


Example. %/4+4/6=4¢+6'=428 gr 


Es | Art. 191] 


[ Cor. 1, Art. 192 ] 


Example 6. Express /5+3,/3 as a fraction with a rational deno- 

minator. 
) AB _ Jox /8 «ΙΒ. ЛБ, 

We have 4/53 343-3 87 343x J3 8x37 

Note. For Arithmetical calculations it is always most convenient to reduce the 
quotient of one surd by another to the form of a fraction with a rational denominator. 
Hence, even when the numerical value of a surd fraction is not required it is usual 
to express it in the above form. y 


EXERCISE 110 


Simplify : 

1. Jb5x NIO. 2. „/8х „/6. 8. 7975 κα, 

4. /15x 6. 5. 90x 4/45. 6. 8/5 x 8/95. 

7. %/6aa х %/27а21°. 8. 3/2x 3/6. 9. . 3/2x 3/6. 
10. 3/4x 2/8. 11. 9x 2/97. 12. S/2x 9/8, 


13. V3x V3. 14. $%9х 5/9, 15. 44х84. 


А : i 
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16. 5/8x2,/6. 17. 8J/I3x3./94. 18. 41/72x 52/876. 
19. 778423 x 5/9752, 90, SJ 10-415. 21. 3 /Т@+6 9T. 
22. 2/36-- 2/48. 98. 989/6. 
Given /2—1414, 4/3= 1739, 4/5 79936, find to 3 places of decimals 
the numerical value of : 
24. /2+ «6. 2. J+ «10. 
26. /@75+ J93. 27. 104/108 /T5. 


202. Compound Surds. An expression consisting of two or 
more simple surds connected by the sign + or — is called а compound 
surd. Thus, 5/2 and 44/3 are simple surds, but 5./2+4./3 and 
5 J/2-4./3 are compound surds. 


Two or more compound surds are multiplied together in the same 
way as two or more compound algebraical expressions. 


Example 1. Multiply 34742 43 by να J8. 

(3/т+9 8) Vz — 3) 8 Jn. far 8.4/9. m — 3 Ja. /3—9./8./3 

=3х+9 ,/82-—38/3ж-6=3х- JSz - 6. 

Example2. Multiply 7/2+ /3 by 7/2- J3. 

(7 /2+ „/8) 074/9 3) (7/9)? - (,/8)? —49.2- 3-98 - 3-95. 
Example 3. Find the square of /35 +z + /8а—т. 

(/За+т@+../8а—х)# =(./3atz)* + ( 8aa)* +2 Ja Fe. Sam 

=(8a+2)+(8a-a)+2,/9a2—22 


—6a49 J9a3 — 72. 
EXERCISE 111 
Multiply : 
1. Jatbby ab. 2. Jat Jbby va- Jb. 
3. 3Ja-5 by 2 Ja. 4. 4 Jz-3Ay by 4 /z—3 Jy. 


8. 2./z-5+4by3Je-5-6_ 6. 345-448 by 2/5 +3 0/2e 
7. 49*2J34 „Јоу /9+9 /3—- JT. 
8. 3- J5- J8 by 3- /5- «8. 
9. «Τη /6- J3 by VII- J/6+ J9. 
‚ 10. 2/47 ο πο 3/2+3/3. 
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Find the square of : 
M. Jeta- Ма-а. 12. 24/85 V6. 13. 24537. 


м. Маар - „Ја Ob". 15. 2 rey e Б αγ. 


ς 203. Rationalisation. Tf two surds be such that their product 
is rational, each of them is said to be rationalised when multiplied by 
the other. Thus, 2 4/5 and /3+ V2 are rationalised when respectively 
multiplied by 45 and J/3— /2; 


for 94/5x /5=10, ' 
and (/3+ J2)( V3- /2)=3-2=1. 


Two binomial quadratic surds which differ only in the sign which 
connects their terms are said to be conjugate or complementary to 
each other. Thus, /3+ 3 and 2./5—,/7 are respectively conjugate 
(or complementary) to ψᾱ-- 4/9 and 2J5+ JT. 


Evidently, therefore, every binomial quadratic surd is rationalised 
when multiplied by the complementary surd. 


Hence, a fraction with a binomial quadratic surd for its denomina- 
tor can be easily reduced to an equivalent fraction with a rational 
denominator. К 


Example 1. Given 49-114, find to three places of decimals the 


value of E 


l*42. (1+ /2(3+9,/9) _3+8,/2+9/2+4 
3-2/2 (3-8 9)8--2 /2) 9-8 
=7+5/2=7+5x1414=7+T'070=14'070. 


Example 2. Rationalise the denominator of 


Nit p= IgA 4 
Мү+т#+ Ла? ‚Ак, 


The given expression 
2 (Jirs*— Γον ы 
(Лї+т*+ уа Ла? Ji-z*) 
(1422) (1-2?) - 9 J1-z* 
(12*)-(1- 25) 
2-9 Ji-a* 1— Ji-s* 
SU GRE E 
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Ps ск эү BENO d 
Example 3. Simplify z 73-313- /39+ J50 
The denominator=5 v3-2x 2/3 -4 „/9+5 „/д= V3 + (2. 
Hence, the given fraction 


= 3*6 _ (3+ Jo C./3— „/9) 
/з+ (3 (J8+ „/9)(,/8— J2) 
даста вуз шз J3. 


ET 8J2 AN3 «6. 
Example 4. Simplify 78+ J6^ J6+ 8 аъ J8 
The Ist term 


` 


асо aac vae c ΘΑ) Ж aus 
NEUES 7 Уй+1 (J2+1)(/2-1) 243— J6. 


Tho 2nd term 


448 _ 946 ... 2,/6(./3=1) 
t 07 1 (34-1 48-1) 
-Xàya- М6) =з J2- «6. 


The 3rd term 


кыре з= 23) 5 
Jat J8^ σον Υπο 48-2 va 98. 
‘Hence, the given expression 
-(248- /6)-(8./2— /6)+(8./2-2,/3)=0. 
EXERCISE 112 
Reduce to an equivalent fraction with a rational denominator : 
*54/8-- V7. 3/2+2/3. 4-342. 3454 J/8, 
E idi +277 2 88-28 9 3-80 3  J5- ХЗ 
Ма+т+ /а—т, 6 Ма? +1- /т*-1, 1 1 З 
Nate- „Маст " να +1+ Ja2-1 ` l+ 2+ 3 


Given J/2-1414, /3=1'732, ./5=2'236, find to three places of 
decimals the value of : 


2+1, DNE 8-5/2, 
Seas 9. 32 75 10. 3-9 Ja 


3 ` 
ον 13. 3-5 18. ^4. J15 
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Simplify : 


1 TY 15 

6 оја 1а уа 15. Πορ J40— J5- 80" 
16. XANNE- 8), -ῃ А 

" С5-1)0(8 8—5) + 4/2) ` 8+ b= «2 
18. (3724/2)? - (8-8 J/2)"*. 

19. Z+ 45-1 2- /т-1, 
` æ- ψα-1 t+ yri 
ματι Jai, /ш*+1- ψοῖ-1, 
Jati- No- 1 κατι 25-1 


Rationalise the denominator of : 


20. 


21. ΕΡΕ ? τρ 58 


. 204. Тһе square root of a rational quantity cannot be partly 
rational and partly a quadratic surd. 


If possible, let /л=а+ Vm. 


Then, squaring both sides, we must have 
п=а? +т+9а Am, 
_п-а%-т, 
whence, m CET 
Thus, а surd is equal to a rational quantity, which is impossible. 


905. If at Jb=x+ Jy, where а and х are rational, and ~b 
and Jy are irrational, then will а=х and 6=y. 
For, if a be not equal to т, let a=xtm; 
then, we have z--m- Jb=at Vy; 
m+ Jb= Му. 


54. 


Thus, Jy is partly rational and partly а quadratic surd, which is 
impossible by the last article. 


The-efore, a=% and consequently /b= Aly; or, b=. 
Note. It should be distinctly borne in mind that the results proved above are 


true only when yb and ny are really irrational. For instance, from the relation 
5+ /9=3+ A/25, we cannot conclude that 5=8 and 9=25. ү 


1—94 
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206. То find the square root of a+ Vb, where Jb isa surd. ` 
Let Nat Jb= Na у. 


Then, ‘squaring both sides, we haye 
a+ /b=z+u+9 ay. 


Henoe, by the last article, 


а=т+у_ £t Ad 
Я апі Vb=2 Vary } а) 
Henoe, а%-—Ь=(ш+у)#-4шу=(ж- у)? ; 
Ss Ма? -b-z- y. 
Thus wehavezty-a _ — ү 
and z-y- Ja*-b } 


Henee, by addition and subtraetion, Vg 
9r-a*a*-b, and =a- Ja$-b; 


Note. From the values of z and у found above itis clear that unless „/а%—Ь 
is rational the square root obtained is by far more complicated than the original 
expression. Thus, the process given above is of no great practical value except when 
a*—b is a perfect square. 

Cor. From (1), we have a- Nb=at+y-2 Jry=( ve- Nu); 

. Мат Jb= Je- Ju. 

Thus, if Ма+ Jo= /х+ Jy, then will Ja-Jb= Jx- Jy. 


Example 1. Find the square root of 7+2 10. 
Let — /7+2.J10= να Jy. 
Then, squaring both sides, 
Ы. 7+2,/10=т+у+2,/ту. 
= Hence, zty- 7 } 
and ту=10 
These relations are evidently satisfied by the numbers 5 and 2. 
Hence, the required root ,/5+ κ/9. 
Example2. Find the square root of 19-8 4/3. 
Let — ,19-848- ve- Jy. 


Then, 19-8 /3=2+y-2 zy. 
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Hence, т+у=19 + e (1) } 
and 2 Jzw=8 89, or, ту=48 => (8) 
Now, (1) and (2) are obviously satisfied by the numbers 16 and 3. 
Hence, the required root— «16- «8-4- 4/3. 
Example 3. Find the square root of 16—5 JT. 
Let 4/16—5 //7 = νο A. 
Then, 16-5 /7=a2+y-2,/ zy. 
+y= 
mesos. минрл) 
Hence, (2-1) = (2+0) - 40у =(16)* — (5 ντ) 
=956-175=81; 

S52 8—9-9. 
Thus, we have _ т+у=16 } 

and т-у=9 
Hence, @=3 and у=. 
Thus, the required root= „/2# – J$. 
Example 4. Find the square root of. /27+ „/1б. 

„57+ JI5=3./3+ V3. /5= /3(8+ V5) 
Hence, A J97+ J15= 4/8. /3+ Jb. 
Now, proceeding as in the last example, we find that 
«85 J5= „+ NE. 

Therefore, A Jai A157 4/8/14 Jš). 


Example 5. Find the value of η 
1+т LES = 3. 

προσ = πο when 2—^5 
A3. 93 Ыз 4248, +, 
Qu cong 4 2 * 


/3_9— 484-9449. (48-1)*. 
9 9 4 2 


We haveltz-lt 


and 1-2-1- 


' Hence, the given expression e Claes 
. 340-3) , 39-43) _2+ 43,2- 
pu ee nde is T | 
_ (0+ J33- „/8)+(0— „/8)(3+ 8 
3 ERE A3) 


_(6+ 48-3)*(6- 48-3) 6 1 
9i 9-3 o 
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Example 6. Find the value of 
2a /1+х*, -i( στο 
μπρος ЙЫРЫ ЧЕ М ΝΕ D 


2a Ji+a* _да,/1+т%(т- СМү+т?) 
at 1 ταῦ @*—(1+°) 


= —дат /1+:#+9да(1+). 
Now, since «= i(s- WES i 
= ata ($42 -9); 
πο ο 
Henee, the required value 
E -94:1|9 _ 2) +94.4(¢ + 2 +2) 


=9a(141.5)_ 
-9α[} «1.5 a+b. 


EXERCISE 113 


Find the square root of : | 

1. 4-9,/3. 2. 7-448. 3. 11-69. 4. 8492,15. 

δ. 14-645. 6. 98-1048. 7. 91-845. 8. 1741242. 

9. 41-1245. 10, 37-9048. 11. 3144/91. 12. 73-19./85. 
18. 47+4/58. 14. 4— JT. 15. 6-35. 16. „Л8-,Лб. 
17. N33- VA. 18. „/97+ /94. 19. 54/54 „/190. 


RE 2+ /3 2- J3 
9 πα ута α- Ja | 
21. Find the value of Tim +I TJ whenz 


-3, 
2 


22, Find the value of Matet sen, when aA. ^ 
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Find the square root of : 


99. a?*-49z Ja? –т?, 24. 2049 ,/аЗ – b. 
95. atc J2ac tz. 26. 9r-14*92 /z2—mx-6. 


27. +у+г+9 Naz yz. 


907. Equations involving Surds. 
Example 1. Solve /z+19= „2+2. 
Squaring both sides, we have z+19=z+4+4 a. 
Henoe, 4 /z=8, : 
or, 4z-29. .. α-Α. 
Example 2. Solve 9(z+9)=1+ „/4ш* +92+14. [0. U. 1877] 
By transposition, we haye 22+3= „Аа? 9r 14. 
Squaring both sides, 4g? -- 192 4-9 — 42? 4- 9x - 14, 
or 92-5. .. α-ᾷ. 
Example3. Solve Vz+6+ /2-5=11. 
By transposition, /z+6=11- νᾳ-δ. 
Squaring both sides, z+6=121-22 Ala - 5 (x — 5). 
7 99 /z—5=110, [by transposition ] 
от, /л-8=8. ©. $-5-95. .. ο-80. 
Example 4. Solve J/zš+ll1e+90- (αὐ Εδρ- 158. 
[ C. U. Entr. Paper, 1881 ] 
By transposition, /z?+1le+20=3+ Να t 5x1. 
Squaring both sides, z-- 112 --20—9-- (z* Σο 1)--6 Ja? {δα — 1, 
or, 62+12=6 Jz? Ἔδα--1, i 
or, +9= „Ја -5x—1. 
z*-4rct4-z*t6z-1, whence v=5. 
Example 5. Solve Mu 1+ хы 1. 
Since, 3r-1-(A/8z + D( /3 — 1). 


BA IUE ус 
"ds 8011 αα-1. 


1 
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Hence, from the given equation, we have 


J3z-1-14 MS кс 1, 
‘or, Ww 1)Q-4)=1, SABE 
or, alu or, "ᾖσ-1-8, 


or, αϑα-8...'. 8z=9. .. α-ϑ. 
Example 6. Solve 3/а+х+ α-α-ὗ. 
Since (Wa+z+ Wa —z)° ΚΝ 
=(a+a)+(a-a)+38/a?-27{Va+at а-а} 
—9a-- 33/33 11}, 
therefore, cubing both sides of the equation, we have 
2a 34а? – 2 Ь= δ᾽, 
з_ 
ог, 36 λα. -m =b 9а. .. а?-2°= (eaae. 


ion 2-611, 1/298. 1а s 
pied: Bolo, сетш! ποτών ac irg 


@-8___(@-8)(„/л+1+8)_ 


Πτα" ιο 7 etit 

2-96 (α-9θίγα-1-δ)., F s. 
чета et) dazizbi 
ár-5 — (4z-5((À4z-1-9).. 171-9, 


MAz-1*2  — (4z-1-4 


Hence, from the given equation, we haye 
(105148) (4271-5) — /4z-1-2, 
or, Ма+1+ /л-1= J4e-1. 
n (z+1)+(z-1)+92 /z2-1=4z-1, 
or, 9. /z°—1=9z-1, 
or 4(z2-1)=4z2°-4zr+1, 
or 4z=5. .. z-i. 
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Example 8. Solve /2x?7+9+ 492-9-9-34/T. 


. We have, for all values of z, (2x2 +9)- (2x? -9)=18, and hence, 
this relation is also true for the particular value which т has in the 
given equation. ` à 


Therefore, the required value of z will also satisfy the equation 


(дл +9) - (943 -- 9) 18 , 
Мда -9:- Jür*-9 94847 


ог, A93 +9 — 8379 189-3 D .-9- 3 yr. 


Adding together the given equation and this, we have 
2 ‚/дх*+9=18, or, 86:99. 
Qn? +9=81, С. m2=36. «Ὃν 0 Oy 


EXERCISE 114 


Solve the following equations : 


1. Ма+Т=1+ Jc. 2. A 3a 167 8639. 
8. Jzt9-1- Jc. 4. „/32-4= 8x4. 
Б. Jbat10= v5r+2. 6. /л-16+ νωςθ. 
7. Aog 195 νο. 8. Jzli- /ш=1. 


9. J/8:438-3-2 Jm. 10. 2+ J9az- a? =a. 

11. zat „/дав+а? — b. 19, z-4-3- ψα111. 

18. Jz-6-6- vet. M. Azt9- cz*À9-1. 

15. J3e+1- J8c-11=2. 16. J50+6+ ψδα-14-10. 

17. «τας να 18-86. 18. Ja?—8n+5- шї=ю+1=1. 


απο _ | Jaz—b. 200 +120,/5е — (a J» „/Б\? 
ya ркт у кеу. Sora em BN 


98. /йа+ш—/а+а=9/л—2а. 


oe seda, ке SOG, 
24. να Jatz- сут 95. κα τν -18 Jeti 
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—. {ыр 84z-4. 1543, 
26. vata ale ier 27. “γα” Je +40 
98. JetVz-Ji-z-1. 90. Jc 8- Ju? +8z=29 J. 
30. Jl-z+ /l1-z+ Ji+e= ltr. 


з1. 1 Jate+ 4 νατο- 1 Je. 

32. Ма+8= 10/23 + Gdn +36. 

88. (1+д)#+(1-д)#=9#, ^ [0.U. Entr. Paper, 1885 ] 

И. (a2) (а-л) =at- αγγ), 

в. (2+2) оа ο] ο 

2-47 +1219 . 42-14 — 

4z*9-7 Να-8-4 ψά4ο-8-Π 

gn «94-49 18513695 6:+191 _ 
МӘ®+15-8 J18e+31+3 2у/2л+54-—5 

38. к= Ja te Joto a 89. Je2+9+ Jz3-9-44 V34. 

40. ‚/3х*+16- /322—16=8-4.)9. 


CHAPTER XXXI 
EVOLUTION : SQUARE AND CUBE ROOTS 


. 208. Evolution. The process of finding the roots of quantities 
is called Evolution. 


Thus, evolution is the inverse of Involution. % oT Art. 197] 


209. The ordinary method of finding the square root of ` 
а compound algebraical expression. From our previous knowledge of 
formulie the following results are obvious : 
(a-- b)? —a? 4 (2a *- b)b ; 
(a+b+ce) =a? + (да+ b)b - (2a 1-92 4- c)c ; 
(а+6+с+ d)? =а? + (2a +b)b+(2a +2b+c)c+ (2a 3:30 1-96 d)d ; 
and so on. 
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Clearly, therefore, we must have 
(az? + ba: c)? = αἲρ' + (a2? + bz)bz: + (902° + 9bz + c)e, and this latter 
when arranged according to the descending powers of z, s 
= а“ + 9abz? + (03 + 9ac)z2 + Qhex + c?. 


. Now, if it is proposed to find the square root of the above expres: 
sion, let us see what means we have of discovering successively the 
several terms of the root. 


. The first term of the root, viz., az?, is evidently the square root of 
the first term of the given expression which is a*z* ; 


if we subtract a2z* from the given expression, the remainder is 
{(2ax? +br)bx + (Q3 +2be+c)ct, in which the term containing the high- 
est power of z, -9αω5 χα, 1.ο., =twice the first term of the root into 
the second term ; this enables us to get the second term after having 
obtained the first ; 


if now from the above remainder we subtract (Qae*+bz)be, the 
second remainder is (8az3--9bz--c)e, in which the term containing the 
highest power of z, =9az2 x o, i.e, =twice the first term of the root . 
into the third; this shows how to get the third term after having 
obtained the first and second.’ 


Thus, we are furnished with a clue for successively discovering the 
terms of the expression az? + ba +c when its square is given. 


The operation may be performed as follows : 


a +Qabe® 4- (03 λος aa а? +be+e 
aset 
бата + bz дат +(b? + 9ас)д® + 9bom + oŠ 
Qabrs$--b*r? ` 
Sax? + 9bz + с\даст* + bcr + οἳ 
Όρμος» + дБот + οἳ 


(1) Find the square root of a?z*, the first term of the proposed 
expression, and set it down as the first term of the required root; 


(8) subtract a2x* from the given expression, and bring down the 
remainder 2abz? + (b? + 9ac)z? + 9bez +c? ; 

‚ (8) set down 9az?, i.e., twice the first term of the root, on the left 
of the above remainder as the first term of a divisor ; 

(4) divide the first term of the remainder by даа?, and веб down 
the quotient, bz, as the second term of the root and also as the second 
term of the divisor ; 

(5) multiply the divisor thus obtained by the second term of the 
root and subtract the product from the first remainder ; 
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(6) bring down the second remainder 9acz*-9bcz--c? and put 
2an*+9be (ie. twice the sum of the two terms οἱ the root already 


obtained) on the left of this remainder for the first two terms of 
a divisor ; | 


(7) divide the first term of the new remainder by the first term 
of the new divisor and set down the quotient, c, as the third term of 
the root and also as the third term of the divisor ; 


(8) multiply the complete divisor thus obtained by the third term 
of the root and subtract the product from the second remainder. 


After this nothing remains, and we obtain ax?+br+c for the 
required root. 

Note. The expression considered above stands arranged according to descending 
powers of x. Similarly, every expression of which the square root is sought must be 
arranged according to descending or ascending order of the powers of the same letter. 

Example 1. Extract the square root of 


2° +80 — 20° +162 — 8x 1. 
αὐ --8z* — 9z*-- 162" —8л+1{ 2° +4a-1 


т 
9л5 --4z|Bz* - 225 1673 -80 +1 
8a* 311603 
2z+8e-1)-925 =F] 
-2° -8+1 
Thus, the required root—2?--4z — 1. 


Example 2. Extract the square root of 
at +O(y +z)z° + (3y? +2yz +82")? +9(° - 2 yz? 25)л 
t+y*+2y22z2+24, [О.Т]. 1888] 
The given expression =z* +2(y + z)z? + (By? +2yz + 3z2)z 
+(у + ely? +®)ж+(у® + а), 
which stands arranged according to descending powers of z ; so we can 
at once proceed thus : 


+2(у + zy? +27 )x + (y + 2°)? Í| х®+(у+а)т 
9’ ty + z)z° + (By +2yz 37? c* ( +(y?+2*) 


2 Li 

2х*+(у+а)ш 1 ge BUR ee 
3 2(y--z)r? -( y2+Qyz+ z2)z2 

Qa? +9(у +2) ὄν TAA t 9(y  z)(y* + а®)ж+(у® + 27)? 

+ (y? ζω + Oy + 2)(y? +23) + (y2 +22)? 


Thus, the required root—z* +z - zz-4- y? + 9. 
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4 2, 2 
Example 3. Find the square root of * +4994 7s + 5 ~ 99° = 408. ; 


EO. U. 18891 


Arrange the expression according to descending powers of z and 
then proceed thus : 


4 2 „2 i 
— + da? + 98" Am LE ~ 20+ d 


" 3 g. 9V2 Б] 
z* 
4 
2? — 2x | 958 +418 
—9z5 + 4x? 5 


ак? 4ag ра? 
39518759 
š a? a 
Thus, the required root = о -20+ 3° 
4 4 2 z 
Example 4. Extract the square root of dt de +05 +4, +3, 


The expression when arranged according to descending powers of z 
stands thus : 
att ed 4y? | 4y* 
ap it et а 
for now the indices of the powers of z in the successive terms are 


respectively 4, 2, 0, —2 and —4, which numbers evidently are in 
descending order of magnitude. Hence, we proceed as follows : 


т^ x 4y? , 4y* ( а? 2y? 
agit у 8+ DI UE a2 t1+ P 
z 
4y* 


Qy? 
2 


2 
Thus, the required тооь= 072 +1+ = 


380 


Example 5. - Extract the square root of 


Let us proceed by arranging the expression according to descendin 
powers of z, thus : 
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st- оа ὃν +94884 aist- 2ай: + a, [C. U. 


ILLE AES бй RAMOS 
ane 


2a δος - ai ) EX 


Thus, the required root =a *z— e ad, 


Find the square root of : 


-2a hp + à 
22 ἔρξ- ab] ast Бодай, Ln 
24828 -8αδῳδ + aš +аё 


EXERCISE 115 


1. 422% +195у2+9у2. 2. т*—4х° +1022 - 19x 4:9; 
9. ο” -90΄ «9011-81. 4; 4r*— 1923-9573 —94:--16. 
9. 4ш*+8аш% +4421 +1622? + 16ab%x + 16b*. ГО. U. 1810: 
6. 95*—95*y-t1935*y? — 9773 4- 9y*. [ C. U. 187: 
4973 430" m, 1, 10510 _ 6x 14z* 4 
7. x 2m + 9 3 +16 8. 95 5 5 - 49z* +9, 
ate i - jsp moie a. ον М 
9. je 2+ 42-213 b 10. Pp EN EUT 2— am, 
403 4b, 9а? 62,101 4r , 40? 
J; ru notas ih: 1 oF eet 95 Ἴδα’ 909 
13. ἀν" — 8x? y? + 428 + у®, 14. 4902 , y* 49m, буур 


2 2 2 2 
RT. Y qo ae 953 200, ол _ 181. E 


. z-9).3s-m3.1 ^ 18. ϱ ys δα 


y 7 7y "3633 ον 49у* 


aa? + 2an-* + q7353 9 93713, 


μμ 
on абу ы = ο. +62, 99, (9— 4g» дайт, 4 


953^ + gg 5m d m-& — 30a o0i-3 + ,4m«2 _ 10527315m-9. 


ç 
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210. Extraction of square roots by the application of gu 
formula a?+2ab+b2= (аз В) 


Example 1, Find the square root of 4—4c--9b +c? = +0. 
[ С. U. 1876 } 


The given expression, arranged according to descending powers of b, 


=H о) (09 4644) 
-(2)'-2{3(c-a} + (c-2)° 


-{2 -e-2)'- (2 -οὐ3}᾽. 


Therefore, the required root= 2 —c+9. 


Example 2. Extract the square root of (5 + ÀJ E if ο 
The given expression 
ο - [+ zeta) +19 
ο 


Therefore, the required root=z?—9 + 1. 


Example 3. Extract the square p of 


9 2)2 
ο ο ος C. U. 18897 
The given expression 
(a d ie (a? - 52)? +4ab(a? δη 
(а? =07)" (a? =b)? 
of which the numerator ={(a? — b?)? +4a?b°}+ 4abla? — 52) 
—(a*-b*?-r4aba*-W9)4a*b* — 7. 


= {(a? — b?) + 2ab}?. 


9132 
the given expression =e 


z 
Therefore, the reqd. root = +, 
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Example Δ. Extract the square root of (ab+ac+ bc)? — 4abc(a * C). 
[ C. U. 1888] 
The given expression 
=Íb(a+c)+ acl? — 4abc(a + c) 
— b*(a.4- c)? + a?c* —9abc(a + c) 
={b(a +c) – ac}? — (ab — ac-- be)”. 
Therefore, the required root=ab— ασ bc. 


Example 5. Extract the square root of | 
а*+Ь*+с*+@*—9(а® - c?) (0 + d?) + 2а®с®  25*d?. 
Arranging the given expression according to descending powers 
of a, we have | 
α΄ —92a*(b* +2 — οἳ) + {b* ο΄ + d* —20°(b° + d?) {95545}, | 
and the expression within the braces arranged according to descending ` 
powers of b, 
= b* — 9b* (c — d?) + (c* + d* - 90545) 
А =b* —9b*(c? — d?) - (c° —d?)? 
- (b^ -οἳ - a2), 
Hence, the given expression 
—a* —9a*(b* — οἳ - d?) - (D? – с?  d*)* 
={q? καὶ (b? — +42)} 
=(а% = b° +c? -d*)*. 
Therefore, the required root=a? —b? +c? – d?. 


Example 6. Find the square root of 
4{(a? — b?)cd + ab(c? – d2)}? + {(a? — b?)(c? —d?) – Aabed}?. 
The given expression 
=4{(a? — 53)2c2d2 + Qabed(a? — b?)(c? — d?) + a*b*(c* — ἀλλ 
+ (a3 — b2)*(c? — d°)? —Sabod(a2 — δ3)(οἳ — d?) + 1θα” 0*c*d^] 
= (а? — ῥϑ)3ο5 45 + 4a2b%(c? —d*)*] + (a? — 0)*(c* — d*)* 
ys +16а®Ь®о°д%) ` 
= (а1—Ь){(о®—а)° + 46*4] -4a**((c* — 43) +40242) 
= (a? — 59)? + 4a b Hl? — d*)* +40842) 
=(а*+9а%Ь + b*)(c* + 92d? + d*) 
=(a? + δ3)5{ο5 + d*)*. 
Therefore, the required root—(a?--b?)(c? --d?). .. τ 


— 
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_ EXERCISE 116 


Find the square root of : ү 
1. 95z*y? —40ay +16. 2. 49a?z*— 49αφ5ᾳ5 4 9p*. 
8. 49а%% +196470" +81а%°. ^ 4. 3z*y*—4a"y" +510, 
25068 ο’ Барот, 
+ 9 Б] 
7. a?*-*b*-c*—9ab-9ac—9be, 8. 4a?+b?+9c? +6bc— 19ac — 4ab. 
9. a*+4b*+9c4+4a2b? — Ga3c? — 191202, 
10. 4a*--9b*--95c* — 1925? + 20a2c? — 306202, 


6. a?+b? +e? -9ab 906 4-9bc, 


2405 ppp? Lab, дат, ( iy- ( - 1): 
11. 2*+79 bz + + 12. τα 4 5 


43 t 
18. а[д) 14 Πα 
15. &+—(2+)уа+о 16, Sa Mag, 
17. аї+&+4(в+ 2) +6, 18. 940°? 47242. 


19. a*-Fb?-Fc? d? -9a(b—c-- d) - 9b(c — d) — ed. 

20. (a—D)*—9(a? - b? Y(a— δ)» +9(а*+ 54). 

21. at+b*+04+d* — 9a*(b* + 12) 952 (c2 — d?) 4 9c? (a? — 1°), 
22. a*+2a°-a+h. 

23. 2a*(b--c)* +2b%(c+a)? +2c%(a +b)? - 4abc(à + bo). 


211. The ordinary method of finding the cube root of 
а compound algebraical expression. 
d Evidently, we have (az? + bx +c)? 
= (aa? + bz)? +3(az2 + b)? +3(az2 + bx)o2 + o° 
—a*a* * 3(a?z^)(bz) + 3(az°)(bz)° + (pz) š 
+ 3(ax? +bz)°c +39(az2 + т)? +03, 
: Hence, if we are asked to find the cube root of the above expression 


we see that we have the following means of discovering successively the 
Several terms of the root : 


The first term of the root, viz., az?, is evidently the cube root of 
the first term of the given expression, which is a5z°. 


Ж 
πο 


E 
i 
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Tt we subtract a$z* from the given expression the term containing . 


the highest power of z in the remainder is 3(a2m*)(bz), i.e., equal to three 
times the square of the first term of the root into the second term; the 
second term is, therefore, discovered. n 


If from the above remainder we now subtract {3(422*) +3(az*)(ba) 
+(bx)*\(bx), the second remainder is Blax? + bz)*c + (ал + bx)c* +o ; 
the term containing the highest power of z in this remainder is 3a?z*c, 
τα ae to three times the square of the first term of the root into 
the third. . 


Hence, the third term is discovered. 


Tf from the second remainder we now subtract {ϑ(ααῦ + ba)? 
ο рок, nothing is left and we obtain the required root 
= ат? + bz + e. 


Let us illustrate the process by an example. 


Example, Find the cube root of 
2° — 6z^y + 94z*y? –562%° - 962? y* —9Gey* +64y°. 


The given expression stands arranged according to descending 
powers of æ; we need not, therefore, change the order of the terms. 


^ The second term of the root, viz., - 9ry as shown on the next page; 
Ἢ Ἂμ by діуідіца – бту by 3z* (i.e., three times the square of the: 
rsu term). 


Then, the divisor, 3z*—062*y +412, 15 formed as shown on the 
next page. 


А The product of this divisor by (- 220), viz., —6z°#/ +1906 – 809°. 
is now subtracted from the expression which stands above it and the 
yemainder is put down below the line. 


_ Now, take three times the square of the part of the root already: 
ο and put down the result, 37*—19z*y--19*y*; as part О 
а divisor. 


Tho third term of the root, viz., 4y*, is obtained by dividing 195*y*, 
the first term of the remainder, by 3z*, the first term of the divisor. 


The complete divisor is then formed as shown on the next page; 


and the product of this divisor by the third term of the root is sub~ 


tracted from the expression which stands above it. 
As no remainder is now left, we find the required root 
=a? —2ry +4y?, 


Ў 


#6 


L 


οἴ9-- о 296 — shig 296 + 587 — 20,261. +191 + o fiv yo — «fi yo 12061 Ug 


,"9r4- =в(«ў) 
n е 
0076 -- 605261 = (509) x (Πας — ,9) x g 
9/79 ATIG — ,ñ,296+ 287 — vy T ahs GT + 1961 — „26 = «(ivo — 2) x 8 
di. W^. - sig — efl TT + ποθ — ahat? +99 – 518 

` 305209 + Ξε(πας--) 

А: i9 — = (iv5—)x xg 

d. s28=,(,2)x8 
Ч  asfp9+ 1296 — ,ñ,296+ επεαϑα-- I, vp 1,09 — 8 

т à 
Ag | 9/59 -- ,/1296 — ‚96+ „296 — ñ, zp6 +ñ 209—2 EJ 
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: EXERCISE 117 . 
Find the cube root of : 
1. 2° +970 +-9432+799. 
2. 2729—9162 +5762 - 519. 
3. 644° —144a?b - 108ab? т97Ь°. 
4. 332*— 362 +w" —63z*--8— 975 -- 6622. 
5. 8a°+ 122° —30z* 3505 + 4502 - 97 — 27. 
6. 1—92*--33z* — 632? -- 66x — 36219 48213. 
X. οὗ — 63c9 2? - &z* — 9c5z + 66c?z* — 36cz5 + 33c*2?. 


CHAPTER XXXII 
RATIO AND PROPORTION 


‘ Ratio 


212. Definitions. The ratio of one quantity to another of the 
same kindis defined to be the abstract number (integral or fractional 
which expresses what multiple, part or parts, the former is of the latter. 
Thus, i 

since 2 hours is a portion of time which is three times as large as 
40 minutes, the ratio of 2 hours to 40 minutes =3 ; 

since a length of 9 inches is a fourth part of 3 feet, the ratio of 
9 inches to 3 feet—1 ; 

since the sum of £1. 4s. is obtained by dividing 18s. into 3 equal 
parts and taking 4 of those parts, the ratio of £1. 4s. to 183.=4 ; 


and so on. 


Hence, it is clear that the ratio of one concrete quantity to another - 
(of the same kind) is a fraction, of which the numerator and deno- 
minator are respectively the measwres of those quantities (referred to one 
and the same unit) ; and the ratio of one abstract quantity to another is 
a fraction, of which the numerator and denominator are respectively the 
- quantities themselves. 


The ratio of any number a to any other number b is usually 


expressed by the notation a: b; thus, а: b is the same as * The 


quantities а and b are respectively called antecedent and the conse- 
quent (or the first term and the second term) of the ratio a : b. 

A ratio is called a ratio of greater inequality, of less inequality, or 
of equality, according as it is greater than, less than, or equal to 1. 
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Note. Since a ratio is only a fraction, there is no difficulty in seeing that the 
value of a ratio remains unaltered if its terms be multiplied or divided by the same 
number. Thus, the ratios 8:4, 6: 8, 15 : 20 and 8n : 4n are equal to one another. 
Hence, also two or more ratios can be easily compared with one another } for instance, 
the ratios 2:8, 4:5 and 7:10 being respectively equivalent to 20 : 80, 24 : 80 and 
21 : 80, we see at once that the second of them às the greatest and the first the least. 


213. A ratio of less inequality is increased and a ratio of 
greater inequality is diminished, by adding the same number to 
both its terms. 


` Let 5 be any given ratio, and let IT be the new ratio formed 


by adding z to both its terms. 


a*z a α(δ-α), 
Then, b*z δ Hbc) 


mu DIM itis positive or negative according as a is less or greater 
an b. 
ατα 


; а+т а. ; atr a; 
Hence, ifa < b, p b and if a > +, < Б 


which proves the proposition. 

Note. Similarly, it can be proved that a ratio of less inequality is diminished 
and a ratio of greater inequality is increased by subtracting from both its terms any 
number which is less than each of those terms. This is left as an exercise for the 
student. 


214. Composition of Ratios. The ratio of the product of 
the antecedents of any number of ratios to the product of their conse- 
quents is called the ratio compounded of the given ratios. 


Thus, the ratio compounded of the three ratios 
84 8:9, 9х:8у 
18 3x8x92z:4x9x3y, or,  4r:9y. 
When the ratio a : b is compounded with itself the resulting ratio 
à? ; b? is called the duplicate ratio of a: b. Similarly, a? : 5° is called 
the triplicate ratio of a: b; а? : b? is called the sub-duplieate ratio 
οἷα: ὃ; and a 3 οὖ is called the sub-triplicate ratio of a : b. 


215. Approximate values of Ratios. If т is very small 
compared with a, to show that the ratio (a--z)" : a? is approximately 
the same as a +2 : a. 

2 2 2 2 
(a--z)? а +да@+т 2128, 


We have at 7 
and  .'. approximately=1+ 2, 
Š m з У 90 
since 5 which- ^ x4] is very small compared with LA and smaller 


still than 1. 
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Thus, approximately we have 
3 
et -142:.0*85, - (g) 


Cor. From (1) we have д 2122.012, Hence, if z is very 


small compared with a, we have 
Nate: Ja=atde:a. 
Note. By a similar mode of reasoning it can be shown that when z is very 
small compared with a, (a+a)* : a*-a-c98z : a; (ata)* : a*-a-4z : а; 


(a+a)5 5 аса га; amd so on. 


216. Incommensurable Quantities. If two quantities be such 
that their ratio oannot be exaetly expressed by the ratio of two integers, 
they are said to be incommensurable quantities. Thus, «/3 and 2 are 
incommensurable quantities, since no two integers can be found whose 
ratio is exactly equal to 4/3 : 2. 

Although the ratio of two incommensurable quantities cannot be 
exactly expressed by the ratio of two integers, we can always find two 
integers however, whose ratio differs from such a ratio by as small 
а quantity as we please. 


For instanoe, -Y3 139905... "S6609 


М8 — 86602 86608 : 

and therefore, 9 > 100000 апа < 100000 

thus, 4/3:9 differs from either 86609 : 100000 or 86603 : 100000 by even 
less than a hundred-thousandth part of unity. A further approximation 
might evidently be arrived at by calculating the value of 4/3 to more 
places of decimals. 


Note. Any number which cannot be exactly expressed as the ratio of two whole 
numbers is also sometimes called incommensurable. From this point of view every 
surd is an incommensurable quantity. 


EXAMPLES 


К Example 1. Two numbers are in the ratio of 2 to 3, and if 9 
be added to each, they are in the ratio of 3 to 4. Find the numbers. 


Since the numbers are in the ratio of 2 to 8, evidently we can 
represent them by 2x and 3x respectively. 
Hence, by the second condition, we have 
9r*9. 3. 
^ 3æ+9 4 
Hence, 8z--36—9z--97, whence z=9. 
Therefore, the numbers are 18 and 97. 
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Example 2. What is the ratio of z to y, if 
102+3у : 52+9у=9;5 ? 


+ pe + @_3, 
7. 5.958. айт 


Example 3. Which is the greater (z and у being positive) 
@9+у°:ш#+у°, on at4y imty? 
m° Ἐφ} tty? αγ) toy — 9222 _ nen 
Wehave χμ mty — (1+ у#д+у) (3g? eo) 
which evidently is a positive quantity, since (x — y)? is positive whether 
t is greater or less than y. 


Hence, a®+y®:a%+y2? 2 т? y? i my. 


Example 4. Two armies number 11000 and 7000 men respectively ; 
before they fight, each is reinforced by 1000 men; in favour of which 
army is the increase ? ΓΟ. U. 1879] 


The new strength of the 1st army : its original strength 
=12000 : 11000— 12 : 11, 


whilst, the new sbrengbh' of the 2nd army : its original strength 
=8000 : 7000=8 : 7. 
Now, since 19: 11-84: ΤΊ, 
and 8: 7=88:77; 
it is clear that 8: 7>12:11. 


Thus, compared with the original strength, the new strength of the 
second army is greater than that of the first. 


Hence, the increase is in favour of the second army. 


EXERCISE 118 


Which is the greater ? 


1. 4:50r7:8? 2. 7:10orll:14? 3. 9:δοτ18:89 
4. 22:27 or 32: 45? 5. 28: 89 or 49: 65? 


890 'ALGEBRA MADE EASY [ ОНАР. 


Find the ratio compounded of: 
6. a:b,b:candc:d. 7. 3:5,7:9 and 15: 98. 
8. atz:a—-2,a?* 2? : (a+r)? and (a? 22)? : a*—z*, 


τ 9. 16:5, the triplicate ratio of 5:4 and the. sub-duplicate ratio 
of 9: 4, 


10. 25 : 18, the sub-duplicate ratio of 81:49, the triplicate ratio of 
2: 3 and the duplicate ratio of 7 ; 5. 


1. IfQe+5y : 32+5у=9:10, find z : y. 
12. Ife: y—3 : 4, find the value of 52+9y : 162+ бу. 


13. Two numbers are in the ratio of 7: 8, and their sum is 185. 
Find the numbers. 


14. Find two numbers which are in the ratio of 5:3, and whose ` 
difference is 34. 


15. Two numbers are in the ratio of 4: 5, and if 7 be added to 
each, the sums are in the ratio of 5:6. Find the numbers. 


16. Two numbers are in the ratio of 7: 9, and if 10 be subtracted 
from each, the remainders are in the ratio of8: 11. Find the numbers. 


17. For what value of z will the ratio 23-c : 19+ be equal to 2? 
18. What number must be added to each term of the ratio 25 : 97, 
that it may become equal to 5 : 6? 


19. What number must be added to each term of the ratio 29 : 38, 
that it may become equal to 4 : 7? 


20. What quantity must be added to each of the terms of the ratio 
а: b, that it may become equal to ο: d ? 

21. Show that ifa > z, the ratio a?—2? : a? m is greater than 
the ratio a-g: a-- a. 


22. Show that the ratio a?+b?:a+b is less than the ratio 
a* —b3 : a- b. 


Find opproximately the values of : 
28. (996)? : (295)5. 24. (3546) : ./(3542), 


25. А, B, C are three school boys getting monthly allowances of 
Rs. 15, Вв. 20 and Rs. 95 respectively ; out of these amounts they respec- 
tively spend Bs.82, Rs. 112 and Rs. 158 per month. Which of them 
is the most frugal ? 
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Proportion 


217. Definitions. Four quantities are said to be proportionals 
when the ratio of the first to the second is equal to the ratio of the 
third to the fourth. Thus, а, b, c; d are proportionals, if а: b—0: d. 
This is often expressed as a: b: : с: d and is read ‘a is to b as c is to d. 

The terms a and d are called the extremes and the terms b and c, 
е means. The term d is also called the fourth proportional to 
a, b, ο. 

Three or more quantities are said to be in continued proportion, 
when the firs& is to the second as the second is to the third, as the 
third is to the fourth; and so on. Thus, a, b, c, d are in continued 
proportion, when а: b=b : с=с: d. 

Tf three quantities, a, b, c are in continued proportion (a: b::b:0) 
then b is called the mean proportional between a and c, and c is called 
the third proportional to a and 5. 


918. 1f a : b ::c:d, then will ad 6c. 
4 a 00 

Since, ра 
multiplying both sides by bd, we have ad=be. 

Thus, if four quantities are proportionals, the product of the extremes 
¿s equal to the product of the means. 

[ Conversely, if ай= bc, then a:b::c:d. This is obvious by dividing both 
sides of the equality by bd. ] 

Cor. Н а:Ъ::Ъ: с, then ac=b"; e, if three quantities are in 
continued proportion, the product of the extremes is equal to the square 
of the mean. 


Note. From the result above established we can at once find a third proportional 
to, or a mean proportional between two given quantities as well asa fourth propor- 
tional to three given quantities. 


EXERCISE 119 
Find a third proportional to : 


1. 9,6, 2. 8,12. 3. 6, 15. 4. 16, 24. 
Find a fourth proportional to : ; 
5. 6,8,15. 6. 14, 24, 35. 7. 70014, 14, ὍΔ. 
Find а mean proportional between : 
8. 4,9. 9. 7,28. 10. 6,54. 
219. Ifa:b::b:c, thena: :c::0? : D?. 
a.b G. b a. а а? 
ОЬ е ан КФ νὰ 


‚Тї 
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Thus, if three quantities are in continued proportion, the first is to 
the third in the duplicate ratio of the first is to the second. 


Note, Similarly if a : b—b : с=с: d, it can be easily proved that a : d—a? : ^, 
which is left as am exercise for the student. 
220. 1a: b:: c:d,thenb:a::d:c. 
a.c 
For, IE 


aio 
© | 


ATE σπα whence, 


Thus, if four quantities be proportionals, they are also proportionals 
when taken inversely. 


This operation is called Invertendo. 
221. Ifa: b::c:d,thena:c::b:d. 


WC. 

For, ETT 
а ὃ ος b ο b 
б 4782.95 с d 


Thus, ¿f four quantities be proportionals, they are proportionals 
when taken alternately. 


This operation is calléd Alternando. 
222. Ifa:b::¢:d,thena+6:6::c+d:d. 


a с 
For, Bod 
У азб. atb ctd, 
PRG gtl ath or, d 


Thus, when four quantities are proportionals, the first together with 
H dua is to the second as the third together with the fourth is to the 
fourth. 


This operation is called Componendo. 
228. Ifa: b :: c: d, thena-b :b::c-d:d. 


ο. ο 
For, Besa 
ἡ LA a-b c-d 


с 
ο ο πας 


Thus, when four quantities are proportionals, the excess of the first 
M fes second ts to the second as the excess of the third over the fourth 
ts to ourth. 


This operation is called Dividendo. 


$$ 
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‚ Cor. Ifa:b::¢:d,thena:a-b::c:¢-d. 
ond YE bo. d 
Tdv cH πα 
a, d.c a 
b 


c 
-ο-ᾶ ᾱ 9^ ᾱ-δ ο-ᾱ 


Непсе, aD 


Thus, when four quantities are proportionals, the first is to the 
excess of the first over the second as the third is to the excess of the third 


over the fourth. 
This operation is called Convertendo. 


224. Ifa:b::c:d,thena+b:a-b::c+d:c-d. 
fro Κι oaa 00 Пу 


From Art. 223, 4 
*b ctd 


(ume 
s= 20-1, .... 
Henee, dividing (1) Ьу (8), = = 


Thus, when four quantities ате proportionals, the sum of the first 
and second is to their difference as the sum of the third and fourth is to 


their difference. 
This result is often spoken of as Componendo and Dividendo. 


Note. The result proved in this article is of great use in solving a certain class 


of equations. This will be illustrated in some of the following examples. 


Example 1. Solve Ма+а+ Ja-z y 


Ма+а-— Ja-z 
Ву componendo and dividendo, we have 
2 Ја+т bl, 
2Ja-z 0-1 


: * +1\# δ 19} 11 
Henoe, squaring, ο μα στα ον]. 


Again, applying componendo and dividendo, 


2a 9(b*--1). a b+, 
9r 4 ΕΣΡ 
a(b? + 1)=2ab. а=. 


l-ar /it+br_ 
Example2. Solve 11,5, ich 


fitim .i*az . ltir 1*2arta 
We haye тр 11-а `` l-br 1-2azrta?z? 


394 ALGEBRA MADE EASY [ CHAR 


Hence, by componendo and dividendo, 
Al. 1+а%. 


E 2az 
1+ 0*2?) — 9a, or  a?z* =% zr 


2l. /2a 
ης, + 


а 2+9а , 90 = Aab . 
Example 3. Findthe value of $97 ρα when ФЕ 


[ A. U. 1892] 
From the given relation, we have 


z 9b 
ο бл St Lye 
Hence, by componendo and dividendo, 
2+94 _a+3b m+9b_3a+b 
БЕРЕ τω μα ορ 
Henoe, the giyen expression 
= —(a+3b) +8а+Ь _9(а-ь)_„ 
a-b a-b Y 


a-b 
Note. For а different solution of this example see Art. 171, Ev. 9. 
Example 4. If (a+b+0+d)(a-b-c+d) 
=(4-b+c-d)(a+b-c—A), show that a: b::0:d. 
From the given relation, we have 
atb+c+d_a-b+c-d 
&tb-c-d α- ὃ-οτα 
Hence, by componendo and dividendo, 
atb a-b 7 
c+d c-d 


р atb_otd [ Alternando ] ; 


whence by a second application of componendo and dividendo, 


a-e, 
b 4 
_М»+1+%/ж»-1 
Example 5. Tf E TI: nsi Show that 


z* —9mz? +3¢—m=0, 
From the given relation, by componendo and dividendo, we have 
etd ασ — . ml (eil? 29497318041 
1 "Uo m-i (z-15 $3-8353x35-1 
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Hence, by a second application of componendo and dividendo, 


we have l^ 3541 


m(3z* +1)=х* t 32, 
whence, 2° – т +32 —т=0. 


EXERCISE 120 
Solve the following equations : 
1 9 3z-5y 1 8 5r-"y 1 
1 Szt5y 4 5rtTy 7 
4z —-9y—19 32-5y—18 
4 5, 911 409-10, 6 ІА 
š ` æ- ψααῖ-1 " ї+/ї-т 3 


1+@+@% 621*z 
1-х+т* 631-т 


atat /а%#—т*_Ь, 
10. а+ш- κατα т 

11. ajala μι i 

a? + fa- (a° — а 
Provethata:b::c:d— 
12. If (a--3b--9c--6d)(a — 3b - 2c + 6d) 
— (a — 3b-- 9c — 6d)(a- 3b — 2c — 6d). 

13. If (89a--b--4c4-9d)(2a — b — 401-934) 
j — (8a -b+ 4c - 9d)(2a +b— 4c — 9d). 

AM. If a= JB Мба ЧЕ, show that Sbz* —4az- 95-0. 


pu .α- 
15. If οσα » find the value of 2+ κ 


225. An Important Theorem. Τί στα ys then each of 


1 
: a^ + qc? re" * s: 
these ratios= [pas +d" +r, e) + where p, q, 7, n ате any quantities 
whatever. 


Supposing each of the given ratios=k, we have a=bk, c=dk, e=fk 
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Hence, pa^ — p(bk)^ — pb”, k^ : 
qo” — q(dk)" —qd^.k^ | ^. pan + qen + yen = (pb? + gd" + ту)"; 
те) тўп" A 
= Dan qen те", - n [pat qe + ny 
ο QU d Eis ` and C. k= БА жай" тў") ' 
which proves the proposition. 
Cor. As a particular case, if p, q, r, n be each equal to 1, we have 
б а @+с+е 
each of the given ratios; +а+/ 


Similarly, giving different sets of values to p, q, r, n several parti- 
cular cases may be at once deduced. 


- Note. What is proved above for three equal ratios is obviously true for any 
number of equal ratios, the same reasoning being applicable to all cases. It is always 
@ very good exercise for the student, however, to work out independently every fresh 
example of this class, applying the mode of demonstration illustrated above. Hence, 
an exercise is added below with a recommendation to the student that he should find 
the result in each case without using the formula established in this article. 


EXERCISE 121 
If Я = 3 = F prove that each of these ratios is equal to : 

1. ®=—с+е 2, ®+8%с-бе з. 5a-Te-13e 4 ka+lo+me, 
° b= 4+] b+3d—-5f * 50-74-1837 * kb+ld+mf 
{ * [ C. U. 1875] 

a? "Fc? +е% a? — 9c? + 3e? Mas +c + Š 

® (тата). € ΠΕΝ MCI 
ΓΟ. U. 1882 ] 


If т = 1 - 5 - A prove that each of these ratios is equal to : 


8 (Eres πῶ 
"oO Rd Ef. hp 


10. v a) 
ë 3672 —7d-? —8f-* 1813 
226. Miscellaneous Examples, 
Example 1. Ifz: y: : m: 92, and 
mimi: Jp? ta? : / р? уЗ, then p* : ay : ї@+уїт—}. 
z m* ptr? 
We have V^ па рї-у* 
e(p? —y*) - v(p* +z) [ Art. 218 ] 


9, /а 9065 
Мода 


|ui 
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ο, = P*(a@-y)=ayla+y) ; 

- Baty. 

ος. [ Art. 918, Converse ] 
te, p*ixy:iimty:c-y. 


Example 2. Ifa: b::c:d, show that 
matne: mb + nd : : (a* +c) : (6943). ГС. U. 1880] 


Si neon ma πο 
ns b a’ `` mb та 
— Mat то, 
and, therefore, each of.them = pt nå [ Art. 225 ] 
2 9 
Again, sinoe = =4 ο κ) Hie n= 


2 2 
and, therefore, each of them "da [ Art. 225 ] 


та+то_та_а, ae 
Thus, we have jp tnd mb b (1) 
2 tj 2 
ма терше ~ 8 


Hence, from (1) and (2), 


mat ne _ (а +02 
mb nd (62 -d3)* 


' which was to be proved. 


z i 2 
Example 8. If -opro а) -ajo &a-82) - (а=Б(а+Б—%)' 
find the value of z + +z. ГС. U. 1889] 
Let each of the given ratios=k. 
Then,  z-A(b—c)(b--c- 2a) (b? —c?) – 2a(b — ο), 
у= с- aY(c-- a — 9b) =14(0° – αἲ) - 2b(c— a), 
z=kla— bY(a-* b—9c)— (а — b?) – 2c(a — D). 
Hence, 2+у+2= (6° ο5) +(с® -a?) -(α"- δ" - 
б —9{а(В—о)+Ы(с- a)+c(a — 0)!] 
, 
Example 4, Ii 40207 ορ ας bz OU, show that 5 =} = 2. 
Let each of the given ratios=k. 
Then, we haye (ay—br)c=ke*, 
(ca —az)b=kb*, 
(bz — cy)a — Еа". 
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Hence, by addition, 


kla? +b? +c?)=0. k=0. 
Hence, ay — bz —0. o αυ-ὸα. ... = z = (1) 
also,  cz—az-0. 7. от=аа. = = " ~ (2) 


ο ж Ж 
Hence, from (1) and (2), vu X pi 


Examples. Н #=? 0, thon wil 


(a—d)* — (ьс) + (0-а)? - (à — b)*. 
From the given relations, we have 
G) ®=ас; (ii) c*- bd ; (iii) bc ad. [ Art. 218 ] 
Now, (b-c)?+(c—a)?+(d—b)? 
=(b? +0? – о) + (οἳ + a? — 2ac) + (d? +b? — 9bd) 
— 9(b* — ac) + 9(οἳ — bd) +a? + d? — 9bc 
—a*-d*-9bc [from (i) and (ii) ] 
—a*-*d*-9ad [from (iii) ] 


=(a-d)*. | 
Example 6. If a: b::c¢:d, show that 
2 
dat D ctd)- tar roo. [0. U. 1874] 
Since, 5 = n abord, [ componendo ] 
ранае) ath 404d Ha + b) 9(c + d). 


‘Hence, NEUES Mod). Mat Nord), 


[eb et num * - d(a-DYc--d). 


Example 7. If a: Ь::р: 0, show that 


atb: 2 йк чё 
+b d :p*tgi: Us 


From the given relations, we have 


b d, ο αι 
cU and .'. mem 
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2 2 2 2 

Hence, (i) 202914, and (i) eU AU. 
Multiplying together (i) and (ii), we have 
(a* telat b) -tpo 


1 — 
or, 8-09 
[ns 


8 
ie, a tps ii ptg pre 
Example8. If m: m: : р : 0, prove that 
ο (s i c) (sa) [ O. U. 1859] 
m.p. m-n p-q. 
We have "gt FATAL IET 
alternately, mss on ώς τὸ 
dies — = (p- гы ), 
o, 45 = ales 5-0) [^ πρ-πια] 
(m —n)(m — πο dag) Sgt 
m q 
2. 
= mq+q° —q(n+p) ο σης] 


q . 
pg mee) 
Example9. 1t $= Ë = ©, show that 


(a? +b? +с2)(6° +02 +d*)=(abt+be+cd)*, [ C. U. 1887] 
Let each of the given ratios = k. 


Then, #%b%=a8 s I HN +@°)= a? D? c? ; 
арз ра 24524 
beatae | “= ue D 


also, kb—a ; .. kb*-ab С. ДЬ tc? d9) - αὐ bc cd ; 
ke=b; г. i-is | 7 y ab bo cd, - (9) 
kd-c; J. kd*-cd BETETE ( 
Hence, equating the value of k? from (1) and (2), we have 
a? +b? +c? _ (ab+ be+ cd)? . 
b xgrd* (bš +o + 49) ' 
° (a? +b? - c*)(b* +c + d2)=(ab+be+ cd)?. 


Р à 
G ' ОНАР. 
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Passi 


Example 10. If 2-2 = & show that 


Maret eno df) (ab)? + (cd)? + (е). 
‘Let each of the given ratios=k. 


Then, a=bk S. a*cte-k(btdcf); 
efh (la+c+e(b+d+f)=klb+d+f})" ; 


e a Oran Ш 


Also, we have ab-b?*k; A (ab)? = bk 
cd -d*k ; ©. ода 
ef- fh; DEC EN: 

š ©. (ab ο ΙΑΝ e ϐ) 


Hence, from (1) and (9), 
Al(a-* c ebd f) (ab)? + (a° + (ap. 


EXERCISE 122 


If a be the greatest of the four quantities a, b, c, d and if 
y α: ὃ:: ο: d, show that : 
1. band care each > d. 2, a-b>c-d, 8 atd btc. 
If a:b::c: d, show that : 
4. matnb:b:: πιο πᾶ : d. 
δ. matnb: то+тӣ : : ρα-- qb : po— gd. 
6. a:b::ate:btd. 7. αἲ : bo; αὐ {οὔ ; δ) +. 
8, atots b? d? : : ac: bd. ГС. 0.1877 ] 
9. (a-c)? : (2-4) =a? : δ". 
10. (a-c)3:(bd)*—a(a—c) : b-d)*. [Ο. 0.18881 
11. a?-b?:a?—b*—ac- bd : αο-- bd. 
12. ala+c): οἳ :: b+): d*. 18. c:d- Jas vc! : Jo? Γαλ. 
14. a*tb:ictd- „Јаз -- 53: Jc? +2, 
16. atb:ctd:: J8a3 X Bb? ; J3o2 +5d2. 
P 10. a? +ab+b? : a?—ab+b? :: οἳ +cd+d? : οἳ- cd d*. 
μα а? acc? : a?—ac+c? :: b* t bd-e d? : bš bd e d?. 


samina, 
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Ifa: b=c: d=e: f, show that M ү” 


ma-+mwb_ b*c. " 
1g, Borm ро. [ C. U. 1876] 
19. ac: δᾷ:: 9α3 1805 t be? : 955184 € 6/2. 
20. а? {οὐ -ο5; b* t d* f? : се: df. ГС. U. 1876 ]. 


21. ра+ас+те: pht+gdtrf: : Mace : Nbdf. 

92. a?:b?::actcetae: bd df bf. 

25. att ος να, 

94. Jasta aseo : VOA + аЗ +Ь5]® : : aca : bdf. 

25. Ifa, b, c, d, e bein a κ proportion, Show that 
апёа®гё*. * 

БЕ утре at bre’ find the value of 


(b—c)z-- (c — a)y *- (a — b)z. [ C. U. 1878] 
27. 1fa:b::c:d, prove that 

а? +02 : 5+4 i: /а*+с* : Ма, 
28. Ifa: b=c: d=e: f, show that 

ο ο (2524 249 eA). 


29. 1fa:b::0:d, show that adt bc : is T EU ab- cd. 
30. If a:b::c:d, show that 

a? +b? : ab ad — bc : : οἳ t d? : cd - ad+ bc. 
1fa:b::b:c, show that 
31. ¿Sar EY Кы с. 


δω ας -ар+с= 4 D* (фо), 


с 


26. If 


93. a*b?c [ede i-a +e, 
Ifa: b=b: c=c: d, show that 
34. (b+c)(b+d)=(ct+a)(c+d). 85. (a--d)Yb--c) - (a-* cb d) (b — д, 
(+ b, a- "y = b +49! (ad) X- dl 
С 


38. а: ἆ: :αἳ +63 +05: be c? + d. 
89. If 2:0: : c: d,show that a? ab : c? cd : : b? —2ab : d? — 9cd 
40. Ifa:b-c:d-e: f, show that 

(a? + Ь°)(се + df)? =(c? + d°)(ae+ bf)? = (02 + f? ac + bd)*. 


1—26 


CHAPTER XXXIII 


ELIMINATION, MISCELLANEOUS THEOREMS 
AND ARTIFICES 


I. Elimination 


227. If there be two equations involving one unknown quantity 
they will generally not be satisfied by the same value of it. For 
instance, the same value of z will not satisfy the equations z--3—7 and 
v--4—9. But this cannot be strictly said of the two equations 2+0=7 
and z--5—9, where a and b have no fixed numerical values ; the appro- 
priate remark in this case would be “the two equations will be satisfied 
by the same value of z if 7—a—9- 5, or, b-a—9". Thus, if one unknown 
quantity occurs in two equations which also involve other algebraical 
symbols, there always exists a particular relation between these other 
symbols for which, and for which alone, both the given equations are 
satisfied by the same value of the unknown quantity. The process of 
finding this relation is called: the Elimination of the unknown quantity 
from the given equations, and the relation obtained is called the 
Eliminant of those equations. 


Similarly there may be a question of eliminating two unknown 
quantities from three given equations. For instance, the threo equations 
ct+y=a,2+2y=b, c+ 8y=c, cannot be all satisfied by the same values 
of z and y unless the quantities a, b, с are connected with one another 
in a certain way, and this connection may be necessary to investigate. 


A few simple cases of elimination will now be presented to the 
siudent,. calculated to give him a tolerably clear idea of the subject, as 
also to familiarise him with some of the various ways of dealing with 
‘such questions. 


. Example 1. Eliminate z from the equations 
at b4—0, αρα t ba —0: 
From the first equation, we have a= -h, and from the second 
1 


equation, z— — bs. 
2 


Evidently, therefore, both the equations will be satisfied by the 


same value of т if beh, от, Giba —asb4. 


Thus, азба = 5b; is the required eliminant. 
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Example2. Eliminate z from the equations 
ag? Ἔδιατοι-0, Gen" + ber cs = 0. 
Let a be the value of z АА satisfies both the BLETA Then, 
we must haye 
81a? b1a c -0 } 
аза? t boa 03 70 
Hence, by cross multiplication, 
а? © а Ma £ ; 
біса – Бабр Οιᾶα”-- μι Qibə—aabií 
а? xd a { 
Буба ὅαοι ааба азбы (О1йз—0бзй1) ` 
whence, (6,02 — δασι)ίαιδο — арі) = (0108 — 0201)", 
which is the required eliminant. 


Example 3, Eliminate z and y from the equations 
a42-Fb,y τοι 70 | 


Gt ау t c9 —0 
аз t bay + cs =0 


From the first two equations, by cross multiplication, we have 


x 29 qe nt 1 ; 
буса — бас Сүйз—байз Giba" Gob 
К 23 bica- Бс, C1üg — C904. 
"s азда азр У афа азр. 


If the third equation also be satisfied by these values of z and y, 
we must evidently have 
bico bots Cr dg — Coy = 
as- aiba- agb. 09 a bs abs Tos 0, 
or, as(bicə — ba03) + Бас. аз — C201) + es (a3 bs — αἲδι)--0, 
whioh is the required eliminant. 


Example4, Eliminate z, y, z from the equations 


αφ Л; x 
We have (CES 
xd 2az-by-cz, or, 2az-by-c2-0.  -- (1) 
xpi 
Also, . сг+а 9 


UT 9by-cztar, or, az-2bytcez-0. =» (2) 
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Hence, from (1) and (2), by cross multiplication, we have’ 

2 Rude] -ὰ z s 

—bc-9bc -—ca-92ca  —4abtab 

mr etica DEDI ο CPP 

—3bc —3ca --θαῦ b bc са ab 
Supposing each of these ratios =Ё, we have 

=k.be, y-kca, z-kab. K 


Substituting these values of 2, y, z in the third equation which із Ў 
=@+y, wo have | 


2k.ab- k(bc--ca), or, 2ab=be+ ac, 
gustos ' 
Bera b. 
which is the required eliminant. 
Note. Ii may be noticed in this example that the three given equations 2ax—by 
πο2-0, а@—9Ьу+сз=0 and 92=0%+у virtually involve two unknown quantities, 
instead of three ; for they are respectively equivalent to 2a 2)-2(#) —c=0,- 


a(2)-20(") remo and a-(2)+(¥), in which the only unknown quantities 1 
are 2 and P... 
s s 


Tt is owing to this disguised character (so to speak) of the three given equations | 
that we have been able to eliminate from the three unknown quantities z, y, 2; 
otherwise a fourth equation would have been required for the purpose. 1 


Example 5. Eliminate æ from the equations - 
29-93 =? ev), 32 = 4а? 29). 
Adding together the equations, we have . 


3 Зар 
gtaet og 8a’, 


ог, (z+ 1's, 


SIM сты иша 
"Subtracting the second equation from the first, we have 
0° —3e+ 3 - а = 86°, 
ο (ε- 1) =@ps, 
. -1--ο). ыг A 
πιστα 2b. (2) 
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From (1) and (9), by addition, 
9л=9(@+Ь), ον, т=а+Ь; 


and by subtraetion, à Ξθία-- ὃ), or, 1 =a—b. 


Hence, (а+Ь)(а-Ь)=тх 1 =1. 
Thus, a? — b° —1 is the required eliminant. 


Example 6. Eliminate т, y, z from the equations 


т+у+а=а t aes) 

Ооа οσο) bs e Giro 

ma 5 125-05 + BWG 

Зтуг= 1° + sa 
Since, c? y* +z? — (0+4 tz)? —9(yz zm ey); 
`. from (1) and (9), 2% +y?+2%=a2—p%, ++ (8) 


Now, since g? + y? + z? —3ryz 
Ξία εν} α)ίω5 +y +z- yz- zz my) 
Ξ{αΕγ 1 εγ(α3 +y? + 22) — (Uz + zz +a), 
*. from (3), (4), (1), (5) and (9), we must have 
οἳ --ᾱἳ =a{(a*— b?) - 46%} — a? – 8ab?, 
or, 92a?-—8ab? -2° +913 =0), 
which is the required eliminant. 


Example 7. Eliminate z, y, z from the equations 
(i) 2%(у+2)=а? ; (ii) 020+) = 6° ; 
(iii) z*(z-y)7c* ; (iv) 2у2= abc. : š 
Multiplying the first three equations together, we have 
°y? ly + з)(г + a) (e + y) = а®Ь®с®. 
Hence, from (iv), (0+2)(2+2)(2+0)=1. = (a) 
But iy, +z)(z +z)(z +y) (у + α){α5 taly + z) + уг} 
παν +2) t ely? +z? + дуг) + yaly + z) 
za" y 2) στ z) + 2%(т + у) + дуг, 
and .'. from the given equations, it —a? +b? +c? +9abo, 


Hence, from (a), we have a*-Fb*--c*--95bo—1, as the required 
eliminant. 


E 
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EXERCISE 123 

Eliminate z from the equations : 

1. a*z*-5*5-0 2. απ  -ὂ 20) 
=d = e-d  -0 

9. ma®—n Τη 4. og poco] 
pot—-q- = zd -0 

B. la*+maet+n=0 } 6. az*tbrtc-0 ) 
amb -0 lc? +ma+n*0 

i1 3 

Y. v ate 8. 22+ 7 =5р+10 
27$ τα-ὃ | αν - Э=5р-Т 

9. aw? Εδιωοιθ } 10. aiz? +b,02+0,=0 } 
daw? + bo-- cs =0 азх + ban" +c.=0 

H. еле) 12. ат +be+ c-0 . (1) } 
аа@* + bac? ἜσοΞθ mz? +mae+n=0 + (9) 


* [Multiply (2) by az and subtract (1) 
from the resulting equation; we thus get 
ата? +(an—b)a—c=0, Now eliminate œ from 
this equation and (2). ] 

18. απ" +bat+c=0 } 
αν +20? +3=0 
Eliminate z and y from the equations : 
14. av+by=m | 15. az+b =су | 16. ax+by 


M | 


0 } 
bz—ay-mn ay t b — cim la? may t ny? =0 J ` 
ο z? +y? = a 


. Eliminate т, y, z from the equations : 


17. =а, -h rn 
ψ-α esol, аа ра 
18. JE а, 227 xb du ο, 


C NA ху 
ytz 2+2 


Tg аа m m ys [ Example 6, Art..171, may 
πο ο ο ρα αι be consulted with profit.) 


20. 2*(y—2)—a, y*(z-2)=b, z*(c—y) =0, ryz=d. 
21.. Eliminate a, b, c from the equations : 
bz+cy=a, az+cx=6, aytbe=c? 
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II. Miscellaneous Theorems 


228. Theorem. If the sum of the squares of any number of 
real quantities be zero, then each of the quantities is zero. 

Let 42+ B?+0?+D?+----=0, where A, B, О, D,..... are real 
quantities, 

To prove shat А=0, B=0, C=0, D=0.... 

Proof. Ifthe sum of any number of quantities be zero, evidently 
they must be partly positive and partly negative unless éach of them 
is zero. 

Hence, A, B, О, D, etc. being real, their squares 42, B°, C?, D, eto. 
are all positive. Hence, the sum of 431 B*-- C* - D* t--"** cannot be 
zero unless each of 43, B®, ΟἿ, οἷο, is zero ; 

: κα 4*-0, B*-0, Οὅ-0, rete. 
i.e., 4-0, B=0, σ-0, eto. 

Example 1. If a2+b?+c*-bc—ca—ab=0, provo that a=b=c, 
a, b, ο being real. ^ 

We have, a?-b*--c3—bo-ca-ab- M(b —c)? + (c a)* + (a — 9) 110. 

Hence,  b-c-0, c-a-0, and a-b-0, ie, a-b-c. 
Example 2. Ií x, ὑ, æ and b be real, solve’ (2-0) +(0-0)* =0. 
Sinco, т, y, a and b are real, (z —a) and (y — b) are both real. 
from the given equation, we have 
α-α-0, i.e, z=a, and y—b=0, ien у=. 

Example 3. Show that if (22 +y? - z2)(a? +02 +07) 

à 36 2 cM Lgs 
(az + by + ος)", then απο 


From the given relation, we have 
a3(y3 + ϱ3) +03202 +22) + c2(z2 + y?) -2abzy + даста + 9bcyz. 
Hence, by transposition, (ay? +b%*z° —2abzy) 
+ (0222 + οὐ φῆ — 9aemz)  (ὁ3 - c*y* —9boyz)=0, 
or, (αὐ -—bz)%+(az—cgz)% (bz — οι)” —0. 


Hence, ay-bz-0; Sak 
өйү rz. z 

az—cx=0; drin 
bz-0y=0; у= 


zy 
Thus, we have SUD 
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EXERCISE 124 
ΓΝ.Β. Letters stand for real quantities in the following examples. ] 
1. If (+a)?  (y-- D)* —4(ra yb), prove that σ-α, у=. 
2. If (ca)? - (y b)? - (z--c)* — 4(za-- yb zc), prove that ^ 
@=a, y—b and z=c. ] 
9. [fa*+b%+c2+be+ca+ab=0, prove that a=b=c=0, 
4. Solve (22 +y*)(a?+b*)—(ax + by)? +(y—b)?=0. 
5. Solve 2% +y2+2=(1+2)(1+y). 
6. Solve z*-92y?--a?-—9y(c +a). 
7. Solve 9(r*y-1)-z? y? εδ, 
8. Solve 1+а@+Ьу= „/{(1+ж®+у®)(1+ а +b). 


. 229. “Inequalities. If α and b be two real quantities, a is said | 
to be > b, when a— b is positive. 
Thus, 72-5, since 7-5=+2; 
. 782-8 since (-3)-(-8)=+5; 
а? +1 > да, since a2 +1-2a=(a- 1)? =a positive quantity. 
An Inequality a > b is, therefore, established if a—b can be proved 
to be positive. Ç 
Theorem. Ј/ 2 and у be real and unequal, then æ? +y? > ту. 
(z° +°)— (Оту) = — Ory +y 
.. *(z-yY* =a positive quantity ; 
. g*-y* > wy. 
Note. Tf a=y, (2% +") – (22) (z—y)* =0, 
Ube, @% +? =Qay, 
Hence, «*+-1 is never less than 92у; 
Most of the results in Inequalities may be obtained by the application of the 
above theorem. 


Example 1. If z, y and 2 be real and unequal quantities, show 


that. m° +y? +22 > yz zm + vy. 
We hayo g? +y? > 9ту, 
y? + 22 > 9yz, 
and #® +g? > дат. 
Adding, ar +y? +22). > 9(zu - yz + ze), 
or, x+y? +22 > уг+@+шу.. 


Otherwise: a*--y*- 22 (yz zr y) 
=3[(y —2)? -(z-2)* +(e-y)"]=a positive quantity 
2З +y? +22 > yz+ zm +m. 


` 
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Example 2. If a, b, c be positive, real and unequal quantities, 
prove that 
(i) (b+e)(c +a)(a+b) > Sabe, . 
and (ii) αἲ (b+c)+b2%(ce - a) 1 c*(a +b) > babe. 
(i) We have b-*c-(A/D)*-(Ao)* > 9 Jb Je. 
Similarly, cta 7» 9c Ja, 
and a+b>9 Jab. 
Multiplying, (b--c)(c- α)(α +b) > (2 Jb νο) Vo /a)(9 Ja Jb) 
4.0. > Babe. 
(ii) Also, (b+e)(c+a)(a+d) 
= a? (b-- c) + b*(c-- a) 1 c*(a +b) + абе > Вас ; 
a*(b4- c) - b? (c-- a) + c*(a +b) > babe. 


EXERCISE 125 


ΓΝ.Β. Letters stand for real, positive and unequal quantities in the following 
examples. 


Prove that : Р 

1. а-а+ mob 3. а+ >abatt). 3. z+ 123. 
a+b. 9ab 9ο, 9са ‚ 2ab 

© n9. ов 5. atbtoc to ota atb. 

6. (a+b+c)(bc+ca+ ab) > 9abc. 7. a9 b? c? > 3abo, 


8. (a+b+c) ° —a2— δ) —c? > 24abc. 
9. (Ь2—Ьо+с®)(с®—са+а?)(а® — αὖ b?) > а®Ь®с®. 
10. alb+c)?+d(ct+a)? +cla+b)* > 19abc. 


230. Theorem. Ifthe fractions Б 7 Εν ete. be unequal, then 
@+о+е+ 


b+d+f+--: 
them, the denominators b, d, f............ being positive. 


Let 9 b be the smallest of the fractions. 


~ ds greater than the least and less than the greatest’ of 


Hence, reat fp and so on, 
Let B 3392.5. am e Ski ап@ so on. 
Hence, a=bk, c > dk, e > fk, οἷο. 
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Adding, a+e+a+ > bk dl fle -- 
te, m(btdtftee)k; 
. "atcted 
btdtfteee 
7.0, > the least of the fractions. 


"t Similarly, στο сап be proved {ο be less than the 


greatest of all fractions. 
231. Maximum and Minimum Values of Expressions. 


Example 1. Find the maximum values of 5-22-02 (2.в., find the 
algebraically greatest value of 5—9x—2? for various values of х). 


The given expression=5—9z—-z2=6-—-(1+9z+z2?)=6—(z+1)° 
-6*1-(z--1)9]. : 
Since, (2:+1)° cannot be negative, 
Е {—(2+1)2} can never be positive. 


Hence, whatever real values z may have, the given expression can 
never be greater than 6., 


Evidently, the given expression=6, when 2+1=0), 
i.e. when 2= –1. 


] Hence, we notice that the expression ean be equal to 6 but can 
. meyer be greater than 6. 


the maximum value of the expression =б. 


Example2. Find the minimum value of 403 1991-18 (i.e., find 
ia оешу smallest possible value of 4z?--19z--18 for various 
yalues of z). 


The given expression = (дт +8)? +9, 


Since, (2x +3)? cannot be negative, the given expression сап never 
be less than 9 but can be equal to 9, when 2z * 3-0, i.e., when а= -1. 


tho smallest value required =9. 


EXERCISE 126 
Find tho maximum value of : 
1. 6z-2*-1. 2. 5t 8r—82*, 3. 5+4z-4xz2. 
4. 8+5ш—9л%, 5. 17*8z-z7. 
Find the minimum value of : 
6. cie. 7." 953—156. 8. 4a*-9r45. 


9. 3z*-5z44, 10. 22*—18z4-99. 


21. Divide 39 into two parts во that their product has the 
maximum value. 
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Ш. Miscellaneous Artifices 


. 282. We shall now work out some examples which require for 
their solution either the application of some principle with which the 
student is not already acquainted or some special artifice. 


Example 1. Express (z+ 3a)(z+5a)(z+7a)(z+9a) as the difference 
of two square quantities. [ C. U. 1887 ] 
The given expression 
=l(z+3a)(z + 9a)](z + 5a)(c + 72)) 
={ш% +1942: + 27a*](z* + 1200+ 3507} 
={(ш® +19az + 3142) --4αἳ (2° +19az + 81?) +407} 
7 (a? -- 19az 4- 3122)? — 16a*. 


Example 2. А man receives ; tbs of Rs.10 and afterwards “ths 
of ΒΒ. 10. He then gives away Rs. 20. Show that he cannot lose b 
the transaction. [0. U. 1881 ] 

The man receives altogether ( A +4 ) 10 rupees and gives away 


20 rupees. | 
Clearly, therefore, he loses 


if (z + Y a0 « 20, 


η EE 
$e, if 5 х5 z <2, 
Ve, i αὖ +y? < 92у, 
$e, if 2*+y*-2ry —0, ] 
ie, if (x-y)? be a negative quantity. , 
But whichever of z and y may be the greater, (c — y)? can never be 
negative. 
Henoe, the man cannot lose. 


Note. It may be observed that there is always a gain in this transaction except 
when =}. 


α 6L 9b, 
Example 3. If REELED AFA prove that 
а? +c?=2b, or, atb+c=0. 


From the given relation, we have 
ETE EAN so S, 
ф+с с+а с+а a+b 
&a—-b)--a*—b* αὐ--ο)- 03--οἳ, 
95 "(brc(cta)  (ctala*b) 
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(а—)(во+в+ B). (b —cY(a 4- о), 
btc atb 
or, . (а%—Ь®)(а+Ь+с)=(Ь®—с°)(а + bc), 
ο, (a*bto)f(a* —5*)- (b° —0)}=0, 
or, (a+b+c)(a* c? —952)— 0. 
` Therefore, either, a+b+e=0, or, a*+c*-2b?=0, 
and ^. a +c? =9°, 

Note. It may be observed in this connection that whenever any relation of 
equality is reduced to the form zp= zp, Гог, a(p—p,)=0 1, it is obviously satisfied. 
either (i) when z—0, or, (3i) when p=p,, and that of these two alternative results we 
cannot accept one as the only conclusion to which we are led unless itis known that 
the other is impossible. 

In the present example, we have got (a* —b*)(a+b+c)=(b?—c?)(atb+c) as 

` one of the steps іт the solution, and it is not difficult to see from this that it would be 
a mistake to remove the common factor a+b+e from both sides and set down a?—b? 
=b" -- с? as the next step ; for the above relation may be true not on account of a?—b? 
being equal to b? —c?, but on account of a-Fb--c being equal to zero. We might 

_ remove a+b+c from both sides of the equation, however, if we know that owing to 
certain restrictions on. the values of the letters a, b, c, the expression a+b+c could 
not possibly vanish. 

Hence, the only legitimate conclusion from the relation ap=xp, [or, zc(p —p1) 50], 
is ‘either w=0, or, p p,' but not simply < Ῥ-Ρι᾽ except when т is known to be 
not equal to zero. 


Example4. Show that it 200200441 and a—b+e is 


or, 


b 
1 
not=0, then L= L+ 1. [ O. 0.1875] 
From the given relation, we have š 
b-c_a-b с+а, . &-b*e b(a-b)*c(cta) 
Done: oO 95 ауа bc 


Ыркы gotas) ДЕ ED za] 
bc T bc I 


Нёпое, either, a—b+c=0, 
b 


or, 1 ол [ See Note, last example. ] 
But by hypothesis, α- b+co is not zero. 
1 реб Lit 
Therefore, we must have QI NE he 
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Example 5. If a+b+c=0, show that 
9(a*4- b* - c*) - (a? +b? +07). 

From the given relation, we have. 

atb=—c, J. а Γθαῦ = 

а? +b?-—0°= —9ab ; 
(a? + b? -ᾱ- сЗ)? = 4α 53, 
or, а*+Ь%+с*+9аЬ®—92а%с® — 9p*c* =4a2b2 ; 
at+b*+et=9(-a2b2 +0 +с?а?). 
Honce, 2(a* + b* + c*) = a* + δύ - c* +2(a2b? +020 + o2a2) 
—(a* +b? + οὐ)», 


Example 6. If a+b+c=0, show that 


1 1 1 
5 +с#—а®* gi γα раму а*+Ь5— 
From the given relation, we haye 
a+b=-c; <. a? +2abtb? =c? ; 
a? * b* ~=c°= --Δαῦ. 
Similarly, 5? 4c? —a? = —2Ьс, and οἳ +a? -b° = —9са. 
Hence, the proposed expression 


que PI NE ytaka Од? 
το а ρα ο О 


Example 7. If a+b+c=0, show that 
a? b° ? ci z 
Qa? bc 958 са tab l` % 
Wehave 2a*+be=a? +a.at+be 
—a? — a(b- c) * bc [` a=-(bte)] 
=(a—b)(a c). ; 
Similarly, 2b? +ca=b?—bla+c)+ca=(b—c)(b—a), 
and  2c**ab-c*-c(a-b)*ab-(c-a)(e- 0). а 


Hence, the ке pee. 
“(= а= j*6- a -d*(- а δ) 


-@=й aco. σου τε. 
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= a3(b — c) — b3(a — c) - c*(a — 
(a — bY(a — cYb — c) 


a*(b—c)-- b*(c —a) *- c*(a — D). (a — b(a — cY(b— c 
| де σα. Absa “(a= Bae cYb— =й 


.199] - 
_Example 8. BTM K 
i (i v9 (e 1) ЕЕ Jiteve- 129 
ο... 

nese ol 

=4+0r(2 +1) L(r.z) 

ΗΟ 

=4+(@ +1 +). QD 2671] 


5 i = Suy 1 a 

. the given exp. 4+(2+4)(2+ D) (i1) 
< 1αιν 1 
(se T8 44242) 


Е) 
edet rm) (н) ана | 
E =a+ (e+ 1}{o(L+)+2(v+2)} 


(кыне) 


` Example 9. ¢ If zy-- yz zz—1, show that 
Eyr y z 4туг 
I-s 1-11-29 (1-2*)ü0 -y*)1-22) 
Since, cy-yztzz-1, we have 
vTytyz-l-zm, ог, w(rtz)-1l-zm-- ἢ 
yztezr-l-zy, or, suta- l-zy-- (i } 
г®+шу=1—уг4, ου, 2(2+0)=1—2--- (iii) 


XXXIII. | MISCELLANEOUS ARTIFICES 415. 


Now, the given expression i 
z(1—y*)1 —2?) + y(1 22) —2?) - £(1 —23)(1 — 9?) 
(1-2*)0-y*3)0-22) D 


of which the numerator д 
=gfl1- (y? +22) +yz + yfl - (e? +02) 222?) + z [L7 (n + y2) - 22 y?] 
—(z-yz)- y*(z* o) -z* (e y) 2a? (y +2) +штуг(уг + zz t my) 
Ξίο Εν 10) -γἰνίε:εα)}- εἰοίο 1 y)}-afely + нарад C 
-(zytz)-y1-zz)-z(1-cy)-a(1—yz) toyz : 
[ by (i), Gi) and (iii) ] 


=(e@+y+2)—(yt+2+a) +8луг+хуг=4шуг. 


; SOES LES LANTA 

Honce, the given expression (1-230 v9) - 23) 

Example 10. If z—a be the Н. C. F. of aiz*-b,zc, and 
a? + baz + Ca, prove that 

(i) a= £202 0201; 
аба – agb 

and (ii) (Б,се – әс (ара — asb1) = (c1aa —0201)*. 

Since, x — а must be a factor of each of the expressions a£? 4- ba c4. 
and daw? + bac cs, we have by the factor theorem (Art. 155), 

аза t bia tc —0, 


and Qå? + bsa +cs =0. 
Hence, by cross multiplication, 
a* Жери га ή ; 
biCg—becy Сй —CəGi 10а — дабі 
a= Ga = бай... 
аба — Gabi 


aê 1 £ ( a |` τ 
Also, Буса — boty ^ аба – аар λόιαᾳ — C205, 
whence, (b;cə — δεοι)(αιδο — аа$ )= (буаз — Озал). % 
Example 11. By performing the operation for extracting the. 
Square root, find the value of z, which will make z*+62° + 11z9 +9z+81 


8 perfect square. 
eut τν quM 
c 
903 +32 \6a® +110 è 
623 + 9r? 

905 +62 +1 1903 +32+31 

0х2 62+ 1 

—32+30 


Now, in order that the given expression may be a perfect square,. 
the remainder (-- 3w +30) must be —0, and, therefore, 8ᾳ--50, or, 2 —10.. 


Hence, when z=10, the given expression is a perfect square. 
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Example 12. If ш в)+у(с— για 9-0, 


poe πο ard 7 эщ. 
We have a(b—c)-t- y(c- Ὃ Lip Ai 
and identically also, | a(b—c)-- ζ(ο-- a) -* c(a — b) - 0. 
Henoe, by cross multiplication, 
πον τόξα Пра Б. bz—cu cz—-az ay-bm, 
cy—bz az—ce be—ay whence, b-c c-a a-b 
Example 189. Solve +y+z=atbtc Ө (1) 
ert 5-8 ... . (2) | 
t 
Pd EN 5 
аата ТЕ Жн c9) 


From (1), (2-а) +(0- 0) +(z-c)=0. 
From (2), 1 @-a)+ 1 (y-b)* 1G-9-0. 
Hence, by cross multiplication, 
т-а | y-b _ arc ; 
T P А Т καν ναὶ 
6 D να ο abo di 
and supposing each of these fractions = /, we have 


b-c. -a 
z-a=k- ` πα 2-с= rize ++ (a) 


Now, from (8, za) ja(y-D)+4(e~0)=0, | 


Substituting in this equation the values of z—a, 0, 2-с, found 
above, wo have 
b-c c-a1,a-b 1 
ας ату рс ᾱ]- ο | 
b=c)+ + 
or, ®%=9+оце-а)+аМа-Ы o, 
т. Аа ава, 
; ο. k=0, 
Since, a, %, с being impliedly unequal, none of the factors b-c, α-- 5, 
α--ο is zero. 
Hence, from (a), 
σ-α-Ξ0, or, эт?) 


0; [ Art. 199 ] 


y-b-0, or, y-b 
#—0=0, or, φ-ο 
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апше If w=cyt+bz, y=aztcr and z=bx+ay, show 


ma y? 2% 
pat ae 1-58 i-® κ Е 
From the given relations, we have 
a—cy—bz=0 Vs. 20 -.. (1) 
ст—у+аг=0 Gr д0)! 
ba t+ay-—2z=0 --- ... ... (3) 
From (1) and (2), by cross multiplication, 
Dor ы, А 
es -e-ca 1ο’ 
Н ы) AT A M 
oh ENS bcta ie (4) 
Similarly, from (2) and (3), re EL 4 + (5) 
and from (1) and (3), 57,71 ρα το τα (6) 
Now, from (4) and (5), 
QE 
actb 1-6 " oU NR 
а Еш whence, τος 1-205 
an l-a? actb 
Again, from (5) and (6) 
Z а^ Is 2 2 
Ta Ай whence, Ts к=, 
D У Р , a 1 
an αὐτο 1-0% 
^ ci oy» oj og 7 
Henos τοι” τρ 1-0 $ 
Example 15. Show that if az by--cz —0, and 
a,b cL ў 
= + y e z 0, then will 
ax? + by* +cz2 + (G + b + c)(z + yz + zz)=0. 
From the given relations, we have “Же. 
аш+Ьу+сг=0 } : 4 
and — ayz-tbzztory-0 E 


Hence, by cross multiplication, 


Cat uin! 2 „ы ЖОЛШЫ 
s-e) yea) z(z°— y?) 
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and .'. each of these ratios 


az? + by? + cz? 
ΤΣ. ταση 
a+b+e 5 
and also = πο μπας ул). [ Art. 225 ] 
az? + by? + cz? 
Thus, we have By? —22)-- y*(zà — 22) + ey 
atbte 


© gy? 29) + y? a) T at —у%)` 
απ + by? +02" _ т3(у2 — 5%) + у%(2% — 27?)  z*(c— y?) 
atbte z*(z—y)* y* ο) +z ly- a) 
„(у-—#)(ша-—)(т—у)(ту +yz + zz) 
—(y=2)(a-z)(e-y) 
[ See Arts. 129 and 140] 


Hence, 


= -(шу+уг+г@); 
whence, az? + by? +cz*+(at+b+c)(eyt+yzt+zx)=0. 
Example 16. It 2 = У, show that 


ας [α΄  y**b* (rty)-(atb). 
mita? yb (шт+у)#+(а+Ь#` 


Let each of the given ratios=k. Then, we have z=ak'and y-— bk. 
g? +a? y? +o? a*(k*--1), blk? +1) 
Бас eae ya +68 a (8-1) ^ DHT) 
alk? +1) , (5*1). (E* - 1(a-- D) 
А {үз DES PEI 
—(k° +1)(a + b)° _ kš(a +b)? +(a + b)* 
(KW+lXa+b)° k(a+b)?+(a+b)? 3 


_(ka+kb)® -(a--b)* — (x - y)* - (a-- b)? 
^ (ka-- kb* tlatb) (+u) + lato) 


Example 17. Show that (bcd--cda + dab -- abe)? 
= ао (а+Ъ+с+ d)* — (bc — ad)(ca — bd)(ab — cd). 
We have (bed--cda--dab-- abo)? — (cd(a +b) + ab(c + d))* 
—c*d*(a- b)*  2abed(a + b)(c +d) + ab*(c + d)? ; 
and ον πο μμ μμ. 
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Hence, the given expression 
—c*d*(a^- b)? + a$b*(c +d)? — abed(a + 5)* — alodio а)? 
7 ab(c-- d)* (ab — cd) - са(а  b)* (ab — cd) 
= (ab — cd)(ab(c + d)? — cd(a + b)°] 
7 (ab — cd)lab(c? + à?) — cd(a* + b*)} 
= (ab — cd Áac(bc — ad) — bd(bc — ad) 
= (ab — cd)(bc — adY(ac — ba). 


ample 18. Show that the following expres ssion is an exact 
Tes (a? — yz)?  (y* — zz) + (29 — ay)? – 3(z* — yz)(y? — 22)(2° — αν). 
Putting a for z*—yz, b for y*—zz and c for z*—zy, we have the 
given expression 
=а% +03 c c? - Sabc 
=(a+b+0)(a? +b? +c? boca — ab) [ Art. 198] 
=Hatb+c){(a—b)? + (b—c)* + (e - a)?]. => (1) 
Now, a@-b=(x?-yz)—(y?—za) 
=(x?-y?)+2(e-y)=(e-y)(a@ty +). 
Similarly, b-c-(y —z)(z4- y +z), 
and c-a-(z-z)(z*y-*z); 
whence, (a—b)?+(b—c)*+(c—a)*® 
=(e+y+z2)*{(e—y)? + (y—2)* +(а—ж)°} 
=9(z +y +2) (æ? νο -νσ-εο-αν).  -- (9) 
Also, atb+c=2?+y?+2*-yz-za-ay. + (3) 
Therefore, from (1), (9) and (8), the given expression 
=à(z° +y? +z? —yz— zz — у) 
х{д(ш+ y z)*(z* -y* 127 -γα-2α-αγ)ὶ 
- (zt yt zz* +y? +24 -ya- zz αμ)!" 
=(z° y? +28 – 3zyz)*. 
Example 19. If t L= πάγο show that 
(1+ 1, 1+1) Аны 1 А 
а" + Sasa + са" 
where n is any ids integer. 
From the given relation, we have 
bcta(btc) 1 S 
abc atbtc ' 
{α[ὃ -- c) + bclía-- (b -- c)) -- abc 0. 
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Now, the left-hand expression 
=а%(Ь+в)+а(Ь+с)® + be[b +c) 
7 (b-- cYía? +a(b+c)+ bc] = (b t+e)(at+b)(atc) ; 
С. (b+c)(a+b)(a+c)=0. 
\ „ Hence, either, b+c=0, or, 2+0=0, or, atc=0, 
Taking b+c=0, we have c= — b. 
1,1,1)79. 1): ra ipe nd 
Honeo, ( +} + 1) () [ ў stare. ] 


Сте ба 1 
аЗ" Gantt + piti -pinti 


= азма pent poani 
Г авта (Б) авіа = pant; See foot note, page 114 ] 


Example 20, Having given | z-—by-oztdu, — y-azcz4du, 
2 -üm- by t du and u=ag+ by +02, show that 
a b с d 
Ita!itó ive ied b 
Putting P for az * by * cz - du, we have 
z-Faz-—(by-d cz du)-- aa 


= E EUN ος. at aio 
у А =P, or, z(1+a)= P ; χα Р: (1) 
1 yt by — (az cz - du) + by j 
‚ E Шер DER LEIT e TR NN 
| P, or, y(1*b)- P; eR D (9) 
LX 2+02= (az- by + du) + cz 
= =p; Toad ШҮ DM эў: 
Р, or, z10*0-P; e ry (3) 
wt du- (az by + cz)+ du 
X - =P: Mose т 
3 P, or, u(1+d)= P ; JU ped pP (4) 


Henoe, from (1), (2), (3) and (4), we have 


A 4 b , € , d _aw,bytez du. actbyctoztdu _ 
γα Τε 11ο ita Ptp p'p^ Р =1. 


1. 


; MISCELLANEOUS EXERCISES VI 
I 
Find the ‘value of J(z° +y Έρση 32) 5 May?z? when, 


z=-1,y=-8, z=1. 


2. 
3. 
4. 


5. 


6. 


7. 


8. 


1. 


Simplify 3a-2(b-c)—{2(a—b)—3(c+a)}—{9c—4(c—a)}. 
Resolve into factors . 3(a +b)? —9(a* — Ь®)—а(а+Ь). 
Divide 92z*-—10z*y-9252*y? — 312° +20y* by z — 8αγ + Ay*. 
Subs b ab ab? 

Simplify ab +b? [ας 

ion τα &- b, 9(a- D), 
Solve the equation eae ar 

2 

If А m 1] =3, prove that ο +4=0. 


Simplify 38-808 у, 
п 
Find the value of (да+Ь)(а—Ь)+(9Ь+с)(БЬ— c) *- (2c α)[ο-- а), 


when a=1, 09, с= – 3. 


Divide 1584-9455 -8α΄ by 903 87-1. 
If αὖ +72 +0 is exactly divisible by z+4, what is the value of c? 
A A ob ARPA 
Simplify 3753 9 08.8 
Find the H.0.F. of 
z* —82* – 20% - 19 — 8 and ο —7z+6. 
dar ελ τοσα Ya 
Simplify το) 
£$t1,92z-1 _ba-7,._ 120-5, 
Gi re ДП, СШ 


Solve the equation 
xu Cus rer 
τα m 1, prove that 2 gp 4. 


III 
Find the value of ía?(b? —c?) - "(c* — a?) - c*(a? — Ь®)} 
(be - ca ab), when a=3, b= –9, e=4. 
ας Mi Иба наа dc 
Simplify J-e its l-a lte 
Resolve into factors a?— 2° +6bc- 9c*. 
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4. Find the H.C.F. of 
, 2° --baz? —5a*r — a? and 5x? — Зах? — 5a?2,* 3a5. 
5. Find the L.O.M. of. z3-5z 6, z? —4z+8 and 2? — 374 2. 


г5 +Ба* + Bx? + 4v? 
6. Reduce to its lowest terms Vibes ie š 


μοὶ.» ες μα... 
$48*"2-8 z-T 


8. I a:b::m:w, show that аб: ту: : a D? : οὗ +y%, 


7. Solve 


IV 
[x8 уа +m Tjj- 
1. Simplify ve rye ΞΡ TOM NA = 


2. Ifthe product of two expressions be z?--z*y*--y* and one of 
them be 22 —zy +, find the other. 


8. Resolve into factors : 
(i) z**2*?-2-1; (ii) a*5* — a3 - 5* +1, 
4. Show that (az-by)* (bz — ay)? — (a? + δ9)(α +q). 
‚ 5. Find the L.C.M. of 8z? +27, 162* + 367? +81 and 62? — δα — 6. 


= аы 
6. Solve anc ασε 


7. Find v and y, if bet oy ат abi 
8. If reyes. Sa erase show that each. of these frac- 


@+у+, 
at bte 


tions = 
v 
a 2 
1. Simplify E τει ταν Ὁ τν πα Toy 


à 2. Divide a*(b-c)*b*(c-a)-c*(a-b) by a-b-c, and find the 
factors of the quotient. 


3.9 
3. Find the value of E when z—a-3, y=a-3. 


3 
4. Find the square root of 2147 «eB 5: zy 3) Es э. 


5. 
6. 


М А 
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Show that (a? +b? -c?)(z* + у 4-22) - (ат + by +02)? 
= (ay — br)? + (bz су)? + (cz αρ). 


1-845 1564/5. wc 
Subtract i PENG from "ax J5. 
Solve 2*x4"=32 } 
3°-+9/= 8 
1ta:b::6:d, show that (a? +c°)(b? + d?) -(αὖ 1 οὔ)”. 
VI I 


Reduce to its simplest form the expression 
да(1—т%)% | (1+т)%(1—), 2ay*(1—7), 
yz πι z 
9 3 2 2 
Multiply a5 +% by a-b+ -4 
Divide z*— ES η -9αΐῥο- a2b2 by 2% — ra at. 
If a=y+z, b=z +g, c=% +y, then 
a? +b? +02 —bc- ca - ab az +у%+2#—уа4—гш-ту. 
Pty 2 
Reduce ο 48 to its lowest terms. 
DEN ор сб ш 
Solve A + y 99, 5 UNES 2. 
Solve 2z--3y -8z +35=0, Tz — 4y +z-8=0, 19: —5y —82+10=0. 
If a: b=c: d=e: f, prove that 
a:b:: ψηλα tnoi- pte? : mb +w dš — рау. 
VII 
Divide = 957° +17z°y 52" – 242% 
by —@%у75—Та%у *+8д*у°* 


Find the H.C.F. of 
03943 |. 3" — a3 —1 and е2 +900 — ο" – 90° +a? –1. 
a?-p2—c2—d* _(a+c+d—b)(b+c+d-a), 

Show that 1-"~“giqp+cd)~ 9(ab+cd) 

abla? +y*)+ay(a2 + b°). 
аа? —}®)+жу(а* = b°) 

4_т-5_т-7_хтх-8 

Веке μικτή 
Show that if each οἱ the expressions 2®+рт+а@ and 2% pa + q' 


4-9. 


Simplify 


bed = 
e divisible by x+a, then a= pop 


" + 
a - x 
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7. A bill of £100 was paid with guineas and half-crowns, and 
48 more half-crowns than guineas were used ; find how many of each 
were paid, j 


8. Ifa:b::c:d, prove that 4a’ +5b° : 4c* +519 : : ab? : e8d5. 


VIII 
` 1. Show that (az-by-cz)*-(cm—by--az)* ів divisible by 
(в+о)(ж+). Ë 
2. Resolve into factors : 
(i) (b+c)? —6a(b+c)+5a? ; (1) а®+9длу-а%—9@у. 


кее, +Б)а+Ь)% — o° 
3. Simplify ушыр oe DR 
4. If a+b+c=0, show that a?—be=b°-ca=c*—ab, 
5. Solve 3(m-3)* 1-δ(ο 5)? - Sm - 8)2. 
6. Extract the square root of 2527? — 195 4-162754 42 — 942-5, 
7. Find the value of c, y, z, if yz=4, εω--θ, cy 95. 
8. 1a:b::c:d, show that a(a--b--o4-d)— (а+)(а to). 
IX 
` le Find the value of fa*-(b—c)3]— (5? — (c — a)*] c? — (a-b) 
when 6=1, b=2 and с= —3. 
ΓΤ qo o d ele? +8). 
2. Simplify (z-19 (=+1) e=]? 
3. Resolve into factors a° – 03+ 34р+1. 
458 Ίω-99 &r419. 
4. Solve 9 tinal 18 
ДЕТ р E EEN ДАУ ЫСЫ κ 
5. Show that ατα PEE Toys (4. η Vicar ; 


+ 


Solve at+ty:a-y=5: 8, 2 597 36. 


. Find the time between 8 and 9 o'clock, when the hands of 
a clock aro at right angles to each other, 


8. If a:b::b:c, show that (a --b--c)K(a— b-- c) - a? +b? +02, 
X 
+ Divide 97a?—8b? -270° —54abe by Ja - 95 — 30. 
- Find the Н.О,Е. of z5-112?—54 and 25-- 1174-19. 
* Resolve into factors (a° —b2)(e3 + y2) +9(a + p2)ey, 
9 bš a 23 
bts? plih) 


. Simplify >——%— + : 
hbro ED 


ч ә 


55 г = 


> 


4 IPLE NL /, У ow 2 & d 
ДЕ 
+ 


p^ MISCELLANEOUS EXEROISES VI 495 


5. Show that a*(5--c) b (c- α) +e%(a+b)  abela- b^ o) ` 
— (a? +b? +c2)(bo + ca + ab). 
' « 


6. Solve /9+9r- ψῆσ- PE 


- ‚1. One man and two boys сап do in 12 days a piece of work - ` 
. which would be done in 6 days by 3 men and 1 boy. How long would 
i 18 i$ take one man to do it ? 
Ñ 8. Ifa:b::b: c, prove that 
. Б^ b° 
atate eet 1e (a? +b + c*). 
XI 
1. Show that (2? +ay+y%)? —4ary(a* + y?) - (3? -gy +y*)*. 
2. Resolve into factors : 
(i) a? — 52 --οἳ + d? – Aad - bo) ; 
(ii) 22-02-22 -9yz c y—z. 
А А 2 3 
8. Extract the square root of er + σα -& = Заз, 
4. Solve w+2y+32=6, 2x - 4y +z=7, 32+2у+92= 14. 
5. Find the H. С. F. of z*y-z?y*-—15z*y?-t38ry* -14y and ' 
25 —77*y 912*y? — 347^ y? +982у*. 
|". 6. A man buys. 570 oranges, some at 16 for a shilling and the 
- rost at 18 for a shilling; he sells them all at 15 for a shilling and gains 
_ three shillings ; how many for each sort does he buy ? 


M 1 1 СЕ?) 
1. кожо Ыш "E CE 


8. Ка: b-c:d-e: f, prove that 
(a? 4- c? +e2)(b2 + d? + f?) - (ab cd ef). 
XII 


1. Itz—a*d, y=b+d, z=c+d, show that : 
g? +y? +z? — yz zm— my a? +b? +0 — boca - ab, 


š 2 +2 2+2 2+ i 
2. Simplify pa nals? zy)" aya? = v2) * = vay =e) 
3. Resolve into factors ED 
(i) z* —9az — b? + 2ab. (ü) z* +(at+b+c)xt+abtac. 
Find the Н.С.Е. of 6z* —9z? +9z% +9z—4 and 9z* * B0z* — 9. 
60118 32+5 92 9 


5. Solve αρ pe 95125 
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6. 4 and B can together do a work in 12days; A and C in 
15days; В and Cin 20 days; find in how many days they will do the 
work, all working together. 

7. Simplify 4/147 — 8/75 — 6/3 - 18 JF. 

8. Show that, if: y:: а: Б, then will 

š mita?  y*b* _(ety)®+(a+b)2 

ata ytb atytatb 


XIII 
1. If2s=a+b+c, show that 
a(b— c)(s— a)* + Ыв- a)(s — D) +c(a — b)(s — ο) —0. 


2. Show that z*--2*a?--a* is divisible by αἲ σα} αἲ, 


Tat. Фи yz jim (a еы: ОА 
ἘΡΉΜΗΝ отео) ντο rela ral 


2 2.72 . 9б; 
4, Solve ee P E cabe B, 


5. Find how many gallons of water must be mixed with 
80 gallons of spirit which cost 15 shillings a gallon, so that by selling the 
mixture at 12 shillings a gallon there may be a gain of 10 per cent. on 
the outlay. 

F ba (, 54c)2 (е+аүа 

6. Simplify (z ү "e 2 

7. Simplify 33/198—43/ — 686- 22/54, 

8. If a: b::b:ec, prove that a*-tab- [3 : 0% bcc? τα το, 


XIV 


ae m Е: Ey И т © 2s, Б a? +b*+ab+s*=2s(a+b), show that 
2. If z+a be a common factor of т? tpe+q and αὖ + Iz +%, show 
that а= 277. 
3. Simplify 713-347-345. 
4. Solve = ар. ΕΞ - = 
& sove ο куе 
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6. А ean do a piece of work in 90 days, which B can do in 
12 days. A begins the work, but after & time B takes his place, and the 
whole work is finished in 14 days from the beginning.» How long did 
А work ? 

7. Express(r-ca)c--2a(z--3aY/z--4a) as the difference of two 
Squares. 


8." Show that if a(y-- z) = b(z a) - c(c-- y), then 
My X MISES Аке И 
a(b-c) δίο-α) cla-b) 


XV 


1. For what value ‘of b will z*+9az?+(a°+8)z°+(a+abe+4b 
be а perfect square ? 
2.° Prove that (b-c)(1+ab)(1+ac) + (c—a)(1+ be)(1+ ba) 
+(a—b)(1 +ca)(1 + cb) =(b—c)(c—a)(a-b). 


τας In? +9 1 1 1 
3. Simplify даказала Jeti a- atl aet] 


4. Find the H.O.F. of 
905 + (2a — 3b)z* – (2b + 3ab)z + 8b? and 907 — (85 — 2c)z – 8bc. 
5. Find the value of ae eu m: pu when z— ev 


202 +36 , ὅσ +20_ 4r 86. 


6. Solve ος +9n-16 5 95 

7. A vessel is filled with а mixture of spirit and water, Т0 per cent. 
of which is spirit. After 9 gallons are taken out and the vessel is filled 
up with water, there remains 58% per cent. of spirit ; find the contents 
of the vessel. 

8. Iz-2:y-2::2? : y?, show that 


^49: V 9, 
T 


т 
ote: tz: 5 
$ y 


XVI 
1. Find the Н.С.Е. of 
z5 +9n* — 5r -Тл+3 and 32 — 3z* — 182° +z? 2x +3. 
2. Solve J9e=1+ /35-8- /їш—8+ won — 4. 
3. It (a*b*oz-(-a-*b*oy-(a-b* o) (a* b—c)w, show’ that 


TOM TU. 
V 2 w 2 
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4. Solve ` ση =108 


2 
1372-0 34z-y. 4 
y 2 5 
5. Resolve into factors az(y? + b?)-- by(bz2 + ay). f 
6. Find the continued product of Ja+ Jb+ Ve, Ja+ Jb- Jo, Г 
«α- Jb+ Jo, /Ь+ κ/ο- Ja. 
atb. о atkab οἱ ted, 
7. If a-b" d’ Show that ας δι" τν 
8. Hach of two vessels contains a mixture of wine and water ; 
mixture consisting of equal measures from the two vessels cantains as 
much wine as water, and another mixture consisting of four measures 
from the first vessel and one from the second is composed of wine and 


water in the ratio of 2:3. Find the proportion of wine and water in 
each of the vessels. 


XVII 

1. Find the H.C.F. of α΄ +r? +9z-+9 and z* +z +1. 
ἵ vU- «γ-α-νΏθ-α 
2. Βοῖνο γος a)252:9:9 } 
: i ‘ Т 

3. Find the value of (а) + (5) ‚ when z= m". all 

a*(b* — οἳ) + b*(c* —a*)--c*(a* —p*) _ 

4. Show that — a*(b - c) 040 а) c3(a — δ) Ξαὖ bc-- ca. 

5. Ifat+b+c=0, show that 4(b*c? 4-c?o? - αϑρϑ}-- (o2 4- 52 4 c2)2, 
Hence, prove that (y – z)*(z—2)* + (z —a)*(z — y)? + (x — y)*(y — z)2 

(ааа yz ερ αγία, 
6.. One of the digits of а number is greater by 5 than the other. 


When the digits are inverted the number becomes of the original 
number, Find the number. 


77. Simplify 82° +25 —Se+21 , 
62° +9922 - 967 —91 
8. It 3(a?-- b* - c?) - (a-- b--c)?, show that a=b=c. 
XVIII 
1. Show that ((z—y)*-t(y—2)*  (z- z)*]? 
ї =2{(а—и)* + (y — 2)*  (z-2)*). 
at Vea? Ngeta- _\т-а\%. 
Ж ЕЛЕШЕ 
3. Resolve into factors : 
(i) 147*-3725; Gi) (1+a) Q +c?) -(1+¢)9(1 + a2). 
(Ш) m*—n* +9n(m° +n*)—(m+n)2(m—n)2, 


+ 
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4. A baker charges 914. for a lonf which he represents as weighing 
4 lbs., but which really weighs 3 lbs. 12 oz. After he has sold a certain 
number of loaves, he is detected and fined £5, and thus loses 5 shillings 
more than he has cleared by selling short weight. How many loaves 


does he sell ? 
3 


5. Simplif ЕА а ыйа ыг» 
+ SUBPINY (20—500) (b-cX5—a). (c-aXc- δ) 
b-c c-a ` atbtc 


-α-ᾱ _ As z 
6. If бле ТМС est aka on byron: then each of these 


ratios = supposing a + b +c not to be zero. 


1 
ztytz 
7. Solve e(z-- y 2) -24, y(z-- y z) 748, Actytz)=72, 
8. Eliminate z from the equations а+с= ? -dz, a-c= 

XIX 
1. Solve (e*-2a0-+8a2)? + (a? —4a0-+5a?)? 
= (29 – бат Таз) (09 Таз +903). 
а(а+Ь)(а+е), b(b-- aY(b-c) , с(с+а)(с+0) _ 

2. Show thet Sy СОИ (а) {οσο ο το 

. ase. (ὁ-- c)a? +(c—a)b° -- (a — b)c* 
3. Simplify neci ccena aln Pas 

4. Ifm gold coins are equal in weight to л silver coins and p of 
the former equal in value to g of the latter, compare the values of equal 
weights of gold and silver. 

5. If z=b+o,#u=c+a,z=a+b, show that 
zŠ + y? +25 —8туг = 9(a? + b? + οἳ — Sabc). 


utes 
т 


vd EL 1 б 
6. If πα) alb sc) РЕР bo) prove that 


lcd, ара 
LP ο7 ΟΙ, a+b ab. 


' Gimpli A/12— /8)(./3+ 9) 
7. Simplify Сла BN ot уз) 
8. Eliminate 2 and y from the equations 

ο UALS ety (с+а)х+(0+5)у +(0+0)=0, - 
(a 4- b) - (b-- c)y (c a) - 0. 
XX 
1. Show that α(δ1 ο) 1 b(c-- a)? - c(a-* b)? —4abc 
Εν Vio =(0+00с+а)04+0). 
2. If z+abea factor of a*?z? — b?z? + ac?z + 3a?bc, and if а is not 
equal to zero, show that a? +b° +с° = Забо. 


$ 
Хе it . 
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жык b [ ca, ri ab Š 
8. Bimplify ala? E =)! 000° — а®)(® =o) T СЫ = b*)y(c* — а?) 
4. Divide a*(b—c)+b*(c—a)+c*(a—b) by (α-- δγ(δ--ο)(ο-- a). 
5. Ifa+b+c=0, show that αὖ }- b^ +с° —5abc(c? — ab). 


dt. PEDIA = 
6. Bolve zta—c!atb—c 2. : 
z гах ὧν ι 9m | 9y 51,1, 
7. Solve az by -*cz- a-- b--c, bto πὸ σος ato um 


8. A person starts to walk at а uniform Speed without stopping 
from Cuttack to Jobra and back; at the same time another starts to 
walk at a uniform speed without stopping from Jobra to Cuttack and 
back. "They meet a mile and a half from J obra and again, an hour after, 
a mile from Cuttack. Find their rates of walking, and the distance 
between Cuttack and Jobra. 


XXI 
1. Show that 
(0-0)? + (c+a)? +(a+b)3}x Ía*(b— c) - b*(c — a) - c*(a — b) 
7 2la*(b— c)  b*(c — a) - c*(a — 0). 
b-c)? (c-a)? ο. 
а нх [μμ 
3. Ifa+tb+c=0, show that a*-Fab--b* — b? - bo c? - c? t ca t a. 
4. Ifs=a+b+c, prove that 
(s~8a)* + (s - 35)* + (s — 30)? — 3((a — δ)’ - (5 — 2) + (o — a)*1. 
5. Resolve into factors a*--9ab—9ac— 35? 4- 9bc. 
6. Find the H.O.F. of z*—-9z? 572—443 and 
| 9л*— д5 +6л%+9ш +3. 
- Find the condition that az?--bz--c and a's? +z +O may have 
а common factor of the form æ+ f. 
8. Ifa: Ь=Ь: с=с: d. prove that 
a:d= Маз +5203 + αϑοῦ : Мс + dt +3043, 


XXII 

1. Show that alb—o)(1+ab)\(L+ac)+ b(c— a)(1-- bo)(1 + ba) 

qu, * (a DL са) * οὔ) -- abe(a — b)(a —c)(b — o). 

2. Ifa+b+c=0, show that а1+Ь1+сТ= Ταδο(οἳ — ab)?. 

З. Show that if az? - bz--c and ат? +e +Z have a common factor 
of the form o + f, then will (ac — a'c)? = (bc — δο(αδ'-- a'b), 

4. Aand Bruna race; B has 50 yards starb, bu& 4 runs 90 yards 
while B runs 19. What must be the length of the course that А may 
come in a yard ahead of B? 0 
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Б. ptgqtr_g(4p+38r)—r(p+7)_(p—g+7)?, 
5. Show that Ф=@ SUE p 


6. Show that (a? rte ae = =(a+bJ(b+ ο)(ο 1 α). 


7. Solve a+y+z=2a+2b+2c, Si o ey 200 + 2ca + 2ab, 
Ь—-с)ж+(со—-а)у+(а—Ь)г= ο, 

8. Fliminate z, у, z from the МЕ 

am + ty +02=0), cxt by +az=0, bz + ay +с2=0). 

XXIII 
1. Show that (b-c)(1+a7b)(1+a%c) 
+(e—a)(1+b%c)(1+b%a)+ (a — b)(1+c?a)(1 +07) 
—abca- ὃ c(a— b)(a — e)(b — с). 

2. Find the L.C.M. of 

910 –132 +9, 98z? — 15z +9 and 19z? —7z- 1. 
3. Show that (ση) 2" — y" is divisible by (22 +z - y?)?. 
4. If9s—a-b--c and 9/* = αὐ 1-7} - c?, show that 

(2° — @?)(t? — b?) + (t° — 5b*)* —c*) + (t? — οὐ) {5 — а) 

7 4s(s — а)(з — b)(s— ο). 
5. It(1*2z' * yy)? - (092? * y?) (19-22 4 2), show that 
ατα and y-y'. 
sone, ab(a—b)(a? +b?) + be(b-— cb? +c?) + ca(c — a) (c3 + a? 
6. Simplify i a*b*(a — b) ds i —c)+c%a е zo ). 
а5 +b" +05 a +8 +05 аї%+1%+ с. 
5 2 


7. Ifa+b+c=0, prove that 
8. Hliminate т and y from the equations 
2 29 
az by Ja? +? pnt z*4y*-]1, 


XXIV 
1. Solve s+y+z=a+b+c, brtcy-az-czay- bz— ab^ bc ca. 


2. Divide 243 into three parts such that one half of the first, 
one-third of the second and one-fourth of the third part shall all be 
equal to one another. 


8. If 4(a? +b? Fc? - d?) - (a b - c 1), show that a=b=c=4. 
4. If 2s=a+b+c, show that 

a(b—c)(s— а)? + b(c—a)(s—b)* + cla—b)(s—c)? = 
5. If bzt+cy=a, az+cx=b and ay+br=c, prove that 
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6. Eliminate p and y from the equations 
actby-ztytzy-2*4*—-1-0. 
7. If az? ARS and dz? — bz +c have a common factor, show that 
a^-abd* cd? = Ë 
8. H dot tc? - (a-- b--c)*, then will 
y атъ Επ „+1 — (a b c)27*2, 
where n is any positive integer. 


XXV 
1. Ifz-a*-be, y= b? —ca, 2--οἳ — ab, prove that 
2 zi 
а 08, SEED Po ee +2), 


2. If2s=a+b+c+d, show that 
4(bo + ad)*— (b? +02 — а — d?)* —16(s — aX(s — b)(s — oX(s — d). 


3. Prove that (b+c—a)*+(¢+a—b)® +(a+b-c)® 
—3(b+c-a)ce+a-b(a+b- στο) = 4(αἳ +b° +c° — abe), 


4. Show that, if a+b+c=0,then 
b= c ea, a—b ἤ b eM 
( a Ud ο 6,42). 
5. Ша: а=у: =: с, prove that 


аша +a? у#+Ь% 2403 _@ty+z)? +(a+b+o)?, 
vta +b ` z+c λα τα τα-δ-ο 


6. Prove that, if aw+by+cz=O-and +? + 270 then will 
az? + by® tcz? +(a+b+o)ly +а)(а m Y + у) 0. 
7. Elimimate z, y, z from the equations : 


Š (i) ал+у+аз=0 Gi) a(yz)-c 
Ж .. знято | erasa | 
: gz + fy +cz=0 ola+y)=z 

8. Eliminate 1, m, n from the equations 
E аі =т= ст, 
+ ; 1®+т?%+п?=1 | 
a*]* +99 +0213 = 9/2] + УЗ» з 


CHAPTER XXXIV 


QUADRATIC EQUATIONS AND EXPRESSIONS 


. „Ме have already explained in Chapter XX what quadratic equa- 
tions are and how easy types of such equations can be solved. We shall 
in the present article consider some examples of a harder type. 


I. Pure Quadratic Equations 


233. Such equations may, after suitable reduction and transfor- 
mation, be expressed in the standard form 
ах?=с, 


the required solutions ате 


т=+ m ih 
а 


The following examples will serve as illustrations. 


Example 1. Ií 5-2. μα. u- VAS, fnd ο. 


By transposition, we have 
δα5 11 51-9r 35—9r 16; 
Ө, 


5r5-7 ^ 9 9 
ο. i [ componendo and dividendo ] 
АТ, m2=5; те 4/5. 


Example 2. Solve 95 29). а") - 7. 


By transposition, we have 
293 + 2° í; - ) 
ET g? +9 )- ge oe а? +8 


= ABE 


1848 ος. 13 ; 
on 4299-3 Хаа+8 
о Чч . [removing the factor 18 
Ut GP +9 m° +8' from both sides ] 


J.92249-9524-18;..22-29; «απ x3.  [arguing,as before ] 
1—28 


ue 
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= д$@,/1+х%, 
Example 8. If atb= р Witz find z. 
We haye (a+b)(z+ Jirz?)-9aJl*z5; 
^. (a b)e- (a—- 0) J 1*2, or (a-5)*z? —(a—- b)* (1c?) 
εν 2{(a+b)?-(a-b)*}=(a-6)?, ου, z*4ab-(a-D* ; 
. (a-d)* , ЖКН αὶ, 
ο. αἲ- dab. ^ eee *g Jab 
IESU Sr Ый es PM 
Example 4, If ТЕЗЕ каЙ Maid find z. 
Put у for Jz°-1 and .". 5-1 {ον αὖ -9. 
: ДЕ уй, Sas. 
Thus, we have LEM TERES 
Therefore, (1+y)*=1+2ay, ог, 1+2y+y?=1+2ay; 
y+2=2a, or, 9y-9(a-1); 
te. μα-1-9(α-1); -. g?-174(a-1)* ; 


. т= ® Jl+4(a-1). 

Example б. Solve (az) t(a-2)? b. 

Since {(a+ cy +(a- ayy? ° 
=(a+2)+(a-2)+3(a?-2%){(a+a)t+ (a-2)¥} 
-9a3(3-z2) xb; ^ [beonuse (ac + (a-a) -b] 

therefore, cubing both sides of the equation, we get 

2a-+3(a? αγγ x 52, or, Bla? – 22) 53 93; 
_[Ь9-9а\®. 
а%-т%= Ex ; 
ne o 


ut b° --θα 3 i 

z- а -( 3b E 

Example 6. Sol eR: аш ЫЫ? α-ς ο + 
; A a3 -(a--z)* e+ (a—a)t y 


Sine,  (a+a)fat+(a-a)*} = аҖ(а+а) +(а+а)Җ(а αλ, 
and (a Jal (a -α]ῆ-- αἶα —z)+(a -α)ξία! ШЫ ; 
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therefore, olearing the equation of fractions, we have 
дай  (a* a?) (a2) (a z) 
- alil +(а+ гна? +(a- КЫ 
-οῖ[α- ο ο 
= 3 tallata): +a - 2) aa? 23). 
Hence, removing at from both sides and transposing, we get 
aMa-(a*-a* Pp (0+2) tla -axiala -a -. (4) 
whence a*-(az) (a-2) ; 
squaring both sides, a=2a+2(a* =22)%, 
or, —а=9(а? ШУЫ 5 
а%=4(а%-@т%); 7. 4z*-8a*; .'. к= nu 
Note. It must be observed that the above equation admits of another solution 
which has been overlooked ; for a—(a? ШУЫ being a factor common to both sides 
of (A), if this be taken equal to zero, the given equation is evidently satisfied. Hence, 
(a? EP να, or, $0 is another solution. The same remark applies to example 4, 
which the student will very easily see for himself. 


EXERCISE 127 
Find the value of z in each of the following equations : 
7 _169 825110 . 504r? 

1. Met της. 2. 15 τ 95 ^ 

Weyer PS θα. (Ros σσ ΤΠ. 
δ σα "69-17 3 4 22-7) set) αἲ -τθ 
p, 25-1 Mord в. ыы το 0. 
` (z-1* Wt) Мї-@+1` Jitz-l c 


[ Bationalise both the terms of the 
left-hand side and then proceed, ] 


7. (162?) -a- (1-223). 

з. _(z-as-b) _ (т+ат+В) , ә ant1+(a%2*=i)*_ pm, 
` (e—-ma)z-mb) (z+ma)e+mb) ^ +1-(aw%-1 

10. (a+2)*+(a—2)*=3(a? -2)*, 


бх? +17 , 1422-117 τι απ πο ο αρ 
Ἡ. aiit 355-9 “19. 12. 2—4 24-8 2-5 23-9 
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18. fatla- ((a- an 955 


[te 
а+(а#—хз)*) ' 


a 
Г Since, a+ (a? moie Cta a-o + 2a? —а°)%_ erata- ; 


and similarly, а-а-а а-ай ; 


δν the left-hand назе Hol = аа). 
Hence, squaring both sides, &c. ] 
3. 292 j 
44. {435} 1.1 2) 1.9 Jg. 
(1-20)? +1 (14922)5-1 
II. Solution of Adfected Quadratic Equations 
by factorisation 


234. Adfected quadratic equations can, by suitable transforma- | 
tion and reduction, be expressed in the standard form | 


az? +be+c=0, 


If the left-hand side сап be easily factorised, then by equating to 
zero either of these factors, we get a solution of the quadratic, 


The following are the illustrative examples, 


Example 1. Solve 10(9z+3)(z—3) +(7z+3)°=90(z+ 8)(α -1). 
Wehave 10(Β03--ϑα- 9)}-(4995 +49z+9)=90(z2 1922-8); 


εν 4922 —982-91=0; С. 702 -42-8=0, 

on (702-70) +(82-—3)=0, or  (72+3)(2-1)=0 
Hence, either 72+3=0 } or, Ыы жү 
and 2. т=—$ and .. g=1 


Thus, —# and 1 are roots of the equation, 


Example 2, Solve (7—4 ,/3)x?+(2— «/ϑ)α--9. 
Since, 7-448-(2— J3)2. , 
We have (2— /3)%z° +(9— „/3):=9, 
Hence, putting z for (2— ./3)z, we have 
0 2% +2-9=0), or, (z49)(2-1)-0. 
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Hence, either, z+9= 2 or, Жыш 
and .. 2--9 οἷν. Em. 


Rmo 3 Me 

Thus, σπα 8” 99+ J3) 
ICE: 

A 29248 a+ J8. 


Example 3. Solve J/3z*-72-30- J/23*-72-5-2-85. .'' (1) 
We have identically 
(322 - Ta —30)—(Qa*-Ta—5)=a7-25 ~ - (2) 
i.e. this relation is true for every value of z, and hence it is also true 
for the particular value which z has in the proposed equation. 
From (1) and (2), by division, 
(309 -Tw -30)- (2r? -Te -5) _ ° —95, 
38 —Te-30-— J2n*-Ta-5 2—5 
or, [Sg —7z—30-- J 2n*-Te—5=a+5. 59 + (9) 
From (1) and (3), by addition, 2 4/32 — 72 —30—2z ; 
`. θα. - 72 -3092?, or,  2a7-Tx-30=0, 
or, (2z+5)z-6)=0; -.. ας —É or, 6. 
N. В. We might as well as have subtracted (1) from (3) amd got the same result, 


1 1 
Example 4. Solve (Disco utat) 
1 


1 


= (ано) (a+b(z- by 
τ түл лүшү 
By transposition, 1 Í 1, a BEDAE Dco]? 
Therefore, either, = = Z=, whence т=а+Ь+о. 
ог, ----1., whence also z —a-t b- c. 


ω-ο atb 
Thus, the equation has got two equal roots. 


а+с(а+т), a+e_ a . 
Example 5. Solve POUR pee πο 


А atcatz)_ a cata) : 
Біо, arda o ада) ατοἷα--α) 


We have by transposition, 
EE alis: Syuzi ig Ac 
ο στο. а στο) 
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D (+в) 2 - σα.) b 
on (а+а) zía-c(a-z)) ^ '(a—9cz)la * c(a —)] 
, tail +e) daa) 
ae c à — 200 
Hence, either, a--z—0, and J*--a, 
or Frac a(1+c) 


т 24902 Whence ®= 48+90)' 


Thus, —a and 


gate, are the roots of the equation. 
EXERCISE 128 
Solve the following equations : 
1. 2**9z418-6-4z. 2. (z-9)z-1)-908. 3. х*+3а*=4ал. 
2. 72 
4 S XP rapa, 5. abz*-(a-Dez-c* -0. 
6. 19:*--93az—94a*-0. 7. 10(z—-a)? -41(x—a)b +21b? —0. 
8. 19(z—a)* 4-98(x — a)(z — b) — 5(e — 5)? —0. 
9. 920z*-Fa(a--9b) - 30(a +b)? + bz. 
30042) 40 c 3 M: = 
10, "35 810-2) 15 11. (a-b)? - (a b)z * 95 —0. 


jn αἳ y) = 1 1з. 3σία-α) a, 
+b (а 


at p) 3a (asp) d * a-w 4 
i 
16,25 6 a, b . 3ο 
s d 3 E 15. o-a ο @-0 


6, «ως. ш. q» Ja EHO ο 1 
18. δα. Το--1ή- J3z2+7z-10=9. 
19. „/4#-Тл+16+ J4x?-72-1-17. 
20. „/5х#—-6л+8— JBz* —6z-1—1. 


235. If in the process of solving an adfected quadratic by factori- 
sation, the factors are not easily obtained, any one of the following 
methods should be adopted. 


. 236. The ordinary method of solving an Adfected Quadratic. 
Bring the terms containing the unknown quantity to the left-hand 
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side of the equation, and the known quantities to the right-hand 
side; if the coefficient of z? be negative, change the sign of every 
term of the equation and then divide every term by the coefficient of 
а? ; thus, the equation is reduced to the form z? +pz=q. . 
$ ; . 
Now, add ἷ- (Le, square of half the coefficient of z) to both 


sides, on which the left-hand side becomes a complete square and we 
рү үр! p Сре, 
get T$ =q+ g Whence s+ g =+ qt 


2 
and, therefore, = — 7 + Μο’. 


EXERCISE 129 


Solve the following equations : 

1. 702—63=72°, 

[ By transposition, we have —7z* - 702—623. 

Since, the coefficient of x is negative, changing the sign of every term, 

we get 7z?—702= —63, 
Dividing both sides by 7, z? —10z= —9. 
Now, adding (42)*, or, 25 to both sides, 
#*—10r+25=25-9=16, or, (2—5)? =16. 
Hence, 2-5= +4, [ because z—5 is a quantity 

of which the square is 16 1; 


2. m=5+4, or, 5—4, i6, 2-9, or, 1.] 


2. 9;?—-11z 5-0. 
[ By transposition, 2:?-11z—- —5; 
"dividing both sides by 9, α"-λλα--Ξ. 
Adding (52)? to both sides, 
a Mar eie xt, ie, (αν 
2. g-€eci; OS. zedbi-5, ог, $] 
3. 87—98z—30z-1062*. ; 
2 
172° -852+216=652-8:% 5. "qp =52-2*%-5. 
4(ο5 — 382) =10(a? — 482—6) + 35 — 5). 
7. Ae? 84) - (o? - 124 19) 48-9. 
8. 9z402—945z -2*. 9. 4(22 +93: 94) — 29? — 8x 1. 
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10. (3e—1l)e-4)+(z-9)9z-3)=4z(z-3)-5. 
[ The left-hand side= (803 —18z-F4)-- (22? — 72:-- 6) = 50? — 90z+10, 
Hence, we have 52'— 9024-10-42? —192—5, 
«e m*—82— —15; [by transposition ] 
v. 2*-82(4* =16-15 ; or, (z-4? 1; 
"^ @-4=+1; S. п=4+1=5, or 3.] 
И. (22-582 7)- (14a —5)-22 - 34.14). 
12. (82—11)(ш—9)+ (2z — δα”: 4) -18 =10(9ж-1)%+ 19, 


18, (0-367-845-3272 -(s- 36-3. 
£,. 40. δ10α) 
М. 15*800-3)^ 95 
A 3 
[By transposition rg =) = not a) τ = ae. | 
22 32—50 _ 12x +70, 
15. 15*800*2)" 190 
2+4 α-4 10 
16. т-4*ш+4 3° 
[ Subtracting 2 from both sides, we have 
c--4- 2—4 4 8 8 4 
Gioii 9 s-4 abd 8) 
1 1 1 2x8 1, 
zn (an) 95 29-1678: 
И. α)-16-Ξ48; , д®=64; ,', == +8.] 
17. sut το [ Proceed аз in the last example, ] 
18 e+3 η 2r-3 [ Proceeding аз in example 16, we get 2? — 4z—0,. 
“2+9 2-9 2-1 whence (2—2)%=4; .*,2=949=4, or, 0. ] 
2-2 3 9-3) 219 2-9 5 
Батаа 2-3 M. τη θ᾽ 
2+8 2—9 5 
[w° have (25231)-(23-1)- g’ °з &c. к] 1 
£-6 mr-19 5. 2v-9 92rz-7. 7. 
СЕ 2676 22. 2-7 9z-9 12 
28. 936 8*1, L, [O. U. 1678] 


2+7 @+9 3z+1 
24. 22 eae, [We have (23- )+( =5-э)=.] 


ᾱ-- 2—8 
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1 1 RS} B 
26. eta zida 'ztüa c 
1 T 1 1 1 1 
[ve EAR lcs Эе ‚(сыге 
1 2 8 1 1 1 1 
Ж ata tana ara 70 95 ован) 


whence αλα. δα, «^S. бо, ] 


ata e+2a 
237. General expression for the roots of a quadratic. 


‚ N.B. The roots of any equation are those values of the unknown quantity that 
satisfy the equation. 


_ As every quadratic equation can be written in the form az*+ba+c=0 (after 
suitable reduction, if necessary) we must regard this equation as the general type of 
all quadratics. Let us solve it. k 


By transposition, — az**bz--—c. ' - 
Dividing both sides by a, z* + 22= - 4 ` 
bè —4ac . 


^ 213 
Adding (2) to both sides, 


ο лы om μασ. 


b, /Ъї—4ав, = —b+ κ[ὃΣ--4σο 
аа S rugas on £ ο ως 
Thus, the roots of the quadratic az? + bz +c=0, are — bt уаш 


and ы = and, therefore, we must regard the expression 


ΕΙ as the general expression, ἴον the roots sought. 


By the application of this formula we can find out the roots of 
A СБУ equation without going through the process explained in 
rt. 236. 


Example 1. Write down the roots of 22% — 1892 +15=0. 
b ρα this with the equation az*-bz-c-0, we have a=2, 
7-13, c7 15. 

Hence, the roots of the given equation are 

2-713) J(- 133 -4x2x 15 

` 2x9 
-13+ J/169—190 183 J/49 1357, 
4 4 4 


That is, 2—5, or, $. 
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Example 2. Write down the roots of – 32% =11z—4. ` 


Bring all the terms to one side, we have – 32% -11s +4=0. 
Here  à--8,b--11,c-4. 

-(-11)+ J(-T8-4x(-3)x4 
Hence, g-- 1D Au 4x(-8)x4 


= 11+ 191148 11+ J169 
-6 -6 


11x13 
56 


= —4, or, ὁ. 


EXERCISE 180 


Write down the roots of the following equations : 

1. 322-172+94=0. 2. α΄ +92+90=0. 8. 62° =90-7=. 

4. —9z2+95=6z-10. δ, 823-145 1165. 6. – 32° +20:=95. 
7. Б+2- 40% =0), 

- 288. Sreedharacharyya's (or Hindu) method of solving a 
quadratic. Reducethe equation to the form pz?--qz-7r; multiply 
both sides of this by 4p (ie, by four times the coefficent of т?) and 
then add q? to both sides; we thus get 4p?z*--4pqz--q* —4pr- q?, 


the left-hand side of which is evidently a complete square, being equal 
to (2pz + q), 


Examplei. Solve 5z?-17z+6=0. 
By transposition, 5z2?—17z= --θ. 
Multiplying both sides by 4x5, 
4x (bz)? 4х (5х) x17 --190. 
Adding (17)? to both sides, we have 
4x (5z)* —4x (5x) x 17 + (17)2 — 989 — 190, 
or, (2x5a-17)?=169; ~. 102-17= +13; 


$ 
c= 1218.5 ог, Ë. 


Example 2. Solve —8л°+10л=3. 
Multiplying both sides by 4x(-8), 4x64z2—4x 8x10z= – 96. 
Adding (10)? to both sides, 
4xX64z* 4x 8x 102+ (10)? — 100 — 96, 
on  (2x8z-10)-4; С. 162-10= +9; 
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Example 8. Solve θᾳ34-980--19ᾳ +10. 
By transposition, 6z*-11z—10. \ 
Multiplying both sides by 4x6, 4х (62)? +4 x (6x) x 11=240, 


Adding (11) to both sides, 
4x (6)? +4 x (6х) x 11 - (11)? — 191 +240, 
or,  (2x6z*11?-361; .. 12¢+11=+19; 


ao =, on --ᾱ, 


EXERCISE 131 
Solve the following equations by Sreedharacharyya's method : 


1. 2z?+9r=18. 2. 152*?-98-7. 
3. 16:2+100:=31%+2+40. 4. z%?+50z=102-15z-z2, 
5. 172° +192= 1848. 6. 20x" -acr = 3(22- а). 


7. αὖ +ат= аҢ82+а) 92°. 


239. Equations solved like Quadraties. Some equations 
though not actually quadratic themselves, may by suitable substitu- 
tions, be expressed as quadratics, and thus solved. 


Example 1. Solve 2* – 10534950. 


Putting y for 2°, the equation із у*—10у+9=0, 
or, (y-1Y(y-9)-0. 


Hence, either, y-1=0, or, y-9-0, 


i.e, у=1, or 9, 
ie,  z*-1, or 9, 
4.е., т= +1, or, +8. 


4 
Example?. Solve 557 &2*- 992. 


Multiplying both sides by 2°, 25a* z* = 96a°z2, 
or  c*-—906a?z* t 95a* —0. 


Putting y for 2°, we have у° — 26a?y-t 25a* —0, 


or, (y — a?)(y — 25a?) - 0. 
Hence, either, y—a?=0, or, gy-95a*—0, 
ie, y-a?, or, 95a, 


ie, z*-a?, or, 250°, 
ie, @=ta, or, +54. 
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Example 3. Solve (z2°+3cz)%—(z?2+3e)—-6=0. 
Putting y for z?--3z, we have y? —y —6-0, 
me or, (y+2)(y-3)=0; 
either, (i) y+2=0, or, (ii) y-3-0. 
(i) If y+2=0, we have z*--3z--2—0, 
ie, (ш +1)(@+2)=0, 


4.0. x= –1, ог, -9, 
- (ii) Ify-3=0, we have 22 +32-3=0. 
Solving the quadratic, a= 3 να ; 
-3+ 21 


w g=, or, 9 


Example 4. Solve (z--9)(z--3)(z-- 4)(z +5)=94(z2 +7z+ 7). 
Re-arranging the factors on the left sid e, wo have 
{c+ 2) GF 5)H s -- 3) 7 4)] 94 (72 +7z+7), 


ΠΠ (a? Ta 10)? +7z+19)=94(z2 +7z +7), 


or, (y+10)(y+19)=24(y +7). [ putting y for z? +7z ] 
or, 9y*-99y--190—94y +168, 
or, | y*-2y-48-0; .. (y—8)(y +6)=0, 
Hence, either, (i) y-8—0, or, (ii) y+6=0, 
(i) Ify-8=0, we have 2*--72—-8-0, 
or, (z-8(z-1)-0; 
+ @+8=0, or, z-1-0, te, m= 78, or, 1. 
(ü) Ify+6=0, we have 2° t*Tz*6-0, 
on (w+1)(a+6)=0; 
`. @+1=0, or, z+6=0, ie, z— — 1, or,— 6. 
+ £—-8,1, —1, or,-6. 
Example 5. Solve 32*-4z-- 353—456 18. 
Adding —6 to both sides, 32? —42 —6-- ,/32*=4e=6=19, 
Putting z for J/3z* —4z —6, 
the given equation reduces to 252219, 
iea, 2*t2-19-0, 
or, (@—8)(а4+4)=0; 
either, (i) z=8, or, (ii) z=—4, 
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(i) If 2=3, J853—4z-6-3, 
or, 312—42—6=9, or, 92*-4z-15-0, 
or, (ᾳ--θ)(8α 1-60: .. 2=3, or, -& 
Gi) If z=-4, κ/βσξ-4ᾳ-6--4, ' 
or, Л —4ш@—6=16, or, ϑαΐ-4α-99-0. 
4x J16+4.66_ axa; 
6 
2+ VTO, 


2-3, =$, or, — 


Solving the quadratic, x= 


240. Equations of higher degrees solved by factorisation. 


Example 1. Solve z°—7z+6=0. 
By inspection z —1 is a factor of the left side. 
Hence, factorising the left side, the equation may be written as 
(z—1Yz* 2—6)-0, 
or, (z-1(zx-2)z*3)-0; [ factorising the quadratic factor ] 
either, -1=0, or, z-2-0, or, 2+8=0, 
£e, Ὁ-1,9, or, —8. : 
Example 2. Solve 2%+1=0. 
Here we have  (=+1)(2%-2+1)=0; 
either, (1) 2+1=0, or, (1) 22-2+1=0. 
(i) Ifz+1=0,z= -1. 
(ii) If z? —z= +1=0, solving the quadratic, we have At 
2214-8; πας ας OP 1+ 4-3 1-8 
2 2 
Note. The square root of —3 45 an impossible operation. Such square roots 
are however, frequently used in Algebra and are called imaginary quantities, 
Example3. Solve z*+7z° +8z°?° +7z+1=0. 
The left side of this оон їва reciprocal expression and may be 
put into factors, as in Art. 1: 
Here, re-arranging the τάς of the left side, we have 
(æt +1) +7(z° +2) 185 —0, 
or, (9511) -Τα(α +1) +6z?=0, 
or,  ((z*--1)*al(z* +1) +62)=0, 
or, (95 +z +1)(a* +6z +1)=0. 
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either, (1) z22+z+1=0, or, (ii) z? +6e@+1=0 
(i) It z* +z+1=0, solving we have 
“i+ /=3. 
s 2 
(ii) If 2? +62+1=0, solving we have 
ge 6-4 19-4. -3+ 4/8; 


т= EN or, -3+ 8. 


241. Exponential equations solved as a quadratic. 
Example 1. Solve 57-1-5-*—11. 
Here, we have S A= $, or, Ea 
or,  y*-6y*5-0, 
or, — (y-1Y(y-5)-0, whence y=1, or, 5, 


$e, 5°=1, or, 5, ie, 5°=5°, or, 51; 
Φ-0, or, 1 


1 =$, [ putting y for 5° ] 


Example 2. Solve 2*-34.93-7—3, 
8 
=з о, + 
ог, y? -19y * 32-0, 
or, (y-4(y-8-0; .. у=4, or, 8, 
$e, 2°=4, or, 8, Фе, 92=9°, or, 2°; 
w=2, or, 3. 


Here, we have =3, [ putting y for 2° ] 


e0 


EXERCISE 132 


Solye the following equations : ^ 

1. z*-6z*11:-6-0. 2. 25-40% t2492-0, 

9. 20° +52%-42-3=0. 4. αὖ {δα} -92-6=0. 

5. α’-δο5 +6:%-52+1=0. 6. z*-5z*-14z? –202+16=0. 
7. α"Ἔ8α7 +240? +392—90=0. 8. (ш+9)(х+3)(а+4)(ж +5) - 360. 
9. (w-1)(@-2)(~+3)(a+4)+4=0, 

10. х*—-4х9-х%+10х+4=0. 1. z*-62*--15z?- 187 45-0. 
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12. 225—5ж*—8х5%+9х2%-х—2=0, 18. ο”-1Ξ0. 

М. z*—37:?436-0. 15. 3*-3439-"-4, 16. 7-34 73-*-14. 

11. 2*-93-**—1(1—91-*) 18, σϑ-1-0, 19. 115111-5--19]τᾷτ. 

20. 903--60--θκ/θαῖ--δο-Γ9-- --Β, ` 

21. 9r—4z* 1 JJ Ax* — 9x11 5. 

22. 9(z*—-3z--1)*-5(z*-3z1)*3-0.. 

23. (а+4)(а+1)+ /(e+5)z-3)=3z+31. 

24. 10z*-—63z? + 5207 +632+10=0. 

242. The Nature of Roots of a Quadratic. If a, 8 denote 
the roots of the quadratic equation az*--bz--c—0, we have by Art. 237, 


—b4 Jb? – 4, = h s — 
due BL ac а p= =Ë уБ σα 


Three distinct cases do, therefore, arise according as the expression 
under the radical (5° — 4ac) is (1) zero, (2) positive and (3) negative. 
Case I. Equal Roots. Ifb*—4ac=0, J/b3—4ac-0; 
а 24016 арш ЕР зб us b. 
9a Элу, 2a 2a 
Hence, the roots of аа? +bz +с=0 are real and equal if b° — 4ac— 0. * 
Example. Examine the roots of 4z? —19z +9=0; 
Here, a=4, b= -12 and c=9; 
b? –44с=(— 19)? -4.4.9=144-144=0. 
Hence, the roots of 42%—192+9=0 are real and equal and are 
found to be $, 8. 
Case П. Real and Unequal Roots. If b*-4ac is a positive 
quantity, ./62—4ac is real. 
a and В are real but unequal. 
. . Hence, the roots of ат? +bz +с=0 are real and unequal if b* —4ac 
18 positive. 
(i) It b* —4ac is a perfect square, κ) δὲ —4ac is rational and real. 
In this ease, the roots are also rational, real and unequal. 


(ii) It b? —4ac is positive but not a perfect square, /b*—4ac is real 
but irrational. 


Hence, the roots are also real, irrational and unequal, 


Example 1. The roots of 202+7r—4=0 are real and unequal as 
Well as rational, since 77-4.2.(—4)=49+32=81 is positive and a perfect 
Square. The roots are found to be 3 and —4. 
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, Example 2. The roots of 2:*—9z--8—0 are real, unequal but 
irrational, since, (—9)2 —4.2.8=81—64=17 is positive but not a perfect 
square. 
9+ Т7 

4 


Case Ш. Imaginary roots. If b?—4ac is negative, ,/b?—4ac 
=the square root of a negative quantity, which is an impossible 
operation. Such square roots are however, frequently used in Algebra 
and are called imaginary quantities. 


Л Hence, if b? —4ac ts negative, the roots of aw?+bæ+c=0 are 
imaginary quantities. 


Thus, the roots are 


Thus, the roots of z22—z+1=0 are imaginary, since (- 1)? - 4.1.1 
= —8 and is, therefore, a negative quantity. 


The roots are += MEDTATT, ї.е., Et 4-5. 


EXERCISE 188 


Examine the roots of the following equations : 
3 1. 32*--90z-19-0. 2. 32z*—-18z49-0. 8. 2% +52+4=0. 

4. 40%-102+9=0. 5. -30%-92+6=0. 6. -4z?45r-8-0. 
7. 32° +72+8=0. 8. 4z*-8z(4-a* — 5?) -0. 
9. (a-b)z? +2(a * b)z — (a— 0) -0. 

10. For what value of m will the equation 92?--8z--m-0.have 

equal roots ? 
11. If4z*—pz--9—0 has equal roots, find p. 


12. For what value of m will th ti ? — 9(5 +2m)e 
+3(7+10m)=0 have equal roots ? Αν ¿oh βί 


[ By the condition of the problem, 
{=2(5+2m)}*—4.1.8(7+10m)=0, ie, Щ5+9т)*—4.5(7+10%)=0, 
or, (254 20m+4m*)—3(7+10m)=0, or, 2m? —5m+2=0, 
or, (2m—1)(m—2)=0; .'. m=}, or, 2.] 


: h 2 
13. Find the greatest and least values of 22-11219 for real values 


otg 
a +14r+9 
[ Let ETET E =m. Then 2% +142+9=m(x?+2z4+8), 


or, (1—m)z* +2(7—m)z+3(3—m)=0 ; 


sS а= ιο m) T= m? —4( m) 38m), 
+ 9ü—m) 


x 


з % 
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The expression under the radical sign 
=4(49—14m+m*°)—12(8—4m+mš*) 
= —8(m* 4- m —20) = —8(m — 4)(m+ 5). . 
Since æ is real, the expression must be positive or zero, 
i.e., —8(m—4)(m+5) must be positive or zero. 


.'. m cannot be greater than 4, but may be equal to 4 (since for ay value of 
m greater than 4, say 5, the expression is negative). 


Hence, the greatest value of the expression = 4. 


Similarly, m cannot be less than —5, but may be equal to (—5) (since ы any 
value of m less than —5, say —6, the expression is negative), 


Hence, the least value required = --δ. ] 


14. Prove that = = БЕ 51-5219 must lie between 1 and —y for all real 
values of z. 
15. Prove that the value o 
and 8, if z be real. 
[ Let δ Βα} ΒΘ my and proceed as in Ex. 18. ] 
2 
16. α΄ æ be real, prove that Ius iio cannot lie between 
—5 and 3. 
РЕ 
17. If z be real, prove that cH rd cannot lie between 9 
and – 20. 


18. If z be real, the value оѓ ee = 213 does not lie between 
$ and 1: 


*243. A quadratic equation cannot have more than two roots. 


Let az*+be+c=0 be any quadratic equation. To prove that it 
Cannot have more than two roots. 


Proof. Since az? 1 δα ο 


"dete feed) (bi) 


ед0) 


- Gas MEE M b м2 440 isi 
ace d — ++ S ) [ factorising ] 
=a(z—a)(z — В). 

[Putting a for mier OTTAA and в for xu ¿o= tas] 


2 
f 2582280 must not Ше between —8 
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and since а is not zero, we have az?--bz-c-0, when and only w 
any one of the two factors z— a, z— is zero, 
` ien when and only'when z=a, or, B. 


Thus, the quadratic equation az° +bz+c=0 has got the two root 
a and f and no more. 

244. If a quadratic equation in т is satisfied by three differ 
values of z, the equation will be satisfied by every value of т. 


Let the quadratic equation az?*--bz--c-—0 be satisfied by t 
different values a, B, y of л. 7 


аа? +ba+c=0, FA 
ap?+bB+c=0, «++ (2) 
and ay*+by+c=0. - (3) 


Subtracting (2) from (1), we have a(a? — ?)-- bla — 8) 0, 
or, (а—В){а(а+ B)-- b] 0. 


Now, `." a—B is not zero ( a and В being different ). 
^. ala+B)+b=0.--- (4) 


Similarly, from (1) and (3), 
a(a+y)+b=0. = (5) 
Hence, subtracting (5) from (4), 
ав — y) —0. 
; But, B—y is not zero ( since В and y are different ). 

* a=0. 

Henco, from (4), 0.(a+8)+b=0, ie, b=0. 
Since, a=0, b=0, we have from (1), c=0, 

р απ” +Ь®+о=0,х% +0.c +0.0=0 for every value of z. 
245. Relation between roots апа coefficients of a quadratic. 
If a and £ be the roots of the quadratic az? +bz+o=0, to prove tha 

α-β- -2 and а= 
Solving the equation as in Art. 237, we have 
а= Cb Vo 4ac, 
2a 


ма P= 25-9. 
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Hence, by addition, atp= 7- - b; 


_(=b+ Jb*—4ac)( - b— Jb —4ac) 
4 2 
LC (2-42) dae ος 


and by multiplication, af. 
4a? 4a? a 
Since, the equation az*-bz-c-0 сап also be written as 
w+ 02 + $ =0, we may express the result as follows : 
Ina quadratic equation of the form 2° +pz+q=0 (¿e., where the 
coefficient of x? —1 and the terms are all on one side). 
(i) the sum of the roots = — the coefficient of z ; 
(ii) the product of the roots = ће constant term, 
i.e., the term independent of z. 
Example 1. Τί a, denote the roots of the quadratic 22 +62+9=0, 
prove that a+ B= —6 and af —9. 
Here, the coefficient of 2° =1 and the terms are all on one side. 
Hence, we have а+6= –+ће coefficient of ὦ5-θ and af=the 
constant term —9. 
Example 2. If a, B be the roots of 32° –172+19=0, prove that 
a+B=2⁄ and af =}, 
Re-writing the equation in the form z*-(—37)z- 4$ —0, so that 
the coefficient of 2° =1, and the terms are all on one side, we have 


а+ 8 = -the coefficient of z= —(—А7)=1/7, 
and af —the constant term —4$. 
Example 3. If а, f are the roots of z? +pa+q=0, find 
()a-8; (Gi) αἲ +88; (11) @* +87. 
We have а+ B— -the coefficient of z in 2° ^ pz q— —p, 


and ap —the constant term=q. 
(i) Since (a— В) = (a-- 8)? – 408 —(- »)* —4q- p? – 44. 
*. а-В= + Jp° —4q. 


(ii) a3 -- 5 — (a-- B)? —3aB(a +B)=(—p)° —3q(—p)= -p° +3pq. 
αν οἱ βρη dae OE p. 
(iii) a * +p VASE αρ d 
246. Formation of equations with given roots. 
Let a, В be the given roots and let z*— pz--q—0 be the equation 
Sought. 
а+в= — (the coefficient of z in z* pz +q)= —(—р)=р, 
and  aB-—the constant term — 0. 
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Substituting for р and q in z?—pz-4-0, 
the required equation is z?—(a+f)at+aB=0, + (A) 
or, (z-a(z-8)-0. :'' (B) 


Otherwise :. The expression (r—a)(z—5) is zero if any ono of il 
factors z—a, z— B is zero, 


ie, if z has any опе of the values a and f. 
Hence, the equation whose roots are a, B is (ᾳ-- α)ίᾳ-- В) =0. 


[ Evidently the equation has no other roots ; for, if the left-hand side is ж 
one of its factors must be zero, so that z must have one of the values a or β.] 


Note. Similarly, the equation whose roots are a, 8, y is (z — a)(z — B)(z: 
=0, and so on. 


Example 1. Form the quadratic whose roots are 4 and —5. 
Ву (B), the equation is (z —4)Íz — (—5)1 0, 
$e,  (e—4)(2+5)=0, 
or, g? -α-90-0, 


Š me 2. "Form the quadratic whose roots are 3+ /5 and 
ye i 


Since, (8+ J5) -(8— /5)=6, 
and (3+ J5)8- J5)-3?—5-4; 
-. by (4), the equation sought is z?—0z--4—0. 


Example3. If a, B are the roots of ag?+br+c=0, form the 
equation whose roots аге € and a 
By (4), the required equation is 


2" (8+0) 5-6 =0, ог, gi- 541-0, 


Since, atf-- 5 and ав = EM we have 
; IRI * gt b° 90 i 
атр (а+5)#—да8_\ї a a αἲ a _}* 940; 
af ав с D 
а 
а 
b 524€ +1=0, 


or, аст? – (0° —9ac)z +ac=0. 


Hence, the required equation is 2? — 


Example4. Form the quadratic whose roots are the reciprocal 
of the roots of the equation 2 +32+4=0. 


Let a, B be the roots of ο +82+4=0, 
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Find the equation whose roots are 1 апа = 


By (4), the equation required is 


(1) 


1458 


gi- [14 αν 1-350, 
4 0*8, gt Es 
on а" — B wig 0. 
But since а, В are the roots of z22+8z+4=0, we have a+B=-3 
and af = 4. 
atf -ὃ 


fas ES 08 
ap α΄ ΠΩ σα 


Hence, from (1), the required equation is 22 – (– 2)2+4=0, 


or, x? +3æ+4=0, or, 422+32+1=0;: 
247. Common Root of two equations. 


t a=the common root of the equations av*+bat+c=0 and 


Θ 
ae? +b'a+c'=0, 
We have аа? +һа+с=0, and aa*+b/atc=0. 
By cross multiplication, 


а? а 


2 peita 
Ьё-ЪУсо ca-da ab-ab 


a bo — Бс ca/ — σα. sait) 


а ары апа am ab. 
. bc -b'o _ [ca' — Ca ЕЁ ' 
'"  ab'-ab \а8-—@Ь 


or, (ca'—ca)? — (be — b/c)(ab' — a'b) τ. (0) 
Which is the condition that the equations shall have а common root. 


be’ -b'c са — ca 


From (1), the common root 777 —7; ΟΥ, ab — ab 


EXERCISE 134 


Form the equations whose roots are : 


1. 3and1. 9. Бапа -T. 9. Sand 4. 


4. (i) 3+ J5and38-/5; (1) 2a+ Vd and 2a- Vd. 


5. Find the sum and the product of the roots of : 


(i) 22-52+6=0; (ii) z2+9z-13=0; 
(iii) —3e2+90z+15=0; (iv) 5z2°2=7e+3; 
(v) 3%2+1= – 152°. 5 
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6. Ifa and B are the roots of the equation z*-- pr q—0, form the 
equation whose roots are : 
(i) αἲ Ί-αβ and 8? t af ; 
(6? -- a) + (8* + a8) = а  2a8-- 8* = (а+ B)* ^ (p =p", 
and (a? +a8)(8? + a8) — a(a-- S)B(a + В) = aB(a+8)° 7 p*a ἃ... 
since, a+ß=-p and а8=0. 
Hence, the required equation is 2*—p*x+p*q=0. ] 


(н) a° +8? and 9αβ ; (iii) αγ +67? and 2: (у) ati and B+ 


7. If the equations 2*+ba+ca=0 and 2*+ca+ab=0 have 


common root, their other roots will satisfy the μον um tact Me 
[ Let a= the common root of the two equations, mr 
Then, а? +bat+ca=0, νο (1) 

and а?+са+аЬ=0. 

Subtracting, (b—c)a+a(c—b)=0. 

Dividing by (b—c), a—a=0, ie, а= а. 

Since, the product of the roots of the first equation=ca, and one of 

roots=a. 
|, the other root of the 1st equation = = =e. 


Similarly, the remaining root of the 2nd equation= e =b. 


Hence, the required equation has the roots b and c, and is, therefore, 
—(b-- c)z-- be 0, ... ο] 
Since, a=a, we have from (1), 
a*+bat+ca=0, ie, а(а+Ь+о)=0, or, atb+c=0. 


7. from (9), we have #*-+ar+be=0. (` b+c=-a).] 
2 2 
8. Itc n- : . 
be real, show that Ipo j-g πα have any iE 
[ Let the given expression = y. m 
. m*(1—2)- "(1 -α) | 
πας] m cé 4 
ог, yx? —(m?-n?)z — (y —m? +n2)=0. 
Solving, z = 7 +" + „/(и* +n)? (y m +n). 
2у 
Since, « is real, the expression under the radical sign must be positive, 
ог, (т? +n)? — 4y(m? —n?)+4y? is positive, 
x (m° —n*)* — 4y(m* — n?) +4y2+4mn? is positive, 
> (m*—n* —2y)? --4m*n? must be positive. 


This condition cn event be satisfied by giving any real value to у, ἡ. 
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9. If the equations z*--pz--g—0 and z*-p'ztg'-0 have a 
common root, show that it must be 
pd ρα, g q. . 
ατα’ 


either, ӨТ perpe 


p-p 
10. Form the equations whose roots are the reciprocals of the roots 
of (i) 322 +8a+91=0 ; (ii) aw? +bz +c=0. 


11. If one root of the equation az? +bæ+c=0, be the square of the 
other, prove that b? + a*c-- ac? = Забо. 


19. If av*+be+c=a'x2+b'xt+c, when z=188, 281 and 397 respec- 
tively, prove that a=a’, b=) and с=с. 
[` (aw? +00 + с) – (а +b'x+e')=0 ; 
i.e, (a — a!)z3 + (b — ')z + (c — c) =0 for three distinct values of v. 
'. by Art. 244, a—a' 20, b—b'=0 and c—c'=0. ] 


13. Find a, b, ο, it (a—19)z? * (b-31)7—181-—0 for any value of z, 


14. Find k, if the roots of 52° {Τα +3=0 be the reciprocals of the 
roots of 3z* + (8 —k)e+5=0. 


15. Find а and k, if the roots of 3z*-t9kz -k--2—0 be the 
reciprocals of the roots of 2az? + (8+ а)ж+8=0. 


CHAPTER XXXV 
EQUATIONAL PROBLEMS 


248. What are eggs a dozen when two more in a shilling’s worth 
lowers the price one penny per dozen ? 


Let 2 =the number of eggs we get for a shilling. 


Then the price of each egg- 12 репсе, 


and .'. the price of a dozen= 144 pence. -- (1) 


If two more were obtained for a shilling, t.e., if (2+9) eggs were 
worth a shilling, the price of a dozen would, for a similar reason, be 


219 pence. 
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But by the condition of the problem, the latter ргїсө is one penny 
less than the former price, hence 


t? +20 =288, 
z? +90+1=289 ; 
Fa æ+1=17, 
ki 2=16. 
Henoe, from (1), the price per dozen=94. 
249. Find two numbers, whose difference multiplied by the 


difference of their squares=160 ; and whose sum, multiplied by the sum 
of their squares gives the number 580. . 


Let z+ and 2 — у be the numbers. 


Then, by the 1st condition of the problem, 
2y.(4ey) =160, 


or, zy? — 90. = ΑΡΗ] 
By the 2nd condition of the problem, 
2a{2(a? + y*)] — 580, 
on а(ш®+у?%)=145. = - (2) 
From (1) and (2), by subtraction, 
25—195—5? ; 
$ 2=5. 
Honce, from (1) ^ zy*—5.y*—90, 
je, y*-4; 
y=2. 


2=5, and y=2. 
Hence, the required numbers are 7 and 3. 


250. A sets off from London to York and B at the same time 
from York to London, and they travel uniformly; A reaches York 
16 hours and В reaches London 36 hours, after they have met on the 
road. Hind in what time each has performed the journey. 


Е M > 


т п 


Let L; Y represent London and York respectively, and M the place 
where the travellers meet. Let m, m be the measures of LM, MY 
respeotively in miles. 
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Now, since A travels л miles (e, from M to Y) in 16 hours, 


he travels 1 mile in m hours and .`. m miles in 16. т hours ; hence, the 


time in which A travelled from L to М =16. m hours. 


Similarly, the time in which В travelled from Y to M: =» hours. 


Now, since they started at the same instant, the time in which 
A travelled from L to M is evidently equal to the time in which 
B travelled from Y to M. 
16 96 
т 


16. 90. п, whence ? = 5: 
UN. 5 2 n 2 


9 


Hence, the time in which A performed the journey 
- (E.m + 16) hours =40 hours ; 


and the time in which B performed the journey $ 


= Gs +36) hours =60 hours. 

951. A fraudulent tradesman contriyes to employ his false 
balance both in buying and selling a certain article, thereby gaining 
11 per cent. more on his outlay than he would gain, were the balance 
true. If, however, the scale-pans, in which the article is weighed when 
bought and sold respectively, were interchanged, he would neither gain 
men lose by the transaotion. Determine the legitimate gain per cent. on 

e article. 


[ Та a false balance if any weight be placed on one of the scale-pans, the weight 
to be put on the other pan in order to make the beam horizontal will be different. 
For instance, if in buying rice a five-seer counterpoise be put on the pan, the 
quantity of rice put on the other will be either more or less than 5 seers, Suppose 
when the five-seer counterpoise is put on the scale-pan A, we are required to put on 
the pan B, a quantity of rice whose real weight is greater than 5 seers ; but what- 
ever may be its real weight, as its weight now is supposed to be equal to the weight 
of the counterpoise, we take it to be Б seers, Thus, we take for 5 seers what is really 
more than 5 seers. Hence, if the merchant contrives to put the counterpoise on А 
and the article bought on B, he will evidently take away more of the article than 
he is supposed to do; let the supposed weight of the article, so bought, be w Ibs. ; 
if then W Ibs. be the real weight of the article, w is less than W. Again, in selling 
the article if he puts the counterpoise on B and the article on A and if W' bá the 
weight of the counterpoise, then W’ is greater than W. By this contrivance then 
the merchant buys W lbs. of the article at the price of w Ibs. and sells away these 
W ibs, again at the price of W’ lbs. Hence, in such a transaction the merchant's 
gain is two-fold, he buys more of the article than he pays for and the whole quantity 
thus bought he sells away at the price of a still greater quantity. ] 
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Let w and W' be the apparent weights of the article when bought 
and sold respectively. 


Then, evidently w is less, and W’ greater, than the true weight. 
Let p=prime cost of unit of weight, 
«=the legitimate gain per cent. 
Then, the selling price of a unit of weight 
= = -Ὁ 1, 
p +g hundredths of p= n Í 1+ 100, 


Hence, the price paid by the merchant in buying the article, t.e., 
his outlay — w.p., and the price realised by selling it= W.p. (1 ay RA ; 
-. by the condition of the problem, 
W.p. (1 АЙ x) = w.p. +(x +11) hundredths of w.p. 


100, 
=шр, (un И: NBI 


If the scale-pans were interchanged, the cost of buying the article 


would be W’.p. and the price realised by sale, w.p. (145%) ; hence by 
the 2nd condition of the problem, 


w.p. (1+5) τρ. t - (2) 
From (1) and (2), 
2+1 
1+ 100 =1+ ©, 
Πο 100 
100 
ЖА το, αι 
ог, (+5 =1+ 100° 
c2. Lindt 1. 86 
RS ho *300* 4 7100* 47100 
ο кдл derer es 
i^ + 100 10 2 10’ 
б š 2=10, 


“i.e. the legitimate gain is 10 per cent. 


Y » 952. А body of men were formed into a hollow square, three 
` deep, when it was observed that with the addition of 25 to their number, 
a solid square might be formed; of which the number of men in each side 
would be greater by 22 than the square root of the number of men in 
each side of the hollow square. Required the number of men in the 
‘hollow square. 
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[A number of men are said to be arranged in a solid square when they are 
arranged in parallel rows and the number of rows is equal to the number of men in 
each row. The following diagram, in which 4,, Bı, Οι, &c. represent men, will 
clearly illustrate the matter. 


Ἂν. (Big iO „Әйа Ep СӨ, Ha 


ἀπ QE. EO TRO MES) Ha 


À, Β, ο, —D,—E,——R, ' G; ^ H, 
"CERES l Diem ош GEC Hj 
A, SUB? d | | Т o G. H 
VEU ο, Gi CH. 


А, B. ος "D; Ἐν T G Ἡ, 


A, B, ©, D, E Fe Ge НЕ 

The above diagram represents an arrangement in which there are 8 rows, each 
containing 8 men. This is а solid square. If the square OC,F,F,C, be removed 
from inside, the remainder will be a hollow square two deep having 8 men in each 
side ; if, however, the square D,E,E,D, be removed, the remainder will be a hollow 
Square three deep. 

Hence, the number of men in а hollow square two deep having ὦ men in each 
side-z*—(r—4)*; in one three deep=«? —(e—6)? ; and soon; thus, the number 
of men in a hollow square n deep having z men in each side=a* — (z— 2n)?.] 

Let «= the number of men in a side of the hollow square; then 


the whole number of men=z2 —(z—6)% = a (1) 
Hence, by the 2nd condition of the problem, ^ - 
a3 - (0-6)? 4 25- (c5 +29)", j ы 
or, 122-1172: 4423 +484. i 
c. 00 ο 495, Ut 
or, Lx ἑαὲ-- 45. ; 


ode 4-49. 
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2-9-7 ; whence 2=81. 
Hence, from (1), the whole number of men 
—81? - 75? —156 x 6 — 936. 


258. K engages to play а game of chess with B on the following 
conditions that B should name a certain number and put into Кв 
possession twenty-four rupees together with as many rupees as equal to 
the square of this number and that at the conclusion of the game K 
should return to B only a number of rupees equal to eight times the 
number named. What number could B name with the greatest advantage 
possible to himself ? 


Let =the number which B should name ; then he has to deposit 
with K, (24--z?) rupees and get back at the end of the game only 
rupees ; 


hence, B has altogether to lose (2 +94 —8z) rupees. 
`. а must be such that this loss may be as small as possible. 


Now, since z*—8z--24—(r—4)*--8, which is always greater than 
8 except when z=4, the loss will for all values of z be greater than Rs. 8 
except when т has this value. 


Hence, in order that the loss may be a minimum B should name 
the number 4, 


254. With the object of examining a student of the Ist year 
аз regards his progress in Algebra, 1 undertake to engage in a certain 
contract with him, which is as follows: he is to give me a certain 
number of books, each worth as many rupees as the number of books, 
and to get from me in return six times as many rupees as any of those 
books is worth and also 21 rupees more. How many books should he 
bring me, with the greatest possible advantage to himself ? 


.  Leb =the number of books that the student brings me; then, 
since the price of each book is 2 rupees, evidently I get 2° rupees from 
him ; and in return I give him (6z +21) rupees. 


Ë уе his gain (or loss as the case may be)=(21+6r—2%) rupees. 
“© Now, 21--62—2*—21— (* —67) -30- (z* — 6: 4-9) -30- (z — 9)*. 


ἌΝΩ 
E x Evidently, therefore, the student is a loser if z—3 be greater than 5 
i.e., ife be greater than 8 ; and he is a gainer if z be 8 or less than 8. 


З But not only should the student be a gainer but his gain must be 
the greatest possible, which evidently is the case when (z—3)? is the 
least possible, {.ο., when 2=3, 


Hence, the student should bring me only three books. 
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255. Rama, Lakshmana and Bharata went to visit a Rishi and 
brought their wives with them. The Rishi knew the wives’ names to be 
Urmila, Mandavi and Sita, but forgot which was the wife of each hero. 
They told the Rishi that they had given presents to Pandits, and that 
each of the six had rewarded as many Pandits, as he or she had given 
gold mudras to each Pandit. Rama had rewarded 23 more Pandits than 
Urmila, and Lakshmana had rewarded 11 Pandits more than Mandavi, 
likewise each hero had given away 63 gold mudras more than his wife. 
The Rishi having thought on what they said, dismissed them with his 
blessing, naming correctly the wife of each hero. From the conditions 
given, do you also find out the names of the wives ? 


Let «=the number of Pandits rewarded by any hero, 

and y=the number of Pandits rewarded by his wife ; 

then the number of gold mudras given away by the hero=a? ; 

and the number of gold mudras given away by his wife= у?. 

Henoe, by the last condition of the problem, we have 

28 —у%=68, о, (r*y)(c-v)-63. 

But 63=63х1, or, 21x3, or, 9x7 ; 
hence, since z +y and z — y are positive integers, and 2+7 is necessarily 
greater than z—y, we get the following three pairs of values for z +y, 
and z — y and πο other. 


(1) e+y=63 } (2) s+y=21 } (8) 2+у=9 ү 
z-y-1l P 2-y-3 z-y-T 

Hence, we have the following three pairs of values forc and у: 

(1) w=82 (2) 2712 Y, (3) 2-8... 
y=81 } у=9 ) un] (4) 


i.e. the wife of the hero who rewarded 82 Pandits, rewarded 
31 Pandits ; š 
the wife of the hero who rewarded 12 Pandits, rewarded 
9 Pandits ; M V 2. (a) 
and the wife of the hero who rewarded 8 Pandits, rewarded only 
one Pandit. ax t ase (8) 
. Now, let us find out the names of the wives from the other condi- 
tions of the problem. ΚΝ. 
TThe number of Pandits rewarded by Rama may be 32, 13 or 8; but 
Since he is known to have rewarded 23 more Pandits than somebody 
‚ else, the number of Pandits rewarded by him must be 39. age 
The number of Pandits rewarded by Lakshmana may then be 
either 12 or 8, but as he is known to have rewarded 11 more Pandits than 
Somebody else, the number of Pandits rewarded by him must be 12 ... (a) 


Hence, the number of Pandits rewarded by Bharata must be 8... (b) 


n: 


x 
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Again, since the number of Pandits rewarded by Urmila is 23 1988. Р 
than the number rewarded by Rama, it must be 9; hence, by (а) and (a), — 
Urmila is the wife of Lakshmana ; * 


also, since the number of Pandits rewarded by Mandavi is 11 less 
than the number rewarded by Lakshmana, it must bel; and, therefore, ` 
by (8) and (b), Mandavi is the wife of Bharata ; evidently therefore, ` 
Sita 18 the wife of Rama. : f 


Thus, we have 


Rama } Lakshmana } Bharata } 
Sita Urmila Mandavi 


EXERCISE 135 


1. A person bought a certain number of oxen for £80; if he had 
bought 4 more for the same sum, each ox would have cost &1 less; find 
the number of oxen and the price of each. 


2. А gentleman sends a lad into the market to buy a shillings — 
worth of oranges. The lad having eaten a couple, the gentleman pays ` 
at the rate of a penny for fifteen more than the market price. How ` 
many did the gentleman get for his shilling ? В 


3. Тһе plate of а looking glass ів 18 inehes by 19, and is to be 
framed with a frame of equal width, whose area is to be equal to that of — 
the glass. Required the width of the frame. # 


4. A and B lay out some money on speculation. A disposes k 

of his bargain for £11, and gains as much per cent. as В lays out; ΒΒ. 

- gain is £36, and it appears that A gains four times as much per cent 
as B. Required the capital of each. 


δ. A boat's crew row 3$ miles down a river and back a ain 1 
1 hour'and 40 minutes. Supposing the river to have a current of 2 miles 3 
рег hour, find the rate at which the erew would row in still water. T 


6. What two numbers are those whose sum multiplied by the 
greater is 204 ; and whose difference multiplied by the less is 35 ? [. 


. 7. What two numbers are those whose sum added to the sum of 
their squares is 42 and whose product is 15 ? Ν. 


8. А and B distribute «60 each among a certain number of 


. persons. A relieves 40 persons more than B does, and B gives to each ` 
5. more than А. How many persons did A and В respectively reliev 


\ s 9. The product of two numbers added to their sum is 93; and fiv 
bd oed sum taken from the sum of their squares leaves 8; required 
е numbers. η 


+, 10. A horse dealer buys a horse, and pays a certain sum for it; he ` 
afterwards sells i$ again for Rs. 171, апа gains exactly as much per cent. — 
as the horse had cost him. How much did he pay for the horse ? К 


11. The small wheel of a bicycle makes 135 revolutions more thai 
the large wheel in a distance of 960 yards ; if the circumference of each f 
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were one foot more, the small wheel would make 27 revolutions more 
than the large wheel in а distance of 70 yards. Find the circumference 
of each wheel. 


12. By lowering the price of apples and selling them one penny 
a dozen cheaper, an apple-woman finds that she can sell 60 more than she 
used to do for 5s. At what price per dozen did she sell them at first ? 


13. There is a number between 10 and 100; when multiplied by 
the digit on the left the product is 280, if the sum of the digits be multi- 
plied by the same digit the product is 55 ; required the number. 


14. A and B are two stations 300 miles apart. Two trains start 
simultaneously from A and B, each to the opposite station. The train 
from A reaches B nine hours, the train from Breaches A four hours, 
after they meet. Find the rate at which each train travels. 


15. By selling a horse for £24, I lose as much per cent. as it costs 
me. What was the prime cost of it ? 


16. Find three numbers, such that if the first be multiplied by the 
sum of the second and the third, the second by the sum of the first and 
the third and the third by the sum of the first and the second, the 
products shall be 408, 480 and 504 respectively. 


17. There are two square buildings that aro paved with stones, 
afoot square each. The side of one building exceeds that of other by 
19 feet, and both their payements taken together contain 2120 stones. 
What are the lengths of them separately ? у 


18. There are three numbers, the difference of whose differences 
is 5 ; their sum is 44, and continued product 1950 ; find the numbers. 


19. A train A starts to go from P to Q, two stations 240 miles 
apart, and travels uniformly. An hour later, another train B starts 
from P, and after travelling for 2 hours, comes toa point that A had 
passed 45 minutes previously. The pace of B is now increased by 
5 miles an hour, and it overtakes 4 just on entering Q. Find the rates 
at which they started. 


. 90. A square court-yard has a rectangular gravel walk round it 
inside. The side of the court wants 2 yards of being 6 times the breadth 
of the gravel walk ; and the number of square yards in the walk exceeds 
the number of yards in the periphery of the court by 92. Required the 
area of the court. ek 

21. Divide the number 26 into three such parts that their squares 
Pe equal differences, and that the sum of those squares may 

е 

22. The number of soldiers present at a review is such that they 
could all be formed into a solid square and also could be formed into 
four hollow squares each 4deep and each containing 24 more men 
in τς front rank than when formed into a solid square ; find the whole 
number, 


М 
b. 
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23. Aand B run а race round a two-mile course. In the first hib. 
B reaches the winning post 2 minutes before 4. In the second h 
А increases his speed 2 miles an hour, and В diminishes his by the b 
quantity ; and A then reaches the winning post2 minutes before B. 
Find at what rate each ran in the first hit. 


24. From a vessel of wine containing a gallons, b gallons ax 
drawn off and the vessel is filled up with water. Find the quantity of 
wine remaining in the vessel when this has been repeated 4 times. 


25. A wall was built round a rectangular court to a certain height. 
Now the length of one side of the court was two, yards less, whilst 
three times the length of the other was 25 yards greater than 8 times 
the height of the wall; and the number of square yards in the court 
was greater than the number in the wall by 178. Required the dimen- ` 
sions of the court, and the height of the wall. À 


26. A person bought a number of £20 railway shares when they 
were at a certain rate per cent. discount for £1,500; and afterwards 
when they were at the same rate per cent. premium sold them all buti 
eo n ΓΝ. How many did he buy and what did he give for each - 
of them : 


27. The sum of 4 numbers is 44 ; the sum of the product of the 1st 
and 2nd, and 3rd and 4th is 250 ; of the Ist and 3rd, and 2nd and 4th ig 
234 ; and of the 1st and 4th, and 2nd and 3rd is 925. Find them. 


28. To complete a certain work A requires m times as long a time 
as Band О together; B requires » times as long ав A and C together; 
and О requires p times as long as A and B together. Compare the times ` 
in which each would do it and prove that, 


T T 1 

табат ! 

29. In a certain village there lived in the year 1872 а number οἱ 
families each consisting of as many members as there were families. 
Ten years afterwards it was found that during this interval there were 
‚ 670 births in the village and that оп ће average 50 lives were lost per 
family, Prove that the number of persons, living in the village at the 
time of this calculation, could not be less than 45, and if this number ` 


be actually 45, find out the number of souls that lived in the village 
in the year 1879, 1 


н . 80. Suppose you agree to give me out of your landed property 
а Square plot of ground and receive in exchange a circular plot of p 
whose area is 76 square feet and also а rectangular plot, one of whose ` 
Pcr às 36 Du m Ше Ser is ы to a side of the piece of land you 

e. at must be the area of the plot i t you 

- ean profit most by the exchange. SE Yon give ше, co E 


CHAPTER XXXVI 


GRAPHS OF QUADRATIC EQUATIONS AND EXPRESSIONS 
AND THEIR APPLICATIONS 


256. The graphs of XY=0, X and Y being expressions of 
the first degree in x and у, 

Example 1, Draw the graph of the equation 2*—95. ` 

The equation z?—95 may be written as ^ 


@%—95=0 } 
or, (z—5)(z +5)=0 


` 


Evidently, the given equation is satisfied (i) by all those points 
which satisfy the equation z—5-0; (ii) by all those points which 
satisfy the equation 2+5=0. 


| Hence, the required graph consists of two straight lines, one 
being the graph of the equation z—5-»0 and the other being the graph 
of the equation z+5=0, as shown in the above diagram. 
1—30 
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Example 2. Draw the graph of the equation 2° -θᾳ-28--0, 


Factorising the left side of the equation, we have 
(2-7)(2+4) =0. 


Hence, proceeding as in example 1, we notice that the required 
graph consists of two straight lines, one being the graph of the 
equation 2—7=0 and the other being the graph of 2+4=0, as shown 
in the above diagram. 


Example 3. Draw the graph of the equation y? —42?. 


From the given equation, we have 
y? —4z*—0 | 
or, (y49z)(y—92)-0 


Clearly, the given equation is satisfied by (i) all those points which 
satisfy the equation y+2v=0, and also (ii) by all those points which 
satisfy the equation y—2x7=0. 


_ Hence, the required graph consists of two straight lines, one 
being the graph of the equation y +9z=0, and the other being the graph 
of the equation y —9z=0. 
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Hence, the required graph is as shown below : 


LL I 
| 

= 

v zv 

а 3 
510 10 
X 

57-10] 10. 


Example 4. Draw the graph of the equation 22*-cy—y?—11z 
+4y+5=0, 


Factorising the left side of the given equation, we have 
(zt y-5)Y(2x—y —1)-0. 
Obviously, the given equation is satisfied (i) by all those ‘points 
Which satisfy the equation £+y—5=0 as well as (ii) by all those points 
| Which satisfy the equation 92-у-1=0. 


` 
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Hence, the required graph consists of two straight lines, one : 
being the graph of the equation 2+у—5=0 and the other being the 
graph of thé equation 27 — y — 1—0, as shown in the diagram. 


257. Thus, it is clear from the above examples that whenever | 

a quadratic equation can be expressed in the form XY=0, where X and 

-Yaro expressions of the first degree in z and y, the graph consists of 
a pair of straight lines, which are respectively the graphs of the 

equations X=0 and Y=0. J 


When, however, a quadratic equation cannot be expressed in the 
form XY=0, its graph 15 a curve. We.shall now proceed to consider 
a few graphs of this nature. 


258. Draw the graph of the equation x2+y2=36. 


Let twice the length of a side of a small square represent the unit | 
of length. - 
With centre О and а radius equal to 6 units of length desoribe 


a circle, as in thé diagram on thi is οἱ П be 
ο ee gram on the next page. Then this circle Wi [ 


wa 


GS a Mg O B a sd 
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Take any point P on the circle, and let its co-ordinates be denoted 
by z and y; evidently then 2?+y?=QP2=36. But if a, point, such 
as Q, be taken anywhere пої, от the circle, it is easy to see that its 
co-ordinates will not satisfy the given equation. 


i 


Thus, it is shown that the co-ordinates of every point on the circle, 
and of no other point satisfy the given equation. Hence, the circle drawn 
is the required graph. 
` 259. Draw the graph of the equation 

(x -3)2+(y -2)? -25. 


Let twice the length of a side of a small square represent the unit 
of length, 


Let A be the point (3,2). With centre A and a radius equal to 
5 units of length describe a circle as in the diagram on the next page. 
Then this circle will be the required graph. 
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x Take any point P on the circle, and let its co-ordinates be deno 
by z and y. Now from the diagram, it is clear that AP is the hy 
tenuse of a right-angled triangle of which the sides are (r—3) 
(y—2) units’ of length respectively. 


Hence, (a—8)? +(y= 
=AP?=25, which shows 
that the co-ordinates of Ё 
satisfy the given equati 
But if a point, such 8 
Q, be taken anywhere | 
on the circle, it is easy. 
see that its co-ordins 
will not satisfy the given 
equation. 


Thus, it is clear 
the co-ordinates of ev 
point on the circle a 
of no other point, вай 
the given equation. Hen 
the circle described is th 
required graph. 


Note 1. The graph of (x+2)?+(y+5)?=49. It may be shown as above 
the graph of the equation (w+2)?+(y+5)?=49 is a circle of which the centre is 
point (—2, —5), and the radius is equal to 7 units of length. 

Note 2. The graph of x?+y?—8x+10y+25=0. The equation a? +4" 
+10y+25=0 сат be easily reduced to the form (a—4)?+(y+5)?=16, Hence, th 

` graph isa circle of which the cehtre is the point (4, —5) and the radius is eg 
4 units of length. Ἴ 


Example 1. Solve graphically ο’ —6z—19=0. 
The equation may be written in the form 


(a? -62+9)+4=25, ie., (æ 3)? +22 =95. 


г. the roots of the given equation are the abscisse of the рой 

. where the line 0=0 (i.e., the x-axis) cuts the circle (z — 9)» (y — 2) — 
[ for, putting y=0 in the equation of the circle, we have (z —3)° t (U— 
—95, i.e, (0-8)? --4—95]. 


. Hence, drawing circle («—3)?+(y—2)?=25 as in Art. 259 
notice from the diagram that these abscisse are 76 and = 
approximately. у 


the required roots are 7'6 and —1'6 approximately. 


\ 
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Example 2. Trace the graphs of (i) 22+у2=169 and (ii) 2+у=17. 
Find the co-ordinates of their points of intersection: ў 


The graph of z*--y?—169—13? is a circle with the centre at the 
origin and the radius equal to 13 units. The graph of z-y—17 is 
a straight line passing through the points (17, 0) and (0,17). Taking the 
Side of a small square as the unit of rid and drawing the graphs, 
we shall find that they will intersect at Р(19, 5) and Q(5, 12) as in the 
above diagram. ў 


Note. То solve graphically the equation 
x?-+y?=169 } 
xty= 17 
we notice that the co-ordinates of each of the above points P and Q satisfy both the 
equations and are, therefore, the required solutions. 


Thus, the roots are s=12 } anda= 5 } 
y= 5 y-12 


a 
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Example 3, Show that the graph of 37+4y=25 touches that 0 
x° + y* —95, and find the co-ordinates of the point of contact. [C. U. 


The graph of z° +y =95=5 is a circle with its centro at the огай 
and radius equal to 5 units. The graph of 32+4у=95 is a straight | 


Passing through (5, 9 5) and (-1,7). Taking twice the side of a 
square as the unit of length and drawing the graphs, we find that tht 
touch at P(3, 4) as in the above diagram. : 


EXERCISE 136 


Draw the graphs of the following equations : 

1. αὐ +y?=81, ` 8, (w—-5)? +(y-6)?=49. 

3. (x6) *(y- 7) —100. 4. z*4y*-8r-14y41-0. 
5. a +y*+14e-16y+32=0. 6. 2%+у+192+18у+92=0. 
7. д%+у°-102+16у-55=0. 

Solve graphically : 


8. тшт 9. σα +y?=95 |. 
æ +y = 14 w@-y=1 
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10. ο) +y?-42-6y-12=0 } 11. 2?-4r-19-0. 
aty Ξ19 [The roots are the abscissæ of the points 
where the z-axis cuts 2°? –42—6у—12 
=0, eto. ] ° 
12. 2*-6¢-16=0, 
13. Draw the graphs of 2*+y*=36 and 3e—4y=30, Show that 
they touch at (36, 3) 


14. Draw the graph of z* +у° — 4r —6y - 23—0 and find its tangents 
parallel to the co-ordinate axes. ` 


15. Draw the graph of т®+у%—10л—10у+925=0 and show that it 
гове the co-ordinate axes. Hind the co-ordinates of the points 
of contact. 


16. Draw the graphs of the following equations : ` 


(1) 22=16; (9) z2—5z+6=0; < 
(8) 5z2-3z-2-0; (4) y? -3y70; : 
(5) zy 70; (6) z*—3zy *2y* -0 ; 


(7) z*-y*4y-4-0; (8) (z-3)* -4(y-5)*. І 
17. Draw the graph of 522 2420 -5y* —0 and show that they are 
two perpendieular straight lines. 
18. Find the angle between the straight lines which represent 
the graphs of : . 
(i) αν-0; (ii) (z-3(y-2)-0; 
(iii) (8x 9y--5)(8z-3y-2)-0; (iv) (Tz 6y +3)(6x +Ty +8)=0. 
200. Draw the graph of the equation 4x? +9y2=36. 
(1) When z=0, we he have y°=4, and, therefore, у= +2. Hence, 
tho points (0, 2) and (0, —2) are on the required graph. : 
(2) When y=0, we have z*—9, and, therefore, v= +3. Henoe, 
tho points (3, 0) and (—3, 0) are on the required graph. 
(8) When z—-1, we have 9y*—32, and, therefore, y=+$/2 


- ot. = +5636... = +1'885--= 3139 approximately. Hence, the: 
four points (1, 19), (1, —19), (-1, 19) and’ (-1, —1'9) are on the 


required graph. 
(4) When α--:-9, we, have 9y?=20, and, therefore, у= x85 


= -- š "a = +1490-+=®18 nearly. 


Hence, the four points (9, 18), (2, — 19), (—9, 18), and (-2, —1'5) 
are on the required graph. 
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Corresponding values of z and y may be tabulated as follows : 


2| ο o- |s |- afafa] σος -2 
| ( 
| . V 
y|2 E 0 | 0 | 19 EJ 19 EM -15| 15 Ez 
(—1, 19) О ὃ) (1, 19 
( 72, 116) (2, 15) 
(3,0) (30 
-9, 2155 (2, =1'5) 
-1, -19) REUS (1, - 9) 
Let us now plot the twelve points as found above (taking 5 times 


tho side of a small square as the unit of length) and draw a free-hand 
eurye through them, as in the above diagram. 


The curye 80 drawn is the required graph. 


= 


Notei. Evidently the curve is symmetrical about the axis of z, i.e., every 
+ Chord at right angles to the axis of z is bisected by it. Similarly, the curve is also 
Symmetrical about the axis of y. 


Note 2, The curve lies entirely within the space enclosed by the four straight 
lines z=3, a= —8, y=2, у= —2, since from the given equation it is obvious that ὦ 4$. — 
imaginary when, у > 2 and < —2 and y is imaginary when z > 3 and < —8. 

A curve of this class is called an Ellipse. 


XXXVI. ] GRAPHS OF QUADRATIC EQUATIONS 415. 


Example 1. Draw the graph οἳ the expression H ivi 9-x*. 

Let y=§ J9—a?. { . 

For each value of z, there will be two equal and opposite values 
ofy. Thus, (1) when 2=0, у= +4; (2) when y=0, z— +8; (8) when 
ας +1, y=+4/8=+3'8 approximately; (4) when 2—-2, y=+$/5 
= +8'0 approximately. 

The corresponding values of z and y may be arranged in a tabular 
form as follows : 
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Plotting these twelve points (taking 4 times the side of а small 
square as the unit of length) and drawing a free-hand curve through 
them as shown in the diagram on the last page, we obtain the required 
graph. 

Example 2. Draw the graph of 4(a— 2)? +9(y — 3)? —36. 

Ro-writing the equation, we have 

9(y -3)* —36— 4(« — 9)*, 

or, y-3— +š /9-(z-9)2. 

Hence, for each value of z—2, we get two values of y—3 from 
which the corresponding values of z and y may be tabulated as follows: 


2 9 2 


Ἱππσπσας 


s|- 


Eheee elejei 


-Plotting the twelve points (taking 4 times the side of a small 
Sduare as the unit of length) and drawing a free-hand curve through 
them as shown in the diagram, we get the required graph. 


Ы \ 
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Example 3. Draw the graph of 4z* +9y° — 16x — 54у +61=0. 
The left-hand side of the given equation 
7 4(z? — 4) + 9(y* — 6) +61 
= (0—9) — 4 + 9{(y - 8)* — 9] +61 
=4(z—9)2 +9(y —3)° — 36. 
the equation is 4(z — 2)? +9(y—3)? —36=0, 
ог, 4(z—9)2 + 9(y – 3)? = 36. 


To draw its graph see example 2 on the last page. 


i 261. Draw the graph of the equation x2— .y2=1, 


8.2" (8. 278). 


q 


(1) When x=0, we have y?7 —1, and, therefore, y is imaginary. 
This shows that the graph does not cut the axis of y. 

(2) When y=0, we have z?—1, and, therefore, z= +1. Hence 
the points (1, 0) and ( —1, 0) are on the required graph. ` 

(8) When z=-+9, we have 153, and, therefore, y= КЕ 
= + 1'73%----=+17 approximately. Hence, the four points (23,11), 
(2, —1'7), (-2, 17) and 25 ~1'7) are on the required graph. 


[1 
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(4) When 2=+3, we have #2=8, and, therefore, y=+2,/2 
= E£2X14]4---. = +9`898--....= +9'8 approximately. Hence, the four 
points (3, 98), (3, —2'8), (-3, 28) and (—3, —9`8) are on tho required 
graph. 

_ The corresponding values of z and y may be tabulated as follows : 


2|1 2 τι -9 Б] 8 -8 


1) 5 


-s | 


y 0 


1895 


2'8 | —9'8 


070 | 28 | —98 


РІ 


Let us now plot the ten points as found above (taking 5 times 
the side of a small square às the unit of length) and draw a free-hand 
curve through them, as in thé diagram on the last page. 


The curve so drawn is the required graph. 


Note 1. The curve so drawn is evidently symmetrical about the axis of « and 
also about the axis of y. 
Note 2, The curve consists of two branches, one lying entirely on the right of 


the line а=1 and the other lying entirely on the left of the line x= —1. 


A curve of this class is called а Hyperbola. 


Example 1. Trace the graph of (i) æ? -y?=1, and (ii) x? 4 y?—1. 
Show that they touch each other. : 


Draw the graph of 2*—y?—1 as above and the graph of the circle 
2^-y*-1 on the same scale. It will be found that they touch each 
other at the points (1, 0) and (— 1, 0). 


Example2. Trace the graph of (i) z?—y?-—1 and (ii) 2=9у. 


‘Find the co-ordinates of their points of intersection. 


Draw the Hyperbola 2?—y?=1 and the straight line z—92y on the 
same scale. Produce the straight line, if necessary, to meet the Hyper- 
bola. They will be found to intersect at two Points whose co-ordinates 
are (12, `6) and (-12, —'6) approximately. 

262. Draw the graph of the equation y-x?. 


Evidently the following points are on the required graph and their 
co-ordinates may be tabulated as follows : 


2 -1'5 


πα. 


Let 9 times the side of a small square be the unit of length. 


2—2 


ofa E 15 


4 


ЕЕРЕЕ 
: | 


4 | 6:25 


9 | 9 m 


12°25 | 16| 16 
\ 


με лабай 
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Let us now plot the points found above and draw а curve through 
them free-hand, as in the following diagram. 


The curve so drawn is the required graph. ὃ 


Note 1. Since, γ--α", we have s= + /у;.'.@45 imaginary when y is negative. 
Hence, no point of the curve can have a negative ordinate and, therefore, no part of 
the curve can lie below the т-атїз. The curve passes through the origin, lies entirely 
above the x-axis and extends upwards to infinity. ) 

Note 2. Every chord drawn perpendicular to ΟΥ 4s bisected by it as сат be 
easily verified. Hence, the curve drawn above is symmetrical about the avis of y, 
This is also evident from the fact that if the paper be folded about ΟΥ the left-hand 
Portion of the curve entirely coincides with the right-hand portion. 

A curve of this class is called a Parabola. 

Note 3. The graph of y=—x?. The curve у= т? lies entirely above the amis ` 
of z, and extends αι to infinity. liis easy to see that the graph of the equation 
= — 0" would be an equal curve being entirely below the amis of x and extending 
downwards to infinity. 


΄ 
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Note 4. To determine the square root of a number from the graph of 
γπα". The abscissa of any point onthe curve is evidently the square root of the 
ordinate. Hence, when the graph of the equation у=х* is drawn by measuring the 
abscissa of any point on the graph we can determine the square root of the number 
which represents the ordinate. Thus, in the diagram, the ordinates of P or Q 
represent б. „", the square root of 5=the abscissa оў Р or 905-336, or,—2°25 approxi- 

. mately. [2 sides of a small square 71 unit. ] 


263. Draw the graph of the equation у=3х2, 


Evidently the following points are on the required graph and their | 


co-ordinates may be tabulated as follows : 
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Taking six times the side of a small square as the unit of length, 
let us plot the points found above and draw а curve through them free- 
hand, as in the diagram on page 480. 

The curve so drawn is the required graph. 

Note 1. Since у= 822, we have ш? = у. .'. m is imaginary for every nega- 
tive value of y. Hence, asin the graph of Art. 262, the curve passes through the 
origin, lies entirely above the x-axis and extends upwards to infinity. 

Again, it may be easily verified that every chord drawn perpendicular to OY із 
bisected by it. Hence, the curve is symmetrical about the axis of Y. 

Note 2, The graph of y= – 32? can be easily seen to be an equal curve passing 
through the origin, lying entirely below the z-axis and extending downwards to infinity. 

264. Draw the graph of the equation y= -5x?. 

Evidently, the following points are on the required graph and their 
co-ordinates may be tabulated as follows : 

[ 
| = | 0 

| 


1 
-f 


ο yt arias 


zal 


: * 
0 | -4| -ὲ -| σε τα 1 -a|-a| -5| -δ 


1—31 
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Taking 5 times the side of a small square as the unit of length, let 
us plot the points found above, and draw a curve through them free- 
hand, as in the diagram on the last page. 

The curve so drawn is the required graph. 

Note 1. Since у= —5z*, we have z*— —1y. .'. тіз imaginary for every 
Positive value of y. Hence, no point on the curve can have a positive ordinate and, 
therefore, no part of the curve can lie above the x-axis. The curve passes through 
the origin, lies entirely below the x-axis and extends downwards to infinity. 

Note 2, It may be easily seen that every chord drawn perpendicular to OY is 
bisected by it. Hence, the curve is symmetrical about the axis of y. 

Note 3. The graph of the equation γ--δα" can be easily seen to be an equal 
curve passing through the origin, lying entirely above the z-acis and extending 
upwards to infinity. 

265. It is clear, from Arts. 262, 963 and 264, that the graph of 
any equation of the form y=kz*, where k is any numerical constant, 
positive or negative, is a curve which (i) is symmetrical about the amis 
of y, (ii) lies entirely om one side of the axis of z and (ii) extends up to 
infinity on that side. A curve of this class is called а Parabola. 

If k be a positive integer, the curve will be as in the fig. of 
Art. 262 but will rise more steeply in the direction of OY. [ See the 
fig. of Art. 263 ] If k be a positive fraction, we shall have a flatter curve, 
extending more rapidly to the right and left of OY. If Бе negative, as 
in Art. 264, the curve will lie below the z-axis and will be steeper or 
flatter than the graph of y=2*, according as k is greater or less than 
unity. [See the fig. of Art. 264. ] 


In every case, the axis of z is a tangent to the curve at the origin. 
. 266. We shall now discuss the graphs of some quadratic funo- 
tions of the form aw*+ba+c. It will be seen, as in the next article, 
that the curve is always a parabola, differing in shape and position 
according to values of a, b, ο. 

267. Draw the graph of the expression 3—-4x -2x?. 

The required graph is the same as that of the equation 

э›=8-4ш—2т%. 

16 is easy to see that the following points are on the required 

graph : 


ΙΙ. 
=-2 т=-8 --85 
y- 3) jeep 95-75]. 


Take ten sides of a small square аз the unit for measuring т, and 
one side of a small square as the umat for measuring y. ` 
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Let us now plot the above points and draw a curve through them 
free-hand, as in the following diagram. δ 


' 


The curve so drawn is the required graph. i : 1 
2 -δα--ο 6 a parabola. 


Note. The graph of any expression of the form az 
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-268. Graphieal solution of Quadratie Equations. 


Example 1. To solve graphically the equation 3— 4z — 92° —0. 

Draw the graph of y 73-42-22? as in the last article. 

From the figure it is evident that y=0, when z is approximatel 
equal to Ὁ or —2°6. Hence, 3—4z—2z*—0, when z—'6 or—2'6 approxi: 
mately, in other words, the roots of the equation 3—4r—92^—0 am 
`6 and —2/6 approximately. From this it is clear that the roots of t 
equation 3—4x—92x* —0 are the abscisse of the points where the grapi 
of the expression 8-42 — 9x? cuts the axis of x. 


Example 2. Trace the graph of y=@°-g from z— —1 to 259 | 
and therefrom obtain an approximate solution of the equation p 
ΠΝ 1-αΐ-ᾳ. LO. U. 191117 


| 
The following points evidently lie on the graph : 


e |-1|-+| 0 ааа 


š 2 


у Inr -i| 0 


Taking 8 ‘sides of a small square as the unit of length, the graph 
will be as shown in the diagram. 1 


FH 


If we now put y—1, the equation y—2?-2z becomes 1=g°- m. 
Hence, the roots of the equation 1= 2% — 2 are the abscisse of the points 
P ond Q of the graph of y—2? -ᾱ, at which the ordinate isl. P and Q 
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are evidently the points where the line y=1 meets the graph. -From 
the figure we find that the abscissae of P and Q are 16 and —'6 
respeotively, which are, therefore, the required solutions, ° 


Example 8. Trace the graphs of (i) y—3z? and ү, у=9л Tl 
апа determine the points where they meet. О.П. 1915 1 


Deduce the roots of the equation 322 =9z+1. 


Evidently the corresponding values of z and y on #=3@% may. boe. 
tabulated as follows : } 


T 


πα 
s 


o2 ees 


Bruni) ἡ зам 


Ели 
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Also, the points ux | and 2d | lies on the straight line y 72x +1. | 
. Waking six times the side of a small square as the unit of length, 
the graphs will be as shown in the diagram on the last page. 
Let the straight line meet the parabola at P and Q whose co-ordi- 
nates are found from the diagram to be (1, 3) and ( — 3, 3) respectively. 
The abscisse of the points common to the graphs of y=8x? and 
1 =2®+1 are evidently the roots of 9z?—9z--1. But, from the figure, 
taae papane are land —4, which are, therefore, the required roots of 
= 


269. Draw the graph οἳ y2= x. 


We have у= + 5/2. The corresponding values of z and y may be ` 
tabulated as follows : 


26 


| 
| 1 | 1 TIE | 4 С 6'25 
| | 


| 
| 
| 
li ang 
y|o[si-s[a 
| 


-1| 15 т» 2 | -2 | 25 |—2'5 
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Let four sides of a small square be the unit of length. Now, 
plotting the points found above and drawing а curve through them 
free-hand, the graph will be as in the diagram. + 

Note 1. Since for every point of the graph, у= + Vz and is, therefore, imagi- 
mary when а is negative, it follows that no point of the graph cam have a negative 
abscissa, i.e., no part of the graph lies on the negative side of the α-αωῖθ. This 
graph, therefore, lies on the positive side of the x-axis and extends to infinity on that 
side, It is easy to see that the curve is symmetrical about the к-аайз. 

Note 2. The graph of y*=—x is evidently an equal curve turned in the 
opposite direction on the negative side of the z-agis. 

. 270. Maximum and minimum values of quadratic expres- 
sions. 

Example 1. Show graphically that the expression 3—41 — 21% is 
ше for all values of z between —2'6 and Ὁ and find its maximum 
value. 

Let γ-8-4α-9ω", 

Drawing the graph of y—3-4r—92* as in Art. 967, we find that 
for all values of z between —2'6 and 6 the curve lies above the z-axis 
and. .'. the ordinates are positive, and for values of v greater than `6 
and less than —2'6, the curve is below the axis of v and .`. the 
ordinates are negative. But the ordinate (0)=3-— 42—92°. ; 

Hence, 3-42-22" is positive for all values of z between -9'6 
and '6. 

Also, we notice from the figure that the ordinate is greatest at the 
point P (—1, 5), its greatest value being 5. 

the maximum value required =5. 

Example 2. Show graphically that the expression z° = гіз negative 
for all values of z between 2=0 and 2=1. Find its minimum value. 

Let y-2*-2. 

Drawing the graph of y=z° —z as in Art. 268, Example 3 (see the 
diagram on λος 184), wo find that for all values of z between 2=0 and 
2—1 the curve is below the z-axis and .'. the ordinates are negative. 

But the ordinate (y) =z°% —z. 

Hence, ο” — z is negative for all values of 2 between 2=0 and z=1. 

. Also, it is evident from the figure that y (i.e. 22-2) has the 
minimum value —£ at the point A. 
š 271. Draw the graph οἳ the equation xy=1. 

It is easy to see that the following points are on the required 

graph: 


2= 1 а= a= 4), 2=5 |, 
у=10 } єл 25) к] 
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Evidently also the following points are on the required graph : 


a 


2 
y 


plas 


x το 
g=- 
4 


gut 


wu. à 
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Let one inch be the unit for measuring @ and one-tenth of an inch 
the unit for measuring y. ' 

Let us now plot the points and draw a curve through them free- 
hand, as in the above diagram : 

The curve so drawn is the required graph. 3 

Note 1. As a diminishes from 1 to zero, y increases from 1 to infinity ; and as 
x diminishes from zero to —1, y increases from negative infinity to —1. 

Note 2. As т increases from 1 to infinity, y diminishes from 1 to zero ; and as 
2 diminishes from —1 to negative infinity, y increases from —1 to zero. 

Note 8. The graph consists of two branches, one lying between OX and OY, 
and the other between ОХ! and ΟΥ̓́. 


Note 4. The more we move towards the right or left of O, the nearer does the 
curve approach the axis of œ; whilst the more we move upwards and downwards 
from O, the nearer does the curve approach the axis of у. But in по case does the 
curve meet the axis except at an infinite distance from O. Hence, each of the 
acis is said to be an Asymptote to the curve. 


Note 5. A curve of this kind is called a Rectangular Hyperbola. 


Example. Draw the graphs of (i) ту=8 and (ü) c+y=9, Find 
the co-ordinates of their points of intersection. 


ү! 


Drawing the graph of zy=8 by the above method and the graph 
of the straight ee Tyco in the same figure on the same scale, as in 


- 
490 ALGEBRA MADE EASY [ ОНАР. 


the diagram of the last page, it will be found that they intersect at two 
Points P and Q whose co-ordinates are 


i т=8 


acd | апа = } respectively. 


EXERCISE 137 


Draw the graphs of the following equations : 
1. a? +4y?=4. 9. 42" +9у%=1. 8, 952% +у° =95. 
4. l6z7?-9y*—1. 5. 22-4у2=4, 6. 12—12° =1. 
π. 422 — * —106. 8. y*?-92*-9. 
9. In one and the same diagram draw the graphs of 4z? —9y?—0 
and 4z* —9y? = 36. 
10. In one and the same diagram draw the graphs of 9y? —42* =0 
and 9y? — 412 = 36. > 
„1. Draw the graph of the equation 5y*-—2*-—10, taking the 
unit for measuring у five times as large as that for measuring z. 
„12. Draw the graph of the equation z*—4z-2y-—0, taking the 
unit for measuring y twice as large as that for measuring z. 
18. Draw the graph of the equation y*+2=0, taking the unit for 
measuring z equal to half that for measuring y. 
14. Draw the graph of the equation 3y—2?, taking the same unit 
for measuring both 2 and y. 


. 15. Find graphically, correct to the first figure after the decimal 
Point, the square roots of : 


(i) 8; (ii) 5; (iii) 7. 
16. Find graphically, the minimum values of the expression : 
G) z*--67z--10; (й) de® +4045; (Ш) 32% +4e+1; 


(iv) 99" — 62 +7. 
17. Find graphically, the maximum values of the expression : 
2 
Πτα, (ii) 3*67-92*; (іі) 12-30-77 3 
(iv) 1140--905. 


18. Draw the graphs of the equations (i) zy —4 and (ii) 2+0=5 
and find where they intersect. = zn 


19. Show graphically that (i) the expression 4c —2? is positive for 
all values of т between O and 4; (ii) the expression z?--6z--12 is 
positive for all values of z and (iii) z?—4z—5 is negative for all values 
of z between —1 and 5. 


20. Draw the graphs of (i) zy— —8, and (ii) e+y=2 and find where 
they intersect. 


- 
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Solve graphieally : Я 
21. х®=42—3. 22. Зи?= +9. 
28. 902-72 57-0. 24. Т0? - 9055. 
25. (i) х*—у*%= } ; (ii) ey = 5 y 

2 -2y т+у=—6 

Gi) y* -4α } ; (iv) a? = y J 
y -2z 2 ==—ду 


ОНАРТЕВ XXXVII 
ARITHMETICAL PROGRESSION 


272. Definition. Quantities are said to be in Arithmetical 
Progression when they increase regularly by a common quantity 
(called the common difference). 

Thus, each of the following series of quantities is in" Arithmetical 
Progression : 


2, 5, Bde 11, 14, &e. 
9, 5, 1, -8, s &o. 
à, a+b, a+2b, @+8Ь, &o. 
а, α--ὖ, в-9Ь, 2—8, &о. 


In the first of the above examples the quantities increase by 3, 
Whereas in the second the quantities decrease by 4; so the common 
differences of these two cases are said to be 3 and —4 respectively. 
Similarly, in the third example the common difference is b and in the 
fourth it is --δ. 

N.B. Arithmetical progression is briefly written as А.Р. 

273. The common difference of the terms of an A. P. is found 
by subtraeting any term of the series from the term following it. 

Thus, in the series a, a+b, @+2b, a t 3b,..., the common difference 
7(a- b) - à — (a-- 9b) — (a-- b) = (a- 3b) (0+9) — '''' =b. 


274. То find the th term of an A. P. 

If а be the first term and b, the common difference of a series of 
numbers in Arithmetical Progression, we have the 2nd term-a- b, 
the 8rd term=a+ 2b, the 4th &erm —a - 3b,.....-the 10th term=a T 9b,...... 
the 21st term =a +20b ; and so оп. Hence, the nth term=a+ (n.—1)b. 

Example 1. Find the 19th term of the series 10, 8, 6, 4, &c. 

The first term=10, and the common difference —2. 

Hence, the 19th term —10 +18(—9) -10 - 36 — 26. 
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Example 2. What term of the series 5, 7, 9, 11, &c. is 25? 


Let the rth term of the given series be the required term ; then, 
we must have 


25=5+(r-1).2 
3891, whence 7=11. 
Thus, the 11th term of the given series =25. 
Й 275. Given any two terms of ап A. P., to find it completely. 


М Example 1. The 7th and the 13th terms of an A. P. are 84 and 
64 respectively. Find the series. 


Let a=the first term, 
and b-the common difference of the A. P. 
the 7th term=a+(7-1)b=a+6b=34, SQ) 
and the 13th term=a+(13-1)b=a+12b=64,. --: (9) 
From (1) and (2), by subtraction, 
6b=30, i.e. b=5. 
Now from (1), a+6x5=34, or, a=34-30=4. 


. Henoe, the first term and the common difference of the required 
series are 4 and 5 respectively. 


the series is 4, 9, 14, 19, 94.... 


Example 2. The pth and qth terms of an A. P. are c and d 
respectively. Find the series completely. 


Let a=the first term, . 
and 6=the common difference οἱ the A. P. 
`. the pth term —a *- (p - 1)b c, 4: * (0) 
and the qth term=a+(q-1)b=d, oo © (9) 
Solving equations (1) and (9), a and b can be obtained. Thus, by 
subtraction from (1) and (2), we have, 
aa ръста, 
(p-q)b=c f ENR nis 
Also, from (1), a*(- Db-a*(p-1.- 6-0, 
©. а=в- 2-1-4) αίρ-1)-αίᾳ-1) 
ρτα p-q 


r Hence, 4 and b being known, the whole series may be written 
own. 
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EXERCISE 138 


1. Find the 8th, 20th and (n — 3)th terms of the series : 
G) 2,4,6,8, ќо. (ii) 1, 8, δ, 7, ко. Gii) 38,5, 4, — 4, c. 
Gv) 2,9, t, &o. (v) 5, 11, 17)... 
E s What terms of the series 9, 11, 18, 15, &c. are 65, 99; and 
9. Tho first term of a given series is 8 and the 7th term 39, find 
the common difference. 7 s 


4. If there be 60 terms in A. P. of which the first term is 8 and 
the last term 185 ; find the 31st term. 


. , 9. The 3rd and the 18th terms of a series in A. P. are —40 and 0. 
Find the series and determine its 20th term. 


4 6. The 5th and the 315 terms of ап А. P. are 1 and 77. Obtain 
its 1st and 18th terms. 


7. Find the 1st term and the common difference of a series whose 
8th and 109th terms are 93 and 305 respectively. 

8. The pth term of an A. P. is c and its gth term isd. Find the 
rth term. 


9. If every term of am A. P. be increased or diminished by the 
same quantity, the resulting terms will also be in А. P. 


10. Prove that 2f each term of am A. P. be multiplied or divided by 
the same quantity, the resulting series will also be in A. P. 


11. Ifa be the first term and / the last term of a series of numbers 
z A. P., show that the 5th term from the beginning + Ње 5th term from 
e end—a +]. 


12. In the preceding example, show that the rth term from the 
beginning +the rth term from the end=a+l. 


13. Is 302 а term of the series 13, 8, 3, 18, &с.? 
Г Here, the common difference=5. If possible, let 302=the rth term of the 
series, r being evidently an integer. 
7. 802=8+(r—1)5, or, rode ccr on r= 
The value of r being fractional is inadmissible. 
7. 809 is not a term of the series. J 


14. The pth term of an А.Р. is g and the qth term is p. Show 
that the mth term is p+ qm. 
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276. To find the sum of п terms of an Arithmetic series of ` 
which the first term is a and the common difference, b. 


Let S denote the required sum, and l, the last term (7.e., the nth 
term). 
Then, S=a+(a+b)+(a+9b)+(a+3b)+ ke. + a + (n — 1)0]. | 
And, by writing the series in the reverse order, we have also [ | 
S=1+(1—b) + (1-95) + (L—3b) + &o. -1L— (n — 10]. | 
Therefore, by addition, 
9S — (a-- 1)-- (a-- 0) + (a 1) + &o.... to n terms 7n(a +1). 


ХА 8= 9(2+1) dem ^. ot sou (y 


Thus, the sum of % terms in А. Р. is n times the semi-sum of the 
first and last terms, or, in other words, » times the average of the first 
and last terms. 


Also, since = а + (n—1)b. 
в=®[а+{а+(в-1)ь}]= #[да+(-1% | -- 8 


N.B. The formule (1) and (2) should be carefully remembered so that they 
might readily be applied in any suitable case. 
Example 1. Find the sum of 20 terms of the series 5, 44, 38, ἆο. 
The first term —5, and the common diff.—1$ —5- – $. 
Hence, the required sum =49{2 x 5 + (20-1) x (- 8)) 
=10(10- 2552) =10(—§) = — 268. 
Example 2. Find the value of 1+2+3+4+&e. to 100 terms. 
The last term of the series evidently = 100. 
Hence, the required sum =2$9(1 + 100) = 50 х 101 =5050. 
Example 3. Find, without assuming any formula, the sum οἱ 
L444 74104000 +37, ГС. U. 1919] 
Evidently, the common difference—3, and the number of terms iD ` 
the series —13. 
Let S denote the required sum. 
S-1t4-T-- 31434437. 
Also, re-writing the series in &he reverse order, 
S-81*34*31 7441. 
Adding together the two series, 
28=38+38+---... to 19 terms=38 x 13. 
S=28%18 =19 x 13=247. 


m. ыл йыл 
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Example 4. Find, without assuming any formula the sum of the 
series 1+8+5+7+----.- to n terms. 


Evidently, the common difference=2, * 
and the nth term=1+(n—1)x2=9n-1. 
Let S=the sum required. 


S=1+3+5 +: +(2n-5)+(2n-3)+(2n-1). 


Re-writing the series in the reverse order, 


S=(2n-1)+(2n-3)+(2n-5)+--+5+3+1. 


Adding the two series, 


2S-9n-t9nt9nt---- to n terms=2n.n. 
S-n*. 


EXERCISE 139 


Find the sum of the following series : 


5. 
6. 
T 


1. 
2. 
3. 
4 


ο 


= 
^ 


1+9+3+4+-----. &c. to 25 terms. 
1-8} бо. to 30 terms. 
-3,9 ο db to 14 terms. 
ΤΕ ΓΣ + to 20 terms. 
τς +$3-+ r+. to 80 terms. 
1#+1+#+#++ to 16 terms. 


3+4+8+9+18+14+18+19+--- to 20 terms. [O.U. Е.А. 1881} 
[ The given series=(3+4)+(8+9)+(18+14)+(18+19)+ --- 
=7+17+27+37+------ to 10 terms 
"(6100x101 1o. gp ] 


ὅ 43 3-43 o. to 21 terms. 
13193 - 11$ 4-----&o. to 40 terms. 
2474194 &c. to 101 terms. 


α- ὃ , 382—9, 6a—3b 
a+b atb a+b 
1+5+3+9+5+18+7+17+-- 


е3) 6-0), 


(a +b)? + (a3 +b?) (a — b)? +--+" to т terms. 


+ + eeke. to n terms. 


+ 


* to 30 terms. 


*** to n terms. 
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276. To find the sum of 5 terms of an Arithmetic series of 
which the first term is a and the common difference, б. 


* е S denote the required sum, and l, the last term (7.e., the nth 
erm). 
Then, S=a+(a+b)+(a+2b)+(a+3b)+ о. 1- (a (n — 1)0]. 
And, by writing the series in the reverse order, we have also 
8=1+(—Ь)+(1—9Ь)+(1—35)+ 8ο. 117 (n  1)0]. 
"Therefore, by addition, 
9S (a-- 1)--(a-- 1)-- (a-F 0) + &o.... to n terms 9 n(a * 1). 


S= (a+) - as t soy 


Thus, the sum of » terms in A. P. is n times the semi-sum of the 
first and last terms, or, in other words, » times the average of the first 
and last terms. 


Also, since 1=a+(n—1)b. 
S= Blas {a+ (n- 16} ]= 3 [20+ n- 1)b ] - (2) 


N.B. The formule (1) and (2) should be carefully remembered so that they 
might readily be applied in any suitable case. | 
Example 1. Find the sum of 20 terms of the series 5, 44, 38, &c. 
The first term —5, and the common diff.=48-5=—2. 
Hence, the required sum = 2019 x5 + (20 - 1) х(—%)} 
710(10—- 1572) = 10(— 8) = — 268. 
Example 2. Find the value of 1+2+3+4+&c. to 100 terms. 
The last term of the series evidently —100. 
Hence, the required sum —1$*(1-- 100) — 50 x 101 —5050. 


Exam ple 3. , Find, without assuming any formula, the Du of 
144474104" +37. С. U. 1919] 


Evidently, the common difference=3, and the number of ane їп 
the series —13. 


Let S denote the required sum. 
S=1+4+7+------+831+34+37. 
Also, re-writing the series in the reverse order, 
б=81+84+81+ +1+4+1. 
Adding together the two series, 
28=38+38+------ to 13 terms=38 x 13. 
S-25113—19x 13-247. 
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Example 4. 
series 1+3+5+7+- 


ARITHMETICAL PROGRESSION 


~e to n terms. 


Evidently, the common difference=2, 
and the nth term=1+(n—1)x2=2n-1. 


Let 


S=the sum required. 


495. 


Find, without assuming any formula the sum of the: 


. 


S=1+3+5+--+(9n—5)+(9n—3)+(9n—1). 


Re-writing the series in the reverse order, 
S=(2n-1) + (Qn-3)+(Qn-5) + +5 4341, 


Adding the two series, 
2S=Qn+Qn + An + to m terms=2n.n. 
8=п?, 
EXERCISE 139 


Find the sum of the following series : 


1. 1+2+3+4+- 


"бо. to 25 terms. 


2. 1r8*b5 T Ко. to 30 terms. 


8. -3,8,9, 15... 
4 4+Ë+I+-- 
5. штина 
6. 1-149449 
7. 3+4+8+9+13+14+18+19+-:: to 20 terms. 


to 14 terms. 
+ to 20 terms. 
* to 30 terms. 

to 16 terms. 


[O.U. F.A. 1881 ἢ 


L The given seriesz (3--4)-- (84-9) - (18-- 14)-- 181: 19) + 


8. 5+4ł+4}+ 


=7+17+27+87-+-+--++ to 10 terms 
„нез х10} 10-520. ] 


тоо, to 21 terms. 


9. 18+129$+11#+-----&с. to 40 terms. 
10. 277412 &oc. to 101 terms. 


a-b , 30—90 
12. ШУ 
18, 1151819165 3418414114"... to 30 terms. 

1 3 ο) a τας 
(@-1)+(@-)+(в JE to n terms. 
tb3)t(a—B)* tene to n terms. 


= 
P 


15. (a+b)? +(a? 


a+b 


+5@—85 ү... to n terms. 
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Find the sum of the following series without applying any formula: 
16. 3+5+7+- to 29 terms. 
.17. -10-6-2-92----to 22 terms. 
18. (r—y)*(2z-3y) t (3s—5y) +- to n terms. 
αν D EST IIT. +155. 20. 8-3-2-7-12--- to n terms, 
277. Applications of the formule (1) and (2) of the preced- 


ing article. The following examples illustrate some important applica- 
„tions of those formule. 


Example 1. The first term of a series in A. P. is 17, the last term 
—198 and the sum 257% ; find the common difference. 


Let n—the number of terms ; then, we must have 


Ton -ηοϑ)ὶ.. 2? (12 2193] 2 n x42, 
25657 5 (11 (- 128) - 8 (1-193) 8 κἀξ 
or, 407 37m  . п=407. 11 
па ποιά ιο” aT err 


Tf, then, b be the required common difference, we must have 
—198(=the 11th term) 217 --10b. 
10b= —128-17= —298= — 285. 
b 235 5x47 . 4T 


78x10  5x2x8 16 


Example 2. The sum of a series in A. P. is 72, the first term 17, 
and the common difference —2; find the number of terms, and explain 
the double answer. 


Let n—the number of terms. 


Then, we must have | 
727 5 {0х17+(®—1)х(—9)} 


‚ = 9134 -9[n—1)i= 3 96-95)—18n -n*. 
т? —18n +79=0, or, (n-6(n-12)-0. 
n=6, or, 12. 


. ‘The double answer shows that there are two sets of numbers, satis- 
fying the conditions of the problem, and this can be easily verified. For 
the series to 6 terms is 17, 15, 13, 11, 9, 7; and to 19 terms it is 17, 15, 
18, 11, 9, 7, 5, 8, 1, —1, —8, —5; now since the sum of the last 6 terms 
of the latter set of numbers=0; evidently, therefore, the sum of 6 terms 
of the series, is exactly the same as that of 12 terms. 
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Example 8. How many terms of the series —8, —6, —4, &с. 
amount to 52 ? : 


Let љ= ће required number. . 
Then, we must have 


52= @{0х(—8)+(»—1) х9} 


= 9 (n-18)-n* τθη. 
ze ΦΟΡΟ: \ 
or  (n-13(m*4)-0. .. n=13, or, -4. 
Hence, since the number of terms can only be a positive integer, 


we must reject the negative value and take 19 to be the answer to the 
question. 


Example 4. The sum of p terms of an A. P. is q and the sum of 
q terms is р; find the sum of p +q terms. 
Let а be the first term, and b the common difference ; then, since 
the sum of p terms=g, we must have i 
а= πα 0l, 
or, 2¢=p.2a+plp—1)b. + - (1) } 
Similarly, 9p-q3a-q(a-1)b. = - (3) 
Subtracting (2) from (1), we have 
9(g—p)—(p— q).2a + p? — a?) - (p= а)}Ь 
-(p— q)2a +(р-)(р+а—1)Ь. 
—9-9a (p +q-1)b. 
Hence, the sum of (p +q) terms 
=P 54 Ba +(p+a- 10 


=P x (-9)— -(p-*9. / 


EXERCISE 140 
1. The first term of an A.P. is 5, the number of terms 30, and 
their sum 1455 ; find the common difference. 


9. The first term of а series being 2, and the 5th term being 7, 
find how many terms must be taken so that the sum may be 63. 


3. What is the common difference when the first term is 1, the 
last 50, and the sum 204 ? ; 
4. How many terms of the series 19, 1T, 15, &o., amount to 91 ? 


1—32 


2 
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5. The sum of a certain number of terms of the series 91, 19, 
&c, is 120. Find the last term and the number of terms. 


6. How many terms of the series 54, 51, 48, δο., must be taki 
to make 513? Explain the double answer. ; 


7. Ifthe sum of 8 tems of an A. P. is 64, and the sum of 19 terms 
is 361, find the sum of n terms. 4 


8. Find the series of which the nth term is 257 ; and also йш 


4 3 
the sum of the series to 105 terms. ' 


9. Find the series whose rth term is 2r—1; find the sum oft 
series to n terms. 


10. The sum of n terms of an А.Р. is 3n*—n, and the comm 
difference 6 ; find the first term. 


11. The sum of n terms of an A. P. is 40, the common difference 9, 
and the last term 13 ; find n. 


12. Prove that the latter half of 9л terms of any arithmetical 
series = $ of the sum of 3n terms of the same series, 


18. If 2n+1 terms of the series 1, 3, 5, 7,9, &c. bo taken, then 
“the sum of the alternate terms 1, 5, 9, &c., will be to the sum of the. 
remaining terms 3, 7, 11, &c., as n+1 is to n. 


М. Prove that (i) b=; 27% 
. Prove that i) b-g ay 


m 3e 
and (i) з= 004+), 


278. Arithmetie means. = 


Definitions: (1) When three quantities are in Arithmetical 
Progression the middle one is said to be the Arithmetic mean between ` 
the other two. 4 р 

Thus, 5 is the Arithmetic mean between 3 and T. ` 


(2) If A and B be any two quantities and 21, 2, vs, 24, ἆθ. 
fn-1, Tn, & number of others such that A, σι, £e, тз, &0, тач, 2m B 
are in Arithmetical Progression, then V1, 25, Ts, &c., are called th 
Arithmetie means between А and В. 


Thus, 3, 4, 5, 6, 7 are Arithmetic means between 2 and 8, and so 


are the numbers 84, 5 and 64; for both th ies 9, 3, 4, 5, 6, 7, 8 and _ 
2, 83 5, 64, 8 are in A. P. de (ез; - 


Note, It is evident from the above example that between any two quantities 
the number of different sets of Arithmetic means is unlimited. 


279. To insert a given number of Arithmetic means between 
two given quantities, 


Let a and c be the two given quantities, and n the number of means 
to be inserted. 
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Then, we have to find out n quantities 21, Шә, 08, &C., Zn-2, @п-1› Zn 
such that d, 21, £s, 28, &C., 2n-1, Zn, © may be in А.Р. Evidently the 
series [a, %1, Шэ, vs, XC, Cn-u Ln, C] consists of n--9 terms of which 
а is the first term and c the last. j 


Henoe, if b be the common difference, we must have 


c=at(n+1)b, 
с-а 
whence b ΠΕΙ 
Hence, 2,7atb-atzl 
4 24 (e= a) 
£9—at9b—-a EI 
&e. ќе. &o. 
піса), 


tn=atnb=at БЕЛ. 


., Examplei. Find the Arithmetic mean between any two quan- 
tities a and b. 
Let «=the quantity sought. 
Then, a, 2, b are in A. P.; and '. we must have z—a=b-— e, 
whence а= ash 
Example 2. Insert 4 Arithmetic means between 3 and 18. 3 
Let @1, 22, Zs, 24 be the means. 
Then, 3, 21, 2, 28, 4, 18 are in A. P. 
Hence, if b—the common difference, 


we must have 18=3+5b. .. b=3, 
Henoe, 2,7394 b= 6 

m =39+92b= 9 

zs =3+3b=12 

z, =8+4b=15 


'Thus, the required means are 6, 9, 12 and 15. 


EXERCISE 141 

1. Find the Arithmetic means between (i) 5 and B; (ii) -ὂ 
and 21 ; (iii) m-n and m+n; (iv) (ata)? and (a—2)*. 

2. Insert 2 Arithmetic means between (i) 8 and 12 ; (ii) -6 and 14. 

3. Insert 3 Arithmetio means between 117 and 477. 
4. Insert 4 Arithmetie means between 2 and —18. 
B. Insert 17 Arithmetic means between 84 and – 414. 

6. There are » Arithmetic means between 1 and 31, such that 
the 7th mean : (n— 1) mean=6 : 9; required n. 


΄ 


* + E . Ú 
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280. The natural numbers. The numbers 1, 2, 3, &c. are сай 
the natural numbers. 


(i) To find the sum of the first 7 natural numbers. 
Let S denote the sum ; then 
S-1-T92-T3T-—n 


-Rües-mATD. .. (4) 


(ii) To find the sum of the first odd natural numbers. 
Let S denote the sum ; then 
В=1+3+5+7+------ to n terms 


= 512+ (n—1) καὶ 


=? =з, ... = 
2 2n=n*, (B) 


(iii) To find the sum of the squares of the first n natural - 
numbers. Ж 
Let 8 denote the sum ; then 
8=12+93+32+49+-..... +з. 
We have, 2° – (n— 1)? =3n° —3n+1. 
Hence, putting 1, 2, 3, &o., for n, we have 
> 1°-0°=3.17-3.1+1, 
93-1*-3.9?-334-1, 
35—9?—3.8? 3.341, 
D -39'-84^- 7941, 


[οι 1 n- 9)s=3(n-— 1?- ES 1)+1, . 
n? -(n-1)-3.n? -3.n-- 
Hence, by addition, 
n° —3(1* +29 +32 - 2) – 81 194-841": m) tn 


-38-5, MID sy, 


+ 88=n®—n n + 2-1) +}; 
: s= „ын +1), $t (9 


Gv) To find b. sum of the cubes of the first 5 natural | 
numbers. 


Let 8 denote the sum ; then 
S-1**9* *3* n, 
We have, n* —(n—1)*—4n? —6n* -4n- 1. 


` 
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Непсе, putting 1, 2, 3, &o., for n, we have 
1*-0*=41°-6.1°+41-1, 
9*—1*—4.9*—6.2* -4.2—1, D 
3*—-9*—4.8? — 6.8? -4.8- 1, 
(n-1)*-(n-9)* —4.(n — 1)? — 6.(n — 1)* 4.» - 1) - 1, 
n*—(n—1)* 7 4.»? — 6.n?° -4.n - 1. 
Henoe, by addition, 
n* —4(19 +98 +38 + &o. -n?) - 6(1? +9 +3 + &o. +n) 
AU 49484 ο, Ἐπ) - n 


n(n-- η 1) ү 49841 Y 


4S—n*-- n nn 1 (θη151)- 9n(n.- 1) 
— n(n-- ln? -n +1) -(9n4-1) - 919 n(n -1)(n2 +n); 


sem EDS [iD .. (р 
4 2 

Thus, the sum of the cubes of the first n natural numbers is equal to 
the square of the sum of these numbers. ~ 

Example 1. Sum the series 1.2+2.3+3,4+ ο. to σὺ terms. 


The nth term of the series evidently=n(n+1)=n? +n. 
Hence, putting n=1, the 1st term =12+1, 
» n т=9, „ 9nd term=2?+2, 
8, , Srdterm-3?-8, 


” ” N= 9, 


=48-6: 


and so on. 
Henoe, if S denote the sum of the given series, we have 
S- (124-2) (2? 1-9) - (82 +3)+ &o. бо n terms s 
— (124-92 1-82 ho. -- n2) - (1--9-- 8-- &o. - n) 


nin 1n) ν aint) 
6 


(в+1)/9%+1 _n(n+1)(n+9). 
iia ipta 


Example 2. Sum the series 12 +32 +52 +72 + &o. to n terms. 
Since evidently each term of the given series is equal to the square 
.. the nth term 


of the corresponding term of the series 1, 3, δ, 7, &o., ; 
of the given series=the square of the nth term of the series 1, 3, 5, 7, &è. ; 


and.'. the nth term={1+ (n—1) x 9] =(2n-1)?=4n? — 4n 1. 
Hence, putting n=l, 2, 3, &c., we have 
the Istterm =41°—41+1, 

=4,99-42+1, 


» 9nd » 
За , =48°%—43+1, 
+ 


and so on. 
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Henoe, if S denote the sum of the given series, we must have 
S-—4(1?-- 9? c 8? + &c. - n?) -4(1--9--8-- &o.- n) tn 
ο Dn), ine), 


=e fen. πο... 


gn? -1) 3}= g 4n* -1). 
Example 3. [πη the series 
1? (12 4 9?) - (1? dg +32) + бо, to n terms. 


The nth term ot the giyen series 
7]? 9?--3?-- о, +n? 


ant ο. ш тас 


6 
Hence, the Ist term=1.12 +1.12 ++.1, 
+ 9nd „ Мсн 
3: За , -413?4-13?4 3 y 
and so on. 


Hence, if S denote the required sum, we must have 
S-3(? +23 - 3* + &c, +n?) 
34153493 +32 - χο, 52) - 3(12-9 2-84 &o. +n) 
= 1 n°(n+ 1)? + 1 nln+1)Qn+1) , 1 n(n+1) 
3 4 +2 6 6 9 


ο ooi 1) e (2n--1)1] 
Е) (пазад) κα pm, 


EXERCISE 142 


*Sum the series: 


= 


OOP wp κι 


Been 


9% +5% +82 + c. to n terms. 

1.9*-- 9.3? - 8.4? + бо, to n terms. 
134+3.5+5.7+7.9+ &o. to n terms. 
1*--85--5? + &o. to n terms. 
1+(1+9)+(1+9+3)+ &c. to n terms. 
()+(1+3)+(1+3+5)+ &o. to n terms. . 
19.99.84 8.4.5 -- бо. to n terms. 
2.3.1+3.4.4 - 4.5.7 + &e. to n terms. 
1-2+3-4+5-6+&o. to n terms. 
1*-9*--8* — 4? +52 — 62-- c. to n terms. 


E 


| 
x 


тү Y. 
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981. Miscellaneous Examples and Problems. 5 


, Example 1. Prove that if the number of terms of an À. P. be odd, 
twice the middle term is equal to the sum of the first and the last terms. 


Since the number of terms is odd, let it be denoted by 2n+1. 


__ Evidently, the middle term is one which has terms on either 
side of i$; hence, it is the (n+1)th term from the beginning and also 
the (2 + 1)th term from the end. 


Henoe, putting M for the middle term, we must have 
M=a+(n+1-l)b=a+nb τῳ sss (1) 
and also M=1l-(n+1-1)b=1-nb. 2 © (2) 
Henoe, by addition, 2M-—a +. 


Example 2. Prove that the sum of an odd number of terms in 
A. P. is equal to the middle term multiplied by the number of terms. 


Let 2n+1=the number of terms. 
Then, the sum of the terms 


-0il (gg =x OM last example ] 


=(9n+1)x M. 
Example 3. Find the first five terms of the series of which the 
sum to m terms=5n* +30, 
Let ἐι, ta, ts, &0., ὑπ denote respectively the 1st, 2nd, Эта, &o, 
nth terms of the series ; 
and let si, Sa, 58, &0., $n denote respectively the sums of 1, 2,8, 
&e., n terms of the series. 
Evidently then s:=t1; $751 tta ; ss=titte tts; and so on. 
Now, by the question, we have $n 7 5n? +n. 
(i.e. the sum of any number of terms=5 times the square of that number 
+3 times that number). i 
Hence, putting n=1, we have δι =5+3=8, 
> n-9, ." 89 790 -6— 96, 
? n=3, ^" 8s=45+9=54, 
n-4, ," — s,780t12-92, 
m-5, ' 557195 --15 —140, and во on. 
Hence, ἐι-8ι-8, 
te=se—si= 26- 8518, ` 
ga =ss— sÍ = 04-96-28, 
t =s -38= 92-54=38, 
14785 — s| =140—92=48, and so on. 
Thus, the first five terms of the series are 8, 18, 98, 38 and 48. — 


РА 
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Example 4. Sum the series: 1--5--19--99--35--&e. to n terms, 
[ The peculiarity of the series is that the successive differences of the terms 
arein A.P.] : 


Let S denote the required sum and let én denote the nth term of 
the series. Then, we have 


S=1+5+19+92+-- +n; 
also S=0+1+ 57-19 t νι in, 
Henoe, by subtraction, 
0=1+4+7+10+ &0.+(tn—tn-1)—tn 
={1+4+7+10+ &c. to n terms}—tn. 


tn= F {a+ (n - 1) - 989—1), 


i.e., the nth term of the given series 8.n? – 1n. 
Hence, the 1st term $.1? — 1.1, 
2nd » -$2*-13, 
8rd > -—3.8?—1.3, and so on. 
Hence, S=3(12 193 4-83 + ο; πλ) -- {1 --9 3-8 &o. +n) 
= 3 И» +1)(д»+1)_1зИл+1)_+1) 94, 
9 6 2 2 4 2 


Example 5. Sum the series i'd ay the. to n terms. 


Let S denote the sum to n terms. 
Now, we have 


1 1 
ATASE 
ке Т, , 
"Og dg “58 
vicem ern у 
OF I DE 
Qo, &, бо, 
E EL Sa 

n(n-l n ntl 

H dai Hin 
ο μη 


Example 6. Divide 16 mto three parts which ara in APA 
whose produot =190. j 
Let α--β, a and а+ B be the numbers ; 
then, we have i 
\ (α-- В).а.(а+8)=1290, - (1) } 
+ and (а—8)+а+(а+8)=15. πιο 
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From (9), 3a 15. ον a=5, 
From (1), a(a? — 8?) — 190. 
'.. 6(25— B?)—190. 2. 95— p° =24, A 
vr peed <. B= 1. 
Hence, the numbers are 4, б, 6. 
Example 7. If a°, 03, c? be in A. P., then 
Pi E ES are in А.Р. 


Evidently Pi E = are in À. P., 
ie μμ 
cta btc atb cta 


io, и 059-0 
o L (с+а+о) (a+b|c+a) 
i.e, if(b—a)(b+a)=(c— bc b), 
Bay 16 b?-a*-c?-05; 
but, this is true by hypothesis. 
i 
bc 
Example 8. If a,b and ο be respectively the pth, gth and rth terms 
of an A. P., prove that a(q —r) + blr- ϱ) - c(p — q)=0. 
Let a denote the first term and B the common difference of the 
A.P., of which a, b and ο are the pth, ath and rth terms ; then, we 


must have 
a=at(p-1)p = (1 | 


dz i are in A. P. 


b=at(q-1p : (2) 
c=at(r-1)8 - (3) 
Now, we have to eliminate a and β from these three equations. 
Subtracting (2) from (1), and (8) from (2), we have 
a-b=(p— д 
ὃ--οτ(ᾳ”- т)В. 
Hence, (a-b)(Xa-r)=(b-o)o-4) 
от, Шау p) ep Q0. - 

Example 9. А person lends Rs. 1000 to a friend agreeing to charge 
no interest and also to recover the amount by monthly instalments 
decreasin, successively by Rs. 2. In how many months will the loan be 
paid up, if the first instalment be Rs, 64 ? 10.0 1 

Let n=the number of months required, 
the successive instalments are evidently in А.Р. 
whose 1st term=64, 
and whose common difference= - 2. 


~ 
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Since, the sum οἱ the n instalments = Rs. 1000. 
The sum of the Ist » terms of this A. P.=1000, 


ie, 3 2x 64 +(n—1)(—2)}=1000, 


or, (65n — n?) — 1000, 
or, n? —65n4- 1000-0, 
or, (n — 25)» — 40) 0. 


Hence, 7-95, or, 40. 
But » cannot be 40, since in that case the 40th instalment 
=the 40th term of the A. P. 
=64+(-2)(40-1)= –14, 
which is inadmissible, as no instalment can be negative. 
n must be 25. 
EXERCISE 143 


1. The (n+1)th term of a series in A. P. is тавр ; required the 
sum of the series to (2n +1) terms. 


2. Find the first five terms of the series of which the sum to 
^i terms is 2n? + 7n, 


3. The sum to n terms of an A. P, is 8n?+10n ; find the first term 
and the common difference. 


4. Wind the 85th term of the series of which the sum to п terms 
is л? +n, 
5. Sum the series : 1+8+6+10+15+ &. to n terms. 
6. Sum the series: 2+5+10+17+&c, to n terms. 
7. Sum the series: 2+7+14 +23+ 34 + &c. to n terms. 
8. І 


Sum the series: (i) 35 gg ge. to n terms. 


fe 1 1, à 
@ аа) * aTa 00) + (аса) (а ap * ®© to n terms. 
9. Find 4 numbers in A. P., such that their sum shall be 56, and 
the sum of their squares 864. 
[ Let a—38, a— 8, a+ and 4--98 be the numbers, ] 
10. The sum of three numbers in A. P. is 15, апа the sum of the 
Squares of the two extremes is 58. What are the numbers ? 
ος ll. There are four numbers in A. P., the sum of the two extremes 
is 8, and the product of the means is 15. What are the numbers ? 
12. Find six numbers in A. P., such that the sum of the two 
extremes may be 16 and the product of the two middle terms 63. 
[ Let a—58, α--8β, α--β, a-- B, a-- 88, «--58 be the numbers. ] 
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18. (i) It (ὁ--ο), (e —a)°, (a-b)? are in A. P., show that 
MIL 
b-c с-а a-b 
(ii) If a, b, c be in A. P., show that 
τα) Ё, 2, J are in A. P. (2) b+e,c+a,atbarein А.Р. 
(8) αἲ (ὅ--ο), b*(c-- a), e° [a +b) are in A. P. 


o 36-1) {1-1} EH) men 
(5) a(t +2); [1 + πο ате їп А.Р. 


14. IÍ a, b and о be respectively the sums of p, q and r terms of 
an À. P., prove that 


πο, : (r-p)* 5 (p-a)=0. 
15. The pth term of an A. P. is a and the gth term, b. Show that 
the sum of the first (p +q) terms is 
ο πο ea [ М. U. 1887 ] 
5 : [ See Example 9, Art. 275 ] 


16. There are n Arithmetic means between 3 and 54, such that the 
8th mean : (n—2)th mean=3 : 5; find n. 

17. If S1, S5, Ss be the sums of n terms of three Arithmetic series, 
the first term of each being 1 and the respective common difference 1, 2, 
3, prove that 8; + 8з=953. 

18. If there be r Arithmetic Progressions, each beginning from 
unity, whose common differences are 1, 2, 8, &o., r, Show that the sum 
of their nth terms is=H(n—1).r* +(n +1).r}. 

19. Sum the series; тп1+(%—1).2+(з-—9).8+(%—8):4&+ &о. + 1.0, 

[ The rth term of the series={n—(r—1)}.r=(n+1).r—1?. Hence, the required 
sum = (n-- 1)(1--9--9-- «n (12 +2 +89 +404} ko. ] Я 

20. On the ground are placed % stones ; the distanoe between the 
first and second is one yard, between the 2nd and 3rd three yards, 
between the 3rd and 4th five yards, and so on. How far will a person 
have to travel who shall bring them, one by one, to a basket placed 
at the first stone ? 

21. A class consists of a number of boys whose ages are in А.Р." 
the common difference being four months. If the youngest boy is just 
eight years old, and if the sum of the ages is 168 years, find the number 
of boys in the class. [ C. U. Entr. Paper, 1872] 

92. The interior angles of a rectilineal figure are in A.P. Ifthe 
least angle is 49° and the common difference is 33°, find the number of 


Sides. 


are in A. P. ; 3 


CHAPTER XXXVIII 
GEOMETRICAL PROGRESSION 


282. Definition. Quantities aro sail to be in Geometrical 
Progression when each is equal to the product of the preceding and some 
constant factor. . 

The constant factor is called the common ratio of the series, and 
it is found by dividing any term by that which immediately precedes te 

Thus, each of the following series forms a Geometrical Progression: 


1 2, 4, 8, 16, &c. 
1, 4, 1, 5 ὦ, Δα 
qo TE à -t, Ж, б. r 
а, ar, ат, ат, αγ", &o. 


In the first example the common ratio is 2, in the second $, in the 
third --ᾱ, and in the fourth 7. 


М. В. ‘Geometrical Progression’ is briefly written аз С. P. 

283. To find the nth term of a G. P. : 3 

If a be the first term and r the common ratio of a Geometric Series, 
we have the 9nd term —a.r, the 3rd term = 2.72, the 4th term —a.7?,......, 
the 10th term —a.7?,......, the 915$ term=a.r®°, and so on. Hence, Ње 
nth term —a.y"-1, 

Example. Find the 6th term of the series 2, 6, 18, 54, &с. 

Here, @=2 and the common ratio=$=3 ; 

The 6th term=2 x (3)°-+=496, 


284. Given any two terms of a G. P., to find the series 
completely. 


Example 1. Find the G. P. whose 5th term is 81 and whose 
8th term is 2187, ` ~ 


Let a=the 1st term, and r=the common ratio, 

x Sarti art ---.. s (]) 

and 2187 —ar8-1— αγ", EH sve αἱ 
Dividing, 73=2187~97, 4o 9. 


Hence, a7* —a.3*—81, 
or, а= E: c 
Thus, the series is 1, 3, 9, 27, &c. 


Example 2. Tf c and d be the pth and gth terms respectively of 
a G. P., to determine it completely. 


Let a=the 1st term, and r=the common ratio, 


| 
| 
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c=the pth term of the G. P. 


=ar}, eo (2) 
Similarly, d-art-*, - (2) i 
das š 
By division, r=; - r=(4)"”. 


Substituting for r in (1), we have 
mico -—=- [5 тз. 
(λήμην η er Я 
|) : 
Hence, the 1s& term and the common ratio being known, the 
complete series may be written down. 


EXERCISE 144 


1. Find the 8th term of the series 4, 12, 36, &c. 
2. Find the 6th term of the series 88, 91, 14, &c. 
3. Find the 9th term of the series 1, 4, 16, 64, &о. 
4. Find the 6th term of the series 1, —3, 9, —27, ќо. 
5. Find the Sth term and the (n—1)th term of the series 8, —1, $, Фо. 
6. Find the 7th term of the series —21, 14, —9$, ο. 
7. The first two terms of a series in G. P., are 125 and 25, 
what are the 6th and 7th terms ? 
8. Find the series (i) whose 6th and 11th terms are respectively 
192 and 6144; (ii) whose 2nd and 8th terms are 9 and τὶς respectively ; 
Gii) whose 5th and 8th terms are 8 and —$$ respectively. 
. .9. The pth and the gth terms of a G. P., are c and d respectively. 
Find the nth term. Я 
10. If every term of a G. Р. is multiplied or divided by the same 
quantity, the resulting series is also a G. P. | 
11. In a G.P., if the (p+q)th term— and the Caph term n, 
find the pth and gth terms. B. U. 1888 ] 
‚12. Таа G.P., prove that the produet of any pair of terms equi- 
distant from the beginning and the end is constant. 
985. To find the sum of а number of terms in Geometrical 
Progression. : 
Let a be the first term, 7 the common ratio, n the number of terms 
and S the sum required ; then d 
S=a+ar tar? * ar? + Ko. +a t. 
Sr- artar? Σαν + &c. ar" ^ tar”. 


pigs ALGEBRA MADE EASY [ CHAP. - 


Hence, by subtraction, 


Sr-S-ar'—-a, '... S(r-1-a(r-1) 
gaa" -1) Bc - (1) 
id xcd 
or, αμ). e - (2) 
Cor. Tf 1 denote the last (or the nth) term of the series, we have 
1= ar" ; hence, from (1), 8-0. * (8) 


Note. The formula (2) may conveniently be used in all cases except when 
T is positive and greater than 1. 


Example 1. Find the sum of 1$ —5--$ — &c. to 7 terms. 
The common ratio= —§+}$= —-$x2$— -8. 


Hence, by formula (2), the sum = an HILOS 


—M x ABE x 2-188 = δε. 
Example 2. Find the sum of 3--43-- 62 &c: to 5 terms. 
The common ratio 743--3-$ x 3-8. 
Henoe, if S denote the required sum, we have by formula (1), 


A 1.34881. ga a= aaro Boz, 


. EXERCISE 145 
1. Sum 1+3+9+297+ eo. to 12 terms. 
2. Sum 81—97+9-— ќе. to 8 terms. 
3. Sum 2-4+8- e. to 10 terms. 
4. Sum $—3-1—&c. to 5 terms. 
5. Sum 2-4+8- Go. to 2r terms. 
6. Sum 24-1+2-&c. to n terms. 


7. Show that the sum of n terms of a G. P. beginning with the 
pth term, is 72-4 times the sum of an equal number of terms of the same 
Series beginning with the gth term. 1 

286. Ἡ be an integer and r a given proper fraction, to prove 
that r” diminishes as л increases. 


Let r=#. Now, since $ of any number is undoubtedly less than 
that number, 


(3)? is less than #, because (3)?—8 of 3; 
(8) is less than (8)2, because (3)? =$ of (8)? ; 
(@)* is less than (3), because (§)*=# of (3)? ; 
р ала во оп. 
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š Hence, it is clear that in the series 2, (8)2, (8)5, (8)*,...... each term 
is less than the preceding; which is briefly expressed by saying that 
(8)" diminishes as n increases. 


, Similarly, the proposition may be proved for any-other value of r 
which is less than 1, 


ey Hence, generally speaking, if 7 has a given value less than 1, 
r” diminishes as n increases. 
Note. From the above it is quite clear that if v bea proper fraction, т" is very 
small when n is infinitely large. 
287. The sum of a Geometrical series continued to infinity, 
Let us consider the series a, ar, ar, αγ”, &с. 
If S denote the sum to n terms, we have 
g-ra a”, 
dura TS 
If then r be a proper fraction, the larger n is, the smaller will be 
(7" and .'. vee ; hence by sufficiently increasing the value of m we can 


n Y 
make η 1655 than any assigned quantity, however small; апа there- 
fore by sufficiently increasing the value of m, the sum of m terms of the 
series can be made to differ from Ss by as small a quantity as we please. 

This statement is usually put thus : the sum of an infinite number 


of terms of the Geometrical Progression is E or more briefly, the sum 
μυ ¿p Sas 
lo infinity ds i 
Let us apply all these remarks to a particular example. 
Consider the series 1, 4, 1, 4, &с. 
Here, a=1, r=4; hence the sum to n terms 
TEES ay EAE ic ver А sl ) IM ICH 
eet 2" =9(1 gn) 2 pa 
Now, by taking n large enough, 92”: can be made as large ав we 
please, and therefore, gn-i as small as we please. 


Hence, we may say that by taking т large enough, the sum of 
n terms of the series can be made to differ from 2 by as small a quantity 
as we please ; or briefly, the sum of am infinite number of terms of this 
Series 05 2. 

N.B. Tt must be borne in mind that the sum of n terms of a Geometrical Pro- 
gression approaches a fixed limit as n increases indefinitely only when r is lesa 
than unity. If r be greater than unity there is no such fixed limit. 
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Example 1. Prove that in a decreasing Geometrical Progression 
continued to infinity each term bears a constant ratio to the sum of all 
which follow it. 


Let the series be a, ar, ar, αγ”, &c., where r is less than unity. 


Then, the nth term=ar"-* and the sum of all the terms which 
follow this 
=ar"(1+r+r2+7r° + бо. to infinity) 


1 
==. 
arl. 


Hence, the ratio of the nth term to the sum of all which follow it 
am 
preter 
Now, this is constant whatever value n may have, which proves the 
proposition. 
Example 2. Sum to infinity §-$+s- ke. 
Here, a=4, and r= —$+8= – $. 


Hence, the required sum= Ti =§x y= 4H. 


EXERCISE 146 
Sum to infinity each of the following series : 
1. ФРЕНЕ ТУЕ. 2. 1-4+ł-ġ+&o. 8. Е tat bo. 
4. 1-#+4- ke. δ. 88+24+1b+&. 


6. δε Ati tto [ Split this up into two series. ] 
4,5,4,5 1,1 
торат бо. 8. A35 Τατ] бо. 


9. (/2+1)+1+(,/9-1)+&е. 


‚10. Find the common ratio of а G. P., continued to infinity in 
which each term is ten times the sum of all the terms which follow it. 


288. Recurring Decimals. Recurring decimals furnish a good 
illustration of infinite Geometrical ανν š 


Thus, for example, '981= '934343434------ 
- 9 2 , 34 , 34 , 34 
+034 —10* 103 T 105 ^ 197 T «ο. 
Ue 10 10° 10° 10 
+°0000034 
Ἔδοι, ќе. 


Here the terms after 3% constitute a G. P., of which the first term 


is 105 and the common ratio a 


NSE ES ULU: UU; :-ωωω..:..ωα., .ωωωωώἲ 


LA. nad aul" — 


κ. πμ ee eee! 


XXXVIII. ] GEOMETRICAL PROGRESSION 513 


"ῤ]- 3.94 {. 11.9 34 999 .. 
Hence we may take "284 10* 101 E m) 10 * 990” 999’ which 
agrees with the value found by the usual Arithmetical rule.* 


289. Geometrie means. Definition 1. When three quantities 


are in Geometrical Progression the middle one is called the Geometric 
mean between the other two. 


Definition 2. When any number of quantities δι, zs, zs, &c., are 
such that a, 21, ша, &s, &c., b are in G.P., then 91, 79, 7s, &e,, nro called 
Geometric means between a and b, 


(i) To find the Geometric means between two given quantities. 
Let a and b be the two given quantities; G the Geometrie mean. 


Then since, a, G, b are in G, P., we must have 9 - b, each being 


equal to the common ratio. .'. G°=ab, and .', G= Jab. 


. (ii) To insert a given number of Geometric means between two 
given quantities. 


Let a and b be tho two given quantities ; and zy, T, £5, T4, бб, Ln, 
the n means to be inserted. 


Then a, zy, e, 23, &c., t», b ате in G. P. 
Let + denote the common ratio of the series ; 
then b=the (m+2)th term=a..", 


ο. ο 


i. СЯ »h 
Hence, v; =a, (°) / 2, 7a [(^) ; αν" ὃ) ; and so on, 
Example. Insert 3 Geometrio means between 3 and 198, 
Let Οι, σα, 25 be the means. 
Then, 3,21, Φα, 2s, 128 are in G. P. 
Hence, if + be the common ratio of the series, 


t hi 198=the 5th term =$.7*, 
x E 7* 956, whence r= 4. 


Henee, m=td = | 


290. The Arithmetic mean of any two positive quantities is greater 
than their Geometric mean. 
Let а and b be two positive quantities. 
their Arithmetic mean= 57^, and Geometric mean= Jal, 


1—38 
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Now, $257 Jab-Ma-9 Ja. Jbt i=} Ja Vb)? T 
> =a positive quantity. 


2. o> μα’. 


EXERCISE 147 
1. Insert 2 Geometric means between 3 and 24. 
2. Insert 3 Geometric means between 2% and $. 
3. Insert 4 Geometric means between $ and --δής, 
4. Insert 5 Geometric means between 3$ and 403. 


5. If a, b and c be in G. P., and т, y be the Arithmetic means j 
between a, b p b, c respectively, x dy that 
Tu 1 2. | 
ohne 2 and ке p [ P. U. 1898]. 
6. The аса mean of a and b is to their Geometric mean 88. 
m to πι; show that а: b =m + „/т2 т: т – m?-mn?.  [A.U.1889 
7. Ifthe Arithmetic and Geometric means between two quantit 
be respectively A and B, prove that the quantities are 
A+ 443- В? and A- J/4* — B*. 

[ Let the numbers be a and b. Suppose a 7 b. 

os a+b=2A, ++  @) 
Р and κ/αῦ--Β. ) 
Now, (a-b (aU tabo (4^ - B9), M 
on a-b=2 A-B". (2) р 
(taking tho positive root, since, a > б, 

4.е., a — b is positive. 


Adding (1) and (2), 9a=94+9 ,/43 —B?, or, а=А+ „/41— В", 
Also, subtracting (2) from (1), b=A— «/45--Β5. ] 

291. Miscellaneous Series and Examples. 

Example 1. If 2 < 1, sum the series 


1120 +30? + 408 + бо, to infinity. M 
Lot 5 denote the required sum ; then 

S=1+9x+ 323-42? + 60. 
and .. δα  m+9mx +315 + o. 


Henoe, by subtraetion, 
^ — Sü-z)-1tz-z*- 2? &c., to infinity 
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Example 2, Sum to n terms § +55-555 + dc, 
Let S denote the required sum ; then 5 
S=5 +55 +555 + ke. to n terms 

=5f1 ΕΠ ἘΠῚ +&o. to n terms} 
—7$X9[L-11--111--&o. ton terms} 
=4{9+99+999 + &o. to n terms} 
=4{(10-1) +(10°-1)+(10*-1)+&o. to n terms} 
=§{(10+10?+10* +&0. ton terms)—mn} 


= 5 [10(10°—1)_ -n} = Al |-5. 

πα QE 

Example 3. Sum to n terms 1 +5+13+29 +&e. 

Let ἐν denote the nth term of the series, and S the required sum ; 


then 
S-145319499— 0; 
and S=0+1+ 5+13+-:-+iIn-i t. 
Therefore, by subtraction, 
0— (1--4--8--16-- &c. to n terms) — £n. 
in 71 148-16 - &c. to (n —1) terms} 


L1, ο 41) 
Threat 


=1+95.(д2"-1—-1)=2"+1—-3, 
Henoe, the Ist term —9? — 3, 
а > = 2-3, 
» 8rd » -92*-3, 
and во on. 
Hence, S=(2?- 3) + (28 — —3)-- (2* — 8) + ἕο. + (2*1 — 3) 
=(27 +95 +9* + о, to n terms) - 3n 


92 (9^ —1) 
СТЕПИ С 
=4(9"—1)-3л. 


Example 4. If a, b, ο, d be in G. P., show that 
Te ο με 


We have b= s= 4, each of them being equal to the common 


ratio, 2. b2=ao c2=bd,and е=ай. + (а) 
Hence, (b-6c)*--(c-a)* (d — b) 
=(b? +02 — 9bc) -(c* +a? – Әса) + (8? + b? — 94) 
—9(b* — ac) + 9(c* — bd) +a? - d* — 90ο 
—-9x0-2x0-a*-d*—-2ad. [bya] 
=(a-d)*. 
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Example 5. If a, b, ο, d be in G. P., show that 
^ a? — b?, b? —c?, c? – d? are in С.Р. 
Evidently αἲ --δ3, 0° —6*, c* — d? are in G.P., 
if (a*—b*)(c? - d#)=(b? —c*)*. 
Now, since a, b, c, d are in G.P., we have š = 2 = д 
*. ас=Ь%, bd=c* and ad bc. 

Hence, (4° – 2)(02 – 2%) = a?c? — b*c*? — a*d? + b?d? 
=bt bte? – 0302 +o 
=} 92° +с* = (6° -63)*, 

а — b?, 03 — c?, c? -- d? are in G. P. 
Example 6. The continued product of three numbers in G.P. 


is 216, and the sum of the products of them in pairs is 156; find the | 
numbers. 


Let ex à, ат be the numbers ; 


then by the conditions given, we must have 


$aar-216 - T (Ὁ 
and «a+ усат+аат=156 ; s+ (2) 
From (1), a°=216. .. a=6. 
Hence, from (8), 1+1+у=108=19- a tr+r*)=13r, 
or, — (8r*—-10r*3)-0, or, (r-3Y3r-1)-0. 
т=8, or, 


Hence, the numbers are 2, 6, 18. 


EXERCISE 148 


1. Find by the method of summation of infinite Geometric series. 

the values of : D 
G) 097; Gi) 1146; (iii) "91501 ; (iv) 149857. — 

2. Sum 13:575 775 +e. to infinity. E 
3. Sum 1991-8403 +3.82° + &о. to infinity. 
4. Sum 13z--4.9z?--7.972? + &с. to infinity. 
Б. Sum a-2a?--3a? +4а* + «ο. to n terms. 
6. Sum 1-3z-5z?- 723 + &c. to infinity. 
7. Sum 4-434 e. to infinity. 
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Sum 1+ E tdt e. to n terms. 


Find the nth term, and the sum to n:terms of the Series - 
11, 23, 45, 8.7, ќе. 


10. Sum 1+2 +++. to n terms. 


11. Sum to» terms 4+44+444+&&oe. 
12. Sum the series '9-- 99-999 -- &c. to n terms. 
13. Sum the series 1--3--7--15-- бо. to n terms, 
14. Sum to n terms -6-4+0+8+94+ ke. 
15. Find the sum of 64-94-91 169-96] + &c. to т terms. 
16. Ifa, b, c, d be in G. P., show that 
(a? +b? οὐ (53 +02 -- d?) = (ab - bc -cd)*, 
[ We have σαι e © Lk (say); 
thus, a=bk, b= ck, e= dk, 
hence — a?*-b* +07 SE (03 ca d?), 
and also a*-Fb*-Fc* = k(ab--bc-- cd). 1 
17. Ita, b, c, d are in G. P., prove that 
(i) (b--c)(b4- 4) = (c - ac +d) ; 
(ii) (a --d)(b--c) - (a -- c)(b -- d) -- (b — )". 
18. Three numbers whose sum is 15 are in A. P. ; if 1, 4 and 19 be 
added to them respectively, the results are in G.P. Determine the 


numbers. 


` 


[ Let α--β, a, a+ B be the numbers. ] 

19. Three numbers whose product is 512 are in G. P. ; if 8 be added 
to the first and 6 to the second, the numbers are іп А. Р. Find the 
numbers. 

20. The sum of three quantities in G. Р. is 24$, and their product 
is 64 ; find them. 

21. If a,b,c be respectively . УРА pth, qth and rth terms df a 
Geometric series, prove that  αἲ 0) τοῦ. —], 

22. Ifa,b,c beinA.P. anda, y, z in G.P., prove that 2°~°y?*z*-» =], 

23. If S be the sum, P the product and R the sum of the 


reciprocals of n terms in G. P., prove that P*— B8 


24. Find the sum of n terms of the series, the rth term of which 
is (2r - 1)97, 
95. НА=1+7° d UE infinity and B=1 +7” +720 +--- to infinity, 


prove that r= (ἐπ ы - (23 i. 
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26. If there be terms in G. Ῥ., prove that the nth root of their 
product is equal to the square root of the product of the first and last 
terms. ç 


27. In » Geometrical means be found between two quantities 
a and c, show that their product will be (ac)*. 


28. If a, b, c, d are in G. P., show that the reciprocals of a? — b?, 
23--οἳ, οἳ — d? are also in G. P. š. 


29. If S5, Ss, Ss, &c., Sn are the sums of infinite Geometric series, 
whose first terms are 1, 2, 8, &c., n, and whose common ratios are 


š$, $ 1, &o., P respeotively, prove that 


S, +8в+8в tko. - Sn 209. 


80. Find the sum of the infinite series— 
1+(1+a)r+(1+a+a2)y2 +(1+a+a 1- αϑ}}5 -&c., r and a being 
proper fractions. ; 


CHAPTER XXXIX 
VARIATION 


292. Definition. One quantity is said to vary directly as 
another when the two quantities are so related that if one of them be 
changed, the other is changed im the same ratio ; or, in other words, if 
а, а be any two values of a quantity A, and b, У tho corresponding values 

KOL s а quantity B, then 4 is said to vary directly as B when 
&:a—b:V. 


, For instance, suppose thé measure of the area of a triangle is a, 
when that of the base is b; now if the height remaining unchanged 
the base is increased to 2b, then as we know from Geometry the area 
will become 2a ; if the base becomes 3b, the area will be 3a; and so on. 
Thus, the height remaining the same if the base is doubled, trebled, 
αρα, &c., the area also becomes doubled, trebled, quadrupled, &o., 
We., the area changes in the same ratio as the base) and so we say that 
if [ре Ызам of а triangle remains unaltered, the area varies directly 
ав the base. 


s Notei. The word directly is often omitted, so that when we say A varies 
as B it is implied that A varies directly as B. 


Ж чиен s RM symbol ος is used to express variation : thus, А œ В stands for 
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293. If A varies as B, then the numerical measure of any 
value of A and that of the corresponding value of B are in 
a constant ratio. f 


Let ax, Gs, Gs, &c., be the measures of a series of values of A, and 
let bi, bo, bs, &е., be the measures of the corresponding values of B. 


Then, by definition, а-ы 4 as abs : зз ; and so on. 
Hence, t= a = ©з = %4 ko., which proves the propositio 
" by b. bs b. , p prop n. 

Note. Putting m for each of the above ratios, we have a,=mb,, a, mb,, 
αι mb,, and soon. Thus, when A varies as B, the numerical measure of any value 
of A is equal to that of the corresponding value of B multiplied by a constant. This 
result is briefly expressed as follows: “If А œ B, then A = mB, where m is 
а constant,” 


294. Definition. (1) One quantity A is said to vary inversely 
ав another B, when А varies directly as the reciprocal of B. 


Thus, if A varies inversely as B, A= = › where m is constant. 


Illustration: If 20men do m certain work in 4 hours, 10 men 
would do it in 8 hours ; 40 men in 2 hours ; and so on. Thus, when the 
number of men diminishes, the time proportionally increases and vice 
versa. This is expressed by saying that if the amount of work to be 
done remains constant, the number of men varies inversely as the time. 


(2) One quantity is said to vary jointly as a number of others, 
when it varies directly as their product. Thus, if A varies jointly as B 
and О, 4 =т.ВО, where m is constant. 


i Illustration: The monthly income of а day labourer varies 
jointly as his daily earning and the number of days he works in a month. 


(8) A is said to vary directly as B and inversely as О when 
4 varies jointly as B and the reciprocal of C, that is, when 
A=m. В › where m is constant. 

Illustration: The time of travelling a distance varies directly 
as the distance and inversely as the speed of travelling. 


295. An Important Theorem. 


If A varies as B when С is constant, and A varies as О when В is 
constant, then will A vary as ВО when both В and О vary. 


Suppose a, is the value of A when b; is that of B, and ον that of 
C. Suppose also that аз is the value of A when bs is that of B and cs 
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that of C. Then the proposition will be proved if we can show that 
αι τᾶα-δισι: Сз. 

Now, Ње change of A from αι to аз is due to two causes, namely, - 

c (1) the change of B from b, to bs and (2) the change of C from 
бу to Ca. 

Hence, it is clear that if ome only of these causes be present 
(e, if either B or C alone undergoes the supposed change), A will 
change from a, to some value which is different from as. Let, therefore, 
а be the value of A when bs is that of B, and οι that of C. 


Thus, we have the value of 4 
=a, when those of B and О are respectively bı and οι ... (1) 
=a’ when those of B and О are respectively ba and οι ... (2) 
= аз when those of B and О are respectively bs and ca ... (8) 
Hence, from (1) and (2), we see that A changes from a, to a’, when 


B changes from b, to be, О remaining constant (i.e, retaining the 
value Οι), and, therefore, by hypothesis, 

g-» v Sneton 
and from (2) and (3), we see that A changes from a’ to as when C 
changes from су to сз, B remaining constant (t.e., retaining the value δα), 
and, therefore, by hypothesis, 


а мо 25 τ; 
ЕГА (8) 
Hence, from (а) and (5), 
, 
d x E =h x A or, = = us which proves the proposition. 


Illustration: (1) Suppose that a number of plants have to be 
watered ; the quantity of water supplied for watering evidently varies 
directly as the number of men employed if the time for watering remains 
unchanged ; and also it varies directly as the number of hours for which 
the men can work, if the number of men engaged remain the same ; hence, 
if the number of men and the number of hours be both variable, the 
quantity of water will vary as the product of the number of men and the 
number of hours. 


. (2) The area of a triangle varies directly, as the base when the 
height is constant, and it also varies directly as the height when the 
base is constant ; hence when both the base and the height are variable 
the area varies as the product of the numbers which express the base 
and the height. 


. Cor. If there be any number of quantities B, C, D, &o., each of 
which varies as another A when the rest are constant; then if they are 
all variable, A varies as their product, 


4 
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296. Some results worth remembering. 
(4) I£ 4 « B and В = C, then A= C. : 


For, lei A=mB, and B=n0, where m and " ате constants ; then 
A-mnO; and ~. as mn із constant, А = C. 


(2) If A= C, and Bæ C, then A+ B= C, and JAB« C. 


For, le A=mC, and B=nC, where m and n are constants ; then 
A+B=(m+n)C, and 4- B-(m-n)C. ~. (A+ B)« C. 
also VAB= Jmn02=CJmn, -. 4JAB«Q. 


(3) It A= BO, then Bx 4, and Ox Š ` 


hs QUAM A ELM 
For, let А=тВО, then B=; G ТИВ. С 


Similarly, 0= Š ` 


(4) It Ax B, and O= D, then 405 BD. 
For, 166 А=тВ, and C=nD, then AC=mnBD. .'. AC« BD. 


(5) If A= B, then A"« B", 

For, let A=mB, then А”=т"В". .. A"« В". 

(6 If A= В, then AP« BP, where P is any quantity variable 

> or invariable, 
For, let 4—mB, then AP=mBP. .. АР= BP. 
icati f the principles explained in 

Meo pecca ROS ve Шоха by ЧЫ following 
examples. 

Example 1. If y varies as z, and y=5 when z=19, find the value 
of y when z=18. 

By supposition, у = тт, where m is constant. 

Putting y=5, «=12, we have 5=m.12. .'. т= т. 

Hence, z and y are connected by the relation 7 = z. 

Hence, when z=18, we have 0=1-18=42= 73. 

Example 2. If z varies as pz +y, and if 2-3 when z—1, y=2, and 
2=5 when 2—2 and y —3, find 2. 

By supposition, 2=m(px+y), where m is constant. 

Putting z=3,2=1, y=2, we have 3=m(p+9) + (1) 
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Again putting z=5, z=9, y=3, we have 5=m(2p+3). > (9) 
eue 3. 249 РҮ 
Hence, from (1) and (2), by division, 2 = › whence p 71. 
5 92p*3 
Example 3.- If y=the sum of 8 quantities, of which the Ist < 2%, 


the 2nd « z, and the 3rd is constant ; and when z=1, 9, 3; y —6, 11, 18 
respectively, find the equation between т and y. 


By supposition, y=ma? -- nz + p, where m, n, p are constants, 
Now, since y=6, when z=1, we have 


6=m+ntp. E - (1) 

Similarly, 11=4m+2n +p, re - (2) 

and, 18=9m+8n+p. tee ---- (8) 

From (1) and (2), by subtraction, 3m-*n-5. ... (4) 

Similarly, from (2) and (3), Üm-tn-7. - (5) 
Now, subtracting (4) from (5), we have 
2m-—9, εν m=]; 

hence, from (4), n=2, -. from (1), p=3. 


Hence, the equation between z and y isy-z* 192158, 

Example 4. Ifat+b« a-b, prove that a2-- 5? < ab B 
and if a = b, prove that a2—b? < ab, 

(i) By supposition, a+b=m(a—5), where m is constant. 

Hence, (a-- 5)? —m*(a — b), 

or, a? + --9ab — m*(a* +b? 94}), 

2 (m° - 1a + b2)=9ab(1 +m). 


. 3 e т? +1). 
vs а%+Ь%= mai ab. 


2 
But am? +1) is constant.  .. a2+b? < ab, 


m*-1 
(ii) Since a=mb, F 
multiplying both sides by a, we have a2=m.ab > (1) 


and also multiplying both sides by P, we have b? -2. Ut (2) 
Subtracting (2) from (1), 
а? = (m = z) ‘ab, where (m = 2) 18 eonstant, 
©. 142-0 е ab. 
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Example 5. The wages of 5 men for 6 weeks being £14. 5s,, how 
many weeks will 4 men work for £19 ? 


Let z denote the wages (in pounds), earned by 7 men in z weeks. 
Then, evidently z =< 7, when z is constant ; 
and also z = z, when y is constant. 
when y and z are both variable, 
e ye, 
ie, @=m./z, when m is constant. 
Now, since z—141, when y=5 and z=6. 
1Mi-mx5x6. ... At)! { 
Also, if 2: denote the required number of woeks, then, since the 
corresponding values of z and y are respectively 19 and 4, we have 
19—mx4x2zi .. (4) 
Hence, dividing (3) by (4), 
H -5 whence δι 710 ; 
i.e, the required time=10 weeks. 
Example 6. Assuming that the quantity of work done varies as 
the cube root of the number of agents when the time is the same, and 


varies as the square root of the time when the number of agents is the 
same ; find how long 8 men would take to do one-fifth of the work which 


24 men can do in 25 hours. 
Let z denote the quantity of work done by y men in z hours. 


Then by supposition, 


т e * whenz and ~. Ра is constant, 
and also, z ο- й wheny and .". y is constant. 
Hence, when both y and z and.’ y and z are variable, 


теу й, 
б.е. 2, when / is constant. 
Now, since by the problem, 
z=1, when y=24 and 2=25. 
s. 1=h2/98. /95. s) 
Also, if z, be the required number of hours, since the corresponding 


values of 2 and y are respectively š and 3, we have 
2= 8.8/8. 2. > =- (2) 
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7 3/94 3 
Hence, dividing (1) by (9), 57 SEN. = V8 x5. 
1 


Mz -9and ©. а=4; 

ie, the required time=4 hours. 

Example 7. A sphere of metal is known to have a hollow space 
about its centre in the form of a concentric sphere, and its weight is 
$ oÍ the weight of a solid sphere of the same substance and radius В. 
compare the inner and outer radii, having given that the weight of p. 
spheres of the same substance = (radii)?. E 

‚ Le& E be the outer radius and W the weight of а solid sphere of 3 
the given metal of radius R ; also let r be the inner radius (i.e. radius | 
of the spherical cavity), and w the weight of a solid sphere of the given 
metal of radius 7. 

Then, by hypothesis, 

W-KRB?, 
and w= Kr?, where K is constant. 

Now, since (W —w) is ће weight of the given sphere, we have, by 

the question, W-w=4W, hence, we must have 
K(R° —r°)=ZKR°. 
155-75, whence Bot 


Nay 


_, Example 8. A point moves with a speed which is different in š 
different miles, but invariable in the same mile, and its speed in any 
mile varies inversely as the number of miles travelled before it 
commences this mile. If the second mile be described in 2 hours, find 
the time occupied in describing the nth mile. 


Evidently, the time of describing any mile varies inversely as the _ 
Speed in that mile ; hence, if vn denote the speed in mth mile and tn the 
number of hours required to describe the nth mile, we must have 


= 1, where m is constant. 
Un 
Also, by hypothesis, m= En where K is constant ; 
hence, n= P(n- 1). 
Evidently, then £» is known if kB known ; and since the time of 
‘describing the 2nd mile is two hours (.е., £n —9, when n=2), we have 
=m m 
2 EK jJ: 2. 


K 
Hence, £5—9(n- 1), 
i.e., the nth mile is described in 9(n— 1) hours. 
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Example 9. А locomotive engine without a train can go 24 miles 
an hour, and its speed is diminished by a quantity which varies as the 
square root of the number of waggons attached. With four waggons its 
speed is 20 miles an hour. Find the greatest number of waggons which 
the engine can move. 


Let =the number of waggons attached. 
Then the number of miles travelled by the train per hour (2.е., its 
speed) =24—m κ/ῶ, where m is a constant. 
Now, since the speed is 20 miles per hour when z=4, we must have 
20=24—m /4=24—-2m, <. т=9, 
.. Hence, the speed of the engine with z waggons=24—2 Na > 
evidently, therefore, the speed diminishes as z increases. 


Now, let us see for what value of z the speed is reduced to nothing. 
If z4 be this value, we must haye 
0—24-9 21. <. 49,719, and 2,7144. 
Thus, when 144 waggons are attached, the engine just fails to move 
the train. 
Hence, the greatest mwmber of waggons which the engine can 
move 143. 


Example 10. Τί 2, y, 2 be variable quantities such that y +2-2 
is constant, and that (z +y- a\la+z—-y) varies as yz, prove that 2+у+2 


varies as yz. 
By supposition, we have у+г2—@= k AD 
and (αν -- αγία +z-y)=myz, (9) 


where k and m are constants. 
Now, from (2), we have 2? — (y - 2)* =mz. 
g? — (y +4®=(т-— 4)уг, 
or, (ety tela—y-2)=(m—A)ye. 
Hence, from (1), 
(zy +2- k)=(m-4)yz. 
: gtytz= (69), i.e. = (a constant) x yz. 


Hence, 24 y *tz* yz, 
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EXERCISE 149 


1. If y= z, and y=5 when z=15, find the equation between 
wand y. , 


2. If y * z, and y=10 when 2=95, find y when 27385, 


3. If P varies inversely as О, and Q=10 when Р=9, what will 
P become when Q=8 2 


4. If P= QR, and the three corresponding values of P, Q, R be 
6, 9, 10 respectively, find the value of P when Q=5 and R=3, 


5. Ifthe square of z vary as the cube of y, and z=2, when y=38, 
find the equation between z and y. 


. €. Given that y varies as the sum of two quantities, one of which 
varies as z directly, the other as z inversely and that y=4, when z=1, 
and 0=5 when 2=9, find the equation between z and y. 


7. If ον = 2* -y?, and y=4 when 2=3, find the equation between 
9 and y. 


. 8. Given that y is equal to the sum of two quantities, one of 
which varies ав z, and the other varies inversely аз 2°, and when 
2=1, 2, y —6, 5 respectively, find the equation between z and y. 


9. Ify=the sum of 3 quantities of which the Ist is constant, the 
2nd = æ, and the 8rd ος z*, also when 2—3, 5, 7, y-0, --19, – 39 res- 
bectively, find the equation between z and y. 


10. Given that y*«a2—7? and when w= „/а®— 3, ν-ὖν find ὑπο 
equation between z and y. 


1. Ify=r+s, whilst ro z, and s < ^/z ; and if, when z—4, y=5, 
and when 2=9, y=10, show that 6y  5(z4- να). 


12. Assuming that the time of oscillation of a pendulum varies as 

“the square root of its length; if the length of a pendulum which 

oscillates once in a second be 39 inches, find the length of one which 
oscillates 56 times in a minute, 


13. Τ 18 men earn £7 in 15 days of 8 hours each, what will be the 
wages of 52 mon for 193 days of 9 hours each ? 


„М. Given that the volume of a sphere varies as the cube of its 
radius, prove that the volume of a sphere whose radius is 6 inches 
p DE ie the sum of the volumes of three Spheres whose radii are 

„ £, Ὁ inches, 
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15. The volume ofa pyramid varies jointly asits height and the 
area of its base ; and when the area of the base is 60 square feet and the 
height 14 feet, the volume is 980 cubic feet, What is the area of the 


base of a pyramid whose volume is 390 cubic feet and’ whose height 
is 26 feet ? 


„16. Given that the area of a circle varies as the square of its 
radius, and that the area of a circle is 154 square feet, when the radius 
is 7 feet ; find the area of a circle whose radius is 10 feet 6 inches. 


17. If the volume of a cone whose height is 12 inches and base 
30 square inches be 120 cubic inches, find the yolume of another whose 
height is 20 inches and base 1 square foot ; the volume of a cone varying 
as the height and base jointly, 


18. Tho volume of a circular cylinder varies as the square of the 
radius of the base when the height is the same and as the height when 
the base is the same. The volume is 88 cubic feet when the height is 
7 feet, and the radius of the base is 2 feet ; what will be the height of 
a cylinder on а base of a radius 9 feet, when the volume is 396 cubic feet ? 


19, Two circular gold plates, each an inch thick, the diameters 
of which are 6 inches and 8 inches respectively, are melted and formed 
into a circular plate one inch thick. Find its diameter, having given 
that the area of a circle varies as the square of its diameter, 


20. Given that the illustration from a source of light varies 
inversely as the square of the distance, how much farther from a candle 
must a book, which is now three inches off, be removed, во as to receive 
just half as much light ? 


21. А solid spherical mass of glass, 1 inch in diameter, is blown 
into a shell bounded by two concentric spheres, the diameter of the 
outer one being 3inches. Calculate the thickness of the shell. (The 
volume of a sphere varies directly as the cube of its diameter), 


22. When a body falls from rest, its distance from the starting 
point varies as the square of the time it has been falling ; ifa body falls 
through 4094 feet in 5 seconds, how far does it fallin 10 seconds? Also 
how far does it fall in the 10th second ? 


23. If 10 men can reap a field of 7$ acres, in 3 days of 12 hours 
each, how long will it take 8 men to reap 9 acres, working 16 hours 
a day 2 А 


24. The square of the time of a planet's revolution varies as the 
cube of its distance from the Sun; find the time of Venus's revolution, 
assuming the distance of the Earth and Venus from the Sun to be 
914 and 16 millions of miles respectively. 


If P be the time of revolution measured in days, and D the distance 
n аы of miles, we have Р? = ΚΟ”, where K is а constant, &c. ] 
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25. The value of a silver coin varies directly as the square of its 

diameter while its thickness remains the same, and directly as its 

. thickness while its diameter remains the same. The silver coins have 

their diameters in the ratio of 4: 3; find the ratio of their thickness if 
the value of the first be four times the value of the second. 

[ В. U. Р. Е. 1885] 


26. The value of diamonds « the square of their weights, and the 
square ofthe value of rubies « the cube of their weights. A diamond 
of а carats is worth m times the value of a ruby of b carats, and both 
together are worth £c. Required the value of а diamond and of 
а ruby, each weighing n carats. 

27. Ifa = band b < c, show that (αν +02) e οὗ, 

28. If zt y сс x-y, show that z?^-- y? * zy and z * y? = ylety). 

29. Given that a+y = z+ 1, and that z—y = z- 1, find the rela- 


tion between z and z, provided that z=2, when z=3, and y=1. 
[ B. U. P. Е. 1888] 
30. Τα = : › prove that z+ is least when x — y. 
[ We have zy a constant. ] 


91. The consumption ofcoal by а locomotive varies as the square 
of the velocity ; when the speed is 16 miles an hour the consumption o 
coal per hour іѕ tons; ifthe price of coal be 10s. per ton and the 
other expenses of the engine be 119. 3d. an hour, find the least cost of 
a journey of 100 miles. [ Apply the preceding example. ] 


32. Ifz e y, and y © 2, show that 
αγ σος Τμ (my) + 


ee PA N 
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ANSWERS 


Exereise 1. [ Pages 9-3 ] 


1. 100. 2. 10. 3. 12 miles. 4. 8 miles. 

5. 9. 6. 12. 7. 45 minutes. 8. 15 minutes. 

9. 82. 10. τς; 201. 11. 55sq.yds. 12. 7s. 6d. 

19. 90. 14. 9. 15, 29. 16, 4. 

15. 4480. 18. 900, 19. 1952. 20. 720. 
Exercise 2. [ Pages 8-0] 

1. 34. 2. 0. 8. 4. 4. 1. 5. δὲ. 

6. 14. 10; 8. 4. 9, 19. 10. 8. 

1789: 12. Ἐ 18, 5. 14. 80. 15. 99. 

16. 395, 17. 0. 18. 14. 19. 114. 20. 4. 

21. 69. 22. 19. 28. 0. 24. 325. 25. 9. 
Exercise 3. [Page 11] 

1. 94 2. 374. 3. 4. 4. 720. δ. 91. 

6. $ ολ 8. 40. 9.4 10. 3. 

11. 0. 12. 50. 13. 1. 14. 75. 15. 100. 

16. 200 17. 1590. 18. 41625. 19. 22680. 20. 845000. 
Exercise 4. [Page 14] 

RD КАМЫШ 715] 8. 6. 4, 18 5. 8 

6. 16. 7; 32 8. 256. 9. 11 10, 21 

11. 11. 12. 9. 13. 3. 14. 168. 15. 18. 

16. 9 17. 0. 18. 91 19. 23 20. 1 

21. 98. 22. 50. 23. 9. 24, 42. 25. 51 

26. 9805. πο 28. 171. 29. 9401. 30. 192 

91. 1099. 92. 1918, 33. 48. 34. 143 35. 18750. 

86. 16 37. 160. 88. 18, 89. 7. 40. 2. 


лш 
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Exereise 5. [ Pages 17-18 ] 


1. A’sloss=£100. 2. -10. 8, -96, 4. -100. 5; τα 
6. 4-3,5. 7. 15, -10, -90, 30. 8. -15,10,90, —30. 
Exercise 6. [ Page 20] E 
1 -9). 2 —18; 8, =31,) τα, 4-19. 5. -119099 
ϐ, -292. 7. —9034. 8. 608. 9. —7128. 10. —22041641 
Exereise 7. [ Pages 21-92] 3 
ἄν 8: 2: 5: Зей: 8. -4T. 5. -14 
6. —5L 7. 16. 8. -& 9. —32. 10. 1. 
Exercise 8. [ Pages 24-25 ] 
1. -aty. 2. m*+n2+p*. 3. οὗ +a°b-a?. 
4. 9abc-3mnp*. 5. 9a?b-—9b?c? —9df. 
6. —62*y—1llzyz —10z?y?. 7. 4(a?bc— b?ca-* c?ab). 
8.. —25a%mn + l6m?nz. 9. -14. 10. —234. 
11. 92. 12. 5. 18. 177. 14. —4653. 
15. -—19015. 16. -θατῦ--ο. 10. 92m җе 
18. 9z*?-9r?-7. 19. -a+2b-8d. 20. Qa? —3y*. 
21. 153. 22. —195. 23. 900. 24. 190. 25. 400. 


1. "πο 2, 10. ο 4-185 4 2—99; 5. 0 
`6. -991, ттт. 836689: 9. 17. 10. 177 
" Exercise 10. [ Page 29] 
1. 2a+3b—2c. 2. —3a+3b+4c. 8. 3+9/—3z. ; 
4. 9m?—9m-4. 5. 92?-y*—z?. 6. 3:?-9y?- my. 
7. 4a?-Tab-b?. 8. "lbc— Tc? +10шу. 9. -a?-2?-249. 
10. -(z-2y). 11. 3z-4y+5z. 19. 6-9m?-5m. 
18. -(3a?b-3ab?). 14. 9α5ῤ5, 15. Зар? – За?Ь. 
Exercise 11. [ Pages 31-32 ] Е: 
1. -4at8b. 9. 72-4у. 83. -2æ. 4. —4ja+9b. Б. 5at+2b — 
6. 


Exercise 9. [ Page 27] 


2b. esa 8. 8. 9. —2a+7b.. 10. 0: "М 
k: 


= 
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-2x +5y+Tz. 19. —9c. 13. 152157: 14. 8a-8b. 
11%- 7з. 16. 6a-6b-18c. 17. θᾳ--61--901. 18. z-y-13z 
-ϑο-γ-α. 20. a-11b-1T7c. 21. 92—120 +902. 
5a— b t llc. 28. α-ϑγ{92. 24. 1la-92b- ]16c. 


à-(btc-d)*(-m*n-z)4y-z. 
a-ibtc-d-mt(-n*z-y-2z). 
ia-b-(c-d4m)-i-n-(-z*y- 2). 
-|i-a-(-b-9b-1-d-(-m-m- z- (y - 2). 


Exercise 12. [ Page 33] 


15. 2:318, {ὃν 96. 4, —92. 5. . -45, 6. —78 
— 24. 21:8. 1-85. 9) 545; 10; 86, - 11. 60 12. 64. 


Exercise 18. [ Pages 34-35 ] 


54. 2. 4T. 8. -8. 4. ,-898. Ве 1. 
30. 1. 0. 8. 1196, 9. -980. 

Exercise 15. [Page 39] 
— 6a" y. 15. 9143036. 16. 4021719, 
— 156219925. 18. 1402*y"2?9. К 19. -4z'y*. 
= 0g δι 21. 4871991927, 92. 94z"y?z". 


Exercise 16. [ Page 40] 
-10α", ΡΕ. 8. 91m?n?. 4. —-18z*y". 
За", 6. —40т%". 7. δ0α’γ5ο5, 8, -—94g*y*z*. 


4825525. 10. 9δα5ῥϑο77, 11. —92425y5;5. 
3209 b?g* y. 18. 3ba?b*z*. 14. -60αϑα"γῥ, 
7025052, 16. -—18a5b9c*, 17. 63a*z5y?. 
16021727, 19. б5аз0р14029, 20. 1190181219927, 


Exercise 17. [Pages 49-43] 


ау -9α7, 9, —5a2+10ab-—-15ac. 8. 82?y -l9xy?. 
2a?*bc — S3ab?c — abc?. Б. -—3x*y? -6z?y? +3wy*. 
Ta?b9 —Tab*--91a*?b* —35a?b?. 7. —6a*z -8a?z*? — 10482, 
—8m*n + 19m?n? — 90m?n?. 9. αθῤϑος- a* b? c? — a3 b*c, 


g yz t vy?z -ayz? ουτε" — m? yz? -gey z. 
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‚ 11. 19c*d5 — 18c?d" +30с°4° + 24c* d. I 


12. —16a'b5-19a*b* —10a*b* +8a*b°. 15. 72*—29z*. 14. 0. 
15. 9r5-95y*. 4. 16: -2*-r4z*. 17. a72b°+4a*b?. 


. A Exercise 18. [Page 46] 
Een, 2. -8α". 8. 4a*z?. 4. 8z*5y5. 


1 
6. 5353. 6. –2р?д?, 7. 5z*y*z. 8. -—8a*c*. 
9. —3m5n*p. 10, 3a?c?. 11... —52*9*. 12. 3a*x^y*z?. 
13. ` a**. 14. .— Tats: 15; —T7m*5. 10: — 1241519; 
Exercise 19. [ Pages 46-47 ] 
1. 3a-9b. 2. 3b? – 9242, 8. .9a* —3b*. 4. 32° – 40у. 
5. 3y*-9z?. 6. л?—3тъ+4т?. . 7. ал—9ш°+8а%.` 


`8. -3° +24? —5az. 9. 9m?n?-3m*-4n*. 10. –р? +&ра + q. 
1. 2032949. 18, 1σθ-ϑαθ-ϑασ. 18, '3ra- Ma? — 42%. 


14. бтп – 7тп* –8р°. 15. Ь%с%л®%у®—9а9с%у®2® + 3a? mtz, 


Miscellaneous Exercises I 


[ Pages 47-52 ] 
13 
ЛО. 8 3. 15; 9а; Tab? ; 16m?pq. 
4. 6. Б. —{. В 90751901 —8, 74,8. 12: 
XE 
1. 0, 25, 46, 45. 2. 16. 3. (ὅ/α) x (8/a) x (3/a)=a, &o. ; 95. 
5. —©ш°у; —560. 6. 162*—8zy? +94ж®у%+ y* — 82x? y ; 81. 
7. —23a+30b+13c. 8. z-9ytz. 
И III 
1. (i) (at b) 72 yz; (ü) (@ +y)? =g? +y? 49zy ; 
(ii) S/m—mn--m?n? < Jet Jy ; (y) . a2 b, s. 8a 7 36. 
3. ὅ, -4, —48,18 —10. 3. -1000. δ. 66. 


7. —6а%+Ь%—9х°+16. 8. a. 


18. 441° +814%*. ^ 19. За?у. 20. (i) αὐ -γϑ1{25-8αγο; (ii) 0. 
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EEA, 
1. Ssh 3. 4. 5. 9. 6. .3rt2a- b. 
τ. „аз +h Τσ, 8. Το’ -γϑ-9σῃ. , 
V 
8. 2,a,b,a+b. 4. Τὰ. Ld. 505. 7. y. 8. 89. 
VI 
2. 580. 6. 60. : 8. 3808. 
; VII 
2. 8:0. 4. 1+2; 8а+Ь—бо. 5. (i) (@+b)(a-b) =a? -b° ; 
(ii) (a +b)? – (a3 +b?) -9ab. 6. 0. 7. atbte 
8. 2a—3b+go- sd. í 
VIII 
2. 9m; 9n. Ἢ 8. matmb+natnd; a2+2ab+b?. 
2 1 Lyr, 
4. 0: 0, ЕО УЕ 


7, 36285156 22710 y10,10 490415001 gy8 28 + 1001 851 90178945 z. 
8. 9551055)? + 555519537 +8а5°о®у*г%. : 


Exereise 20. [ Pages 53-54 ] 
1. α 8010. 2. 9a?-19a-*4. 8. αἲ +4ay+4y?. 
4. 4z*-98ry--49y?. 5. Qa?+24ab+16b°. 6. 95а? +70ab +492, 
7. a®y*+6abry+9b%a*. 8. a*-4a*bc- Abc? 
9. 9z*4192?y? +4у*. 10. 102*--8r?y? +g. 
11. а +452 +90? +4ab4 6ac-4- 19bc. 12. αὖθ +b"? +с?а? + 2ab*c 
+2a°be + 9abc?. 18. 4p?--9g* 151673 +19ра + 16pr +24qr. 
14. x54 )y*- 25 4 9m2y? +94222 933, 15. 4z?49y? +162? 
T 19zy + 16zz + 942. 16. т*+у°+®+2д®у% 19552" +992“, 
17. ж? + y? + 4a? + 9b? + 9zy + 4am + бл} + 4ya + 6yb + 19ab. 
18. 9a? + 1603 + οἳ + 443 + 24ab + бас + 19ad + 8bc + 16bd + 4cd. 
19. 4a? + g? + 10y? + 9z2 + 4аш + 16ay + 1да + By + 6rz + 2402, 
20. 16° +9n2-+9p2+4q2-+ 24mn + 94mp + 16mg + 18р + 19nq + 19р0. 
21. 42°. 99, 44%. 93. 16а. 24. а? Γ4αῦ 140}, 
25. σα’ 19χγ-γψ7, 36. 1. 27. 0. 28. 4. 
29. 9, 80. 1. 81. 16. 82. 95. 
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Exercise 21. [ Page 55 ] 


T. 235—579. 2. 4z?—90z +25. 3. 9z:?—-30ry-95y*. 
4. a?z*—9abzy + b*y*. ` B. 64m? – 48тт  9n?. 
6. рт? -92pqmn- q°n°. 7. p*-92p?mn- m?n?, 
8. ο -9z*y? - z*y*. 9. z5—4c*zt4x?z?, 
10. 9a°—30a°b* +25b°. 11. 22222 -9aboryz + a? ο”. 
19. ορ —9x?y923 αγ". 13. a*z? --θα αγ +Ь5у®. 
14. a? 4D? +40 — 4ab — 4ac  8bc. 15. 42° +9y? +162? – 192 – 1022 
+9402, ᾿ 16. 9т? +1612 +254 – 94mn — 30mq +400. 
17. a*+9b* +95с* 264° — 10a%c? «900303. 18. ο’ {γ᾽ + а +b? 
—9my – 10 — 90 * 9ya * 9yb +94}. 19. 22 +42° {90} 
1 *- 16y* —4az — 6ab — 8ay + 192b + 16xy + 94by. 90. 7991. 


21. 13689. 22. 248004. 23. 986049. 24. 360°. 35. 6407, 
36. 49a*. 27. 1912", 28. 95b?c? + 10bc?a +с?а". 29. 4. 
80. 81. 31. 16. 32. 95. 83. 144. 


Exercise 22. [ Page 57 ] 


2820. 2. 951° –169. 9. 22-44%) 4. a?z*-b5y". 
δ. aim nt: 6. ον. -ν ο. 7. шт*®—4у%2#. 8 a*y*-c*y*. 
9. z*-1. 1000552" 11. a? +2ab+b?-c?*. 
12. a?-b?-2Qbe-c?, 18. m*--m?n?-tn*, 14. т*+4у*. 
15. a?z?*—b?y? + 9bcyz — c?2?. 16. 02у +с22° – д0 +9002. 
17. b*m?-c*n? – atp? 4 9c*a?np. 18. a? --θ405 — T99c* + 489b*c?. 
19. a*z*44. 20. a®a®+atat+1. 91. m*-m*. 98. тШ 
98. 4a(b—c). 94. 4a(3c-9b). 95. 4zy(z?-4-y?) 96. 4a(y—a+d). 
27. 8a(3b-5c-7d). 98. 9376. 29. 1069840. 80. 4985645. 
81. (52+6)52—6). 32. (8a+4c)(8a—4e). 33. (4m+7n)(4m- Tn). 
34. (2p +94)(2p -94). 85. (ax+86b)(ax-—8b). | 
36. (6z*--11y?)(€x? —11y?). 37. (748a)(7 —84). 
38. (19c--5a)(19c — δά). 39. (a+b+c\(a+b-c). 
40. (a@+2b+5c)(a+2b—5c). 41. (974 3a—4b)(2z — 3a 1-40). 
42. (a+2b-3c)(a—2b --8ο). 48. (a? +9b?)(a+3b)(a- 80). 
44. (x-y*a-b(zr-y-a-b). 45. (9a? + 25y2)(8a +5y)(3a—5y). 
46. (Ta—d)(a+15b). 47. (5a-Qy)(x+I12y), 48. (2a+3b-4c)(b- 20). 


49. (2m-5n-9p)(9m +n-8p). 50. (ὅσ--τν +122)(x-y 1-95) 


| 


δι 
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ν Exercise 23. [Page 59] 
1. φῦ {927 +072 +97. 3. 8z5--192? 6x 41. 


3. 9Ta?--9Ta?b--9ab? +b. 4. 6425 -1442?y + Ρα 
5. 09 62*y--192?y* +83. 6. wey? + 3r ytz 4-3my?2? +4325, 
7. a9b?--3a*b*c?d + Sa? bcd? 4 οὐ άϑ, 8. a? + δ) + 805 +8а%Ь 


t 3ab? + 6a7c + 12ac* +6b2c+12be? --19abc. 9. 8x9 r9T7y? + z° + 80z?y 
t b54zy? + 192? 2 + 672? - 9 Ty? 2 + 92° + 86myz. 
10. z?-8z5y*--3:999-y?. 11. 195m?. 19, тх*+8х°у+8ху°+1]®. 


18. 976%. 14. αὐ 1805 18511, 15. αὖ +6x7+120+8, 
16. 8a?. 17. 90, 18, 115. 20. 59. 21. 0. 
απ σε ΩΝ 23. 0. 24. 10. 


Exercise 24. [ Pages 60-61 ] 

1. z?-62*419—8. 9, 82?-19z? 67-1. 

3. 8-36a-54a? – 974°. 4. 97-—108a-4 144a? — 644°. 

5. 8a? —36a?b4-54ab? —9Tb*. 6. 195m? – 300т2т + 940mn? — 64n?. 

825 — 6022у - 150cy? —195y?. 8. 8205—05 с —19a?b 

+ — — 12a?c + bac? — 3b*c — 8bc? + 12abc. 9. 875 —27y°—2* 
— 8622 + 54шу® — 1922z + 6zz2 — 97022 — 9yz? + 362002. 10. γ' 
-që -r° —8p*q? + 8p2q* — 3ptr° - 8p?r* — 3g*r? —8а%›* +6p°q°r° 

11. 640%. 12. 2°-807y+8ay?2-y°. 18. 82°. 14. 0. 

15. 343. 10. —505. 17. 97. 18. 36. 19. 140, 


n 


Exercise 25. [Page 62] 

1. ж°%+]1, 2, 1+82°. 3. 195p**1. 4. 948a? +64b?. 
5. 512w? +978. 6. αἲ 03 +64с°. 7. αὖθ +19568, 
8. 195a?-- 729Ь°. 9. (a+1)a°-a+1). 10. (r-2)(z* -9a-4). 

11. (9c 1)4z? —9z- 1). 12. (3a+2)(9a? – 60+ 4). 

(2m + (4m? -Em +16). 14. (4p+5)(16p? – 20p + 25). 

15. (2w + 6y)(4e* — 122y + 36y?). 16. (8a+7y)(9a? — 21а +49у°). 

(баа + y)(36a?z? — Gacy + y^). 

18. (ЗаЬ+4ту)(9а®Ь® — 12abey + 162*y*). 

(abe + 10yz((Bla?b*c3 — 90abczyz-- 1002 y*2*). 
90. (11452228 + 9ey2z5)(121a2b*a® — 99ab*ca? y*z* + 816*y*z^). 


па А 

5. 97m? - 8n*q* 
7. 
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Exercise 26. [ Page 62] 
5—97. 8. 64a5—1. 


6. (5а—1)(95а° + Ба +1). 
. (7z— ~2y2)(4922 May? +4y*). 8. (65—51)(36 


(1-8k)(1+8%+64%"). 10. (9m-4an?)81m? + 


1. 22+32+9, 

4. οἱ -14e+ 88. 

7. р?+9р- 148. 
10. 22-152+50. 
18. a?+19a +70. 
16. ο +192: +94, 
19. m?-11m-80. 
22. 1” -θπι-- 91. 
25. 22 --θᾳ--160. 


1. 4. 2. —5. 


319518. 1б; 


18. δι 14.4. 


20. 85. 21. 5. 
27. -9, 98. 4. 


1. 15-2. 
5. y-92a. 


9. zy miles. 
60 . 

12. z miles. 
z, +l, g+2. 


19. 8 days. 


23. ме Im. 


26. 109 ORB 


Exereise 27. [ Pages 63-64 ] 


2. z*-11z418. 3. 

5. a*-5a-176. 6. 

8. 23--ὄρ--904. 9. 
11. 22-72-60. 12. 
14. m?-8m-84. 15. 
17. a*—-14a- 33. 18. 
20. z*—18z480. ?1. 
38. z*—962--1060. 24. 


Exercise 28. [ Pages 67-68 ] 


8. -4. 4.. -δ. 
BECOME. рс эй з. 
15. 0. 16. T. 17. - а. 
22. 7. 08) 56. 2. 0. 
29. 1. 30. -1. 81. 19. 


Exercise 29. [ Pages 69-70 ] 


10. 


13. 
16. 
29. 


24. 


2. 2-90. 8. +95. 4. 95-y. 
7. 100- 


21, 
6T 


2 hours. 11. (2390) years ; (2—8) years. 


ч feet. 14. τε rupees. 15. x-2, 2-1, 
ϑα. 17. 2m+3. 18. 90-39. 
3ab £ iles. 
3ab. 21. 16 3y miles 
(216) years ; (z +45) years. 35. 10y +s. 


27. 1002+10у+2. 


4. 25 —8y*z5. 


k? +8051 + 951°). 


με Sa 


36man? +16a°n*). 


@°+@-— 80. 

т? +19m — 133. 
æ? +52 — 86. 

k* - 11k - 96. 
2? —18z + 65. 
2° –92 —59. 
a*—6a- 12. 
a? —19z — 90. 


δ, “δ, 6. —60. 


1551, 12. 2. 
18. —1. 19,20 
25. -8. 20. 9. 


82. 30. 33. 12. 


Зр. 8. 42-8/. 


ANSWERS 537 


Exercise 30. [Pages 71-72] . 


1. 6ft. and 3ft. 2. 90. 3. 40and10. 4, 80. 

5. 12. 6. 60. 7. 40. 8. 96. 

9. 42, 43, 44. 10. 33. 11. 95, 65. 12. 16 and 24. 
18. 36. 14. 72. 15. 10,11. 16. £600, £250. 
17. £120, £300. 18. £3. 10s. 19. 35,95. 20. 30,10. 


Exercise 31. [ Pages 75-76 ] 


2. Take BE equal to AD; by guess let F be the middle point of 
DE. Then F is very approximately the middle point of AB, the error, 
if any, being indefinitely small. 

7. 2'56, 1°68, 3°79, 2°39, 140. 


Exercise 82. [Pages 78-79] . 


1. 6$ units of length. 9. 7# feet. 3. Ti yards. 4. 93'5inches. 
5. 3'6 feet. 6. το feet. 7. 5 yards. 
8. 65 feet. 9. 17 feet. ` 10. 998 feet. 


Exercise 34. [ Page 84] 


1. (i) (11,8); (79, 1}; (—5, -6); (9, –10). 
Gi) (2'2, 16); (-18, 99); (-1, -T9); (18, - 


2. (38,98; (-8, 38); (-18, -2); (8, -98). 5. 90, 
6. 13. 7. 50. 8. 11; -18. 9, 175; 36. 
10. 12;8. 11. 1955 units of area. 12. 16 units of area. 
13. lunit of area. 14. 40 units of area; 7,45. 15. (i) 83; 
(ii) 78; (111) 490; (iv) 72. 16. 30sq.cm.; 5 em. ; 90°. 
17. 95 om. 18. 6,7. . 19. 5. 20. 32 units of area; 7, 5. 
Miscellaneous Exercises Il 
[ Pages 87-88 ] 
I 
1. z?-y?-22-9my49yz-9em. T. тё +n? OR тал» т) Тр 
8. 970° –93ту – 66у. 9, 217. 
z п 
b° т? т? po 
1. -4. $c 8. 3. 4. a 5. RE 
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III 
1 £5 Ў 2. 126. 8. Rs. 1500. 
4. £2250 ; £900 ; $750; £300. 5. 40; 20; 36. 6. £52; £2. 12s, 


Exercise 35. [Pages 93-95 ] 
1. —5a®-Qry—y?-Qe-y-2. 9. 4a?b. 8. —mPn?-mnp-m?w., 


4. gab gt. 5. a*b*c*. 6. a3b? – 3с + oa — a? 3οἳ. 
7. a*-4b9- c? —3abc. 8. 9(cr*y-*2). 9. Aaty+z). 

10. οὖν εν + zm, 11. a?b-b?c--c*a- ab? * bc? +са?, ` 
13. abe? +Ъса? cab? + a*d - b*d  c*d. 18. -—Hoty+z). 
14. —Hryt2). 15. 0. 16. 0. 
17. 0. .48. 1980. 19. 19280. 20. 0. 
91. (a?-b9)m--n47p--q--1)*- (a — b) --n- p q- 1) - οἳ (1 1-1 * n). 
22. 4lag? +by? *cz?). 23. 0. 94. 3(a3--b*-c?— ab— bc са). 


‚25. (a--b-*c)(a? y? +). 


Exercise 36. [ Pages 96-98] 


1. 1025-11z*y-- 10259? + 6z?y? — 3y*. 9. 9m?nz—'In*am 
+ 19g*?mn + Ттт? + 8n?z?m. 3. lla?—325y— 502*у° 152? y? 
+9622 1925 +40у°. 4. δα" – 8а22° --Gyzbc? + 9y* zbc  4yz? bc. 
б. —98-a*y5z- 9my*25 + 9x*25y + 6x7y 22? -ϑαγα". 6. 4c*y*z* 
7 802*y*z* + 98ρ3γ 324 Р, 99x5y?2* =, 109224223 + 1550228. 
7. —1905у*25 - 10029у°:* + B8x*y*z? + 92mty3z" + 3905у%2* 


—8825yí72. 8, 40% +бту-– Ty? – 802. 9. 62° – 191° +2a*be 

—Taby?-9eyab. . ^ 10. —9z*--62?y —92?y? +808  Ty*. 
11. -925-3z*y —102?y? — 402° — 132у* +5005. 19. а? «δαῦ--θὺ”. 
18. 4z?—8zy-y?—19r—15y +9. 14. 2a? —4a?b- Tab? — 15°. 
15. —-192*y--7z*y? — 8x? - 17y — 99. 16. 5a?—4ab-5bc-* 110^. 
17. —95*-3y?-bzy -8z-2. 18. —3a?-115?c- 6ас° — 5b?. 
19. —4z? —99xy? — 45y? — 11x? — 94zy — 15. 20. Hat dey +2. 
21. Sam tiy + 38mz. ; 99. 1`2а°ст + 80'08c*by 
4562. 28. — ТУЫ de- забу = bš FS; +10 бту — bnz: 
24. (i) 19z4-9'3y- 62; (1) 35g- τη — 312; 


(iii) 3'àa--19'0412--90m? +30р. 25. 9(bc?--ca?--ab?) 26. 0. 
27. 0. 28. ar+by+cz. 29. 2az-i19by-cz. 80. l4r44y-t Tz. 
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Exercise 37. [Page100] » 


1. 92a?45ab43b?. 2. 9m?—5mn43n?. 8. a? b? rc? +94} 
*9ac-9bc. 4, a*-b*-c* —9ab4 9ac— 9bc. 5. a? b* Γοἳ — 98b 
—9ac-9bc. 6, 9a*--9b*--83c* —5ab — Tac 1 bbc. 7. 907 +8y?+ 42** 
—Say—6az+Tyz, 8. Da*—9a*—9b?-8ra—-9zb-5ab. 9. a9—y3—z? 
—a*y - a* zt ay? — y?z E mz? — 220. 10. 022—222 —2?2? —9уг°т, 


Exercise 38. [ Pages 103-106 ] 


1. 27a°—75ab? + 45a? — 19603. ; 2. 4a? —9b? 4- 94bc — 160°: 
9. т*+8х°+4. 4. аа? + b*, Бава, 
6. z9?—-2*y* t 91?y? +y’. 7. m^*m?, 8. p*-q*. 
9. a5—96a?b*--95ab*. 10. z5—5z?-5z?-1. 11. z*-9a?a?-a*. ' 
12. a*-—8a*b? + 3a?b* — b^. 13. z°+10z-33. 14. 25-922?-41. 
15. a®+a°b? - a*b* - a?b* +58, 10. αὐ {γϑ-5-ϑσγα. 
17. as +08 +0 Sabe. 18. 9a*—a5b-14a*b? +13а%° — 49a? b^ 
+ 93ab5 —20b°. 19, apz?-(bp— ад? — (cp-- ba)e + ca. 
90. mng? – (n? + тт) +r’. 91. аш*—(1+а@)Ьш°+(со+1°—ао)ж® — οὔ, 


29. abz5 — (b? + aclu* + (90ο + ad)? — (9bd + с?) + 9сйт — 4°, 
98. mpx* — (mq — mr *np)z? + (ms+mq-nr-ps)w? + (q-r—m)su— 5°. 
24. alz? + (9hl + ат)х®у+(Ь + 9hm)zy? + bmw? + ana? + джу + by? 
95. δρα" + m3pzjy + n?pz*y? + (154  99?p)? + (m°q + 2/%р)х®у 
+з?ашу® + (c2p + Qg2q + Pr)? 4 (mr  2/?q)zy t n?ry* + (29?r + c°q)m 
+Of%ry ον, 28. α”15399'γ 3888272 + 298827 y^ + 2ψκαγ" + y”. 
97. α’ + le + Beaty? + 382902 + 43829 + түтү? + y". 
98, ᾿βθ1ᾳ13 + 3197019 + 90729 + "405r? + 8912 + 208509 
+16'0879z5 + 11'07z* -- 5/8075? + 99'95z2 + 6`95ж +45. 29. `399a5 
-1989a*b--16 11a?b? + 32'867a°b? + 23°789ab* + 95'2b5. 30. 9312 
+ (8151 93m)z*y + (1171 + 315m + 93n?y? + (9071 + 117m 
+3`15и)д®у® + (@07т+117л)ху* + 2'07ту°. 91. a*z5—6f5abz*y 
+ (ac — Б®)ш®у® + (be + dad)sty + (c? — δαν" + δοάγ". 
32. 9'95а®т® + (3'9ас — 144b?)m*n? -- (3:840d — 1'69c*)m?n^ – 9 564°n°, 
38. 16a* --8103. 94. 695a*x*— 1996b*y*. 85. 019-19 
86. 25--49z*y* 4-695y*. 37. 218018619018, 51. 62°, 
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52. -9y^. 53. бу. 54. 152808. 55. —3ab?. 56. -ay^. 
£ 
B7. 18230303. " 58. 15шуг 59. —30a?bc7. 60. 162: 67°, . 
61. а+дабй+ь 62. α- ου. 63. 92-1600. 64. atb 
5. o=: 66. а%+а%ьї +15. 67. 4%—3та%у* +9". 
68. a*-1*, 60. z*-y* 70. α- — Τι. αεγεο-βοῤυδεῖ, 
πο. qen +a", 73. a^5—6a-*b--13a-9b? —19a-?b? + 6a * b* — b^. 
τα. οἱ. --ὅα y? Ay. 15. 4a-19419a 7 b 3 + 9a-*b-* — 95b; *. 
16. 6091-1993 +49ж+45. 77. 9z5—7ze?— 94x +45. 
78. 325 +92* + 112° +91д° +982 +19. 79. ρα" qz? p*z? 


+p(q+r)e+ar. 80. 209 +405 + τα" - 432? +1640? +50 +10. 


Exercise 39. [Pages 110-111 ] 


ο Os 2. ᾳ-δ. 9. 3at+4. 4. da-7. 

5. 2a-3b. 6. a?-cyty*?. 7. 92-34. 8. a*-ac*a*. 
9. a*-2ab-b?. 10. ᾳ38. 11. 27-1, 12. 92ay-b. 

18. am+3n. 14. 9z?-8zy -4y?. 15. 3y?-z*y ελα". 
16. 4m?—6mn*8n?. 17. a?-3a?y-y?. 18. 97(zta) 19. 2—4. 
20. z*--92az? +3022? +9а®т γα". 21. zc*—92?y--82*y* — туз - y*. 
92. z*-(a-b)z-tab. 38. т-с. 94. atbtc. 95. ab+actbe. 
26. ab+ac—be. 27. z?-—(a-b):—ab. 
98. а? +2 +с2 – аһ ac — bc. 29. z*-y*-1-aytzty. 
80, c*--4y? +922 - 9my + 9xz буз. 91. σα’ εν +22 +2у – 2+2, 
30. 2r-3y-2. 83. ab-ac-be+c?. 34. ate, | 

35. ατα. 86. a?-ctab-bc-c?. 37. ab-actbc- b. 
88. y*z--9y*z-- yz? — 9yz? —a?z — 02°. 89. z?-azrta?. 

40. cta-b. 41. 9(а+Ь)т. 49. т+у+а+луг. 

ο ο +a) - (4y? —a*)*, 48. ab 49. аро, 
50. 355,875. 51. 328-440. 52. а-ай eds, 
58. ай-ай, 54. αοἷ- διῖυδ- ουδ. 

55. ана 1 αἶρε D. 56. 24-5 +34740785678. 


1. 
14. 
16. 
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ax tn ὃν S+7 58. айар абы + ab+ abet + oF, 
NN bus ο sa s ot { 
Y Exercise 40, [ Page 113] 
m? — 8mn * 2n?. 2. а?-Зар+ъ?, 9.923 — 929 —9y?; 
а? — 402—920". δ. 8+92=9х%+°, 6. 2*-9748. 
92a? + Зар – 403. 8. а2 ат +41. 9. а? аЬ 903. 
Qu? — 32-8, 1. αὐ 18’ +9z+97. 
a* +2а® +407 184 +16. i 15. 807 1905, 
322 — 4g b. 15 32+162+82° +408 -9z* +05, 
ο” +958 +807 +92 +1. 17. 2а®%—8аЬ+4Ь°, 
a? Γδαῦ-- 50°, κ 19. 25 +9024 +9та? +a, 
ee bš. 21. z*-2yz* -3y?z? +ду%х + у*, 
Wt 
e+6+—— = 23. а? Нату tW τς τρ 34. r. 


$+40+482? +$9z is the quotient and $12* is the remainder. 


Exercise 41. [Page 115] 


αἳ γα’ τὰ 11. 14.2? -2*y τση" —y*. 

α΄ +05 καὶ al. 16, a*-a?ytz^y?- oy? +у*. T 
ο γω αν Team, 18. αὖ-α΄γ Γον -mty αν. y" 
m° +05 t g* a? 17 τα 11, 


gê -gy +aty?—28y% +g?yt -eyt +y". 


Exercise 42. [Pages 118-119 ] 


25x? +-902у +81у°. 2. 9ὔθα”--4Ιθαῦ +1695. 
æ? +900ж +10000. 4. y?-1000y--250000. 
a? 4- 1998a +998001. 6. y? +20002y + 100020001. 


8. 1024144, 9. 1010025. 10. 9920716. 


976144. 

8z° +60z2 +150z -- 195. 19. 1157695. 18. 985074875. 
513159864216. 15. (i) 50000032 ; (ii) 2000988. 

(0 (82-30): (2—0); (1) (δα + 8y)*-(@ + 2y)? ; 

Gii) (z +100)? — (iv) (600)? — 5° - (у) (дт +100)? — ('4)2, 
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17. a*-az*. 18. 16a*-81. 19. a?-Fa*b*-D?. 
20. 99999984. 21. 99999744. 99. 8a?--19a?z--6az? +, 
23. a5—192a* 48a? – 64. 94. αἱ 104. 95. 8у®*—97. 
26. х°—64. 97. 42° +9402 +1575. 98. 362° +1092 — 1075. 
29. 362° – 4082 +1075. 80. 100α3. 91. αἳ ΕΥ +920. 
32. 800022. 33. 19543. 34. 188147, 
85. δα”, 36. (2+9)(2+3). 87. 5(y+8)(y +5). 
38. (a*--9ab--9b*)(a? --θαὖ 903). 89. (ον +3)(2+у19). 
40. (9a--8b--8Y(a--8b — 4). 41. (Qa +5y)(4e:? – 102 + 95y*). 
49. (8.418. -- 4)((Sa -- 192)? + 4(Ba - 132) + 16}. j 
48. (15a--3b--9)(15a-- 3b - 2). 44. Ba (c - 9y Ye - 80). 
45. 995. 46. 519. 47. 10000. 
48. 8099999990. 49. 99355. 50. 1. 
51. (925r-83z:?)8-45z-2?) > 52.  a*b*(3 4-1)? — (a? - D?)?a?. 
58. (Ilz?--282--10)?-(a?--m-k5)*. 54. (492? 1-98αα 13945)’ + (507). 


Exercise 43. [ Pages 126-127 ] 


1.) 191; (0) 49; (34. 9. 144 sq. ft. 4. ° 15 sq. ft. . 
5. 55 вд. yds. 6. 84 sq. yds. 7. 500 sq. yds. 8. 50. 
9; 76. 10. 171 sq. yds. 
Exercise 44. [ Page 198] 
1. a(b-c). 2. a*b*(b-a). 8. a*y*(y-- 93). 
4. 9myz(z--9y — 32) 5. 92a5b(2a? —3ab — 403). 
6. az? (y – бату? +3). 7. 8x?y?z*(a?y — 4? 2 τα ο). 
8. 14a5b5(2a5 – 803). 9. 86z*y*(2z?  3y?). 
10. 13a°b%c*(8b2c? —5c?a? — Ta? 03). 


Exercise 45. [ Page 198] 


1. (3a +4b)(3a-— 42). 2. a(2a+5a)(2a- δα). 

3. (622+1)(62° — 1). 4. (43 1 (9 192 — 1). 
5. a(4c?--3)(4z? — 3). 6. a(4z? +9)(2x * 32x — 3). 
7. (1+4a")(1+2a)(1—2a). 8. 2°(1+92°)(1+ 82)(1 — 32). 
9. (64 2?a)(6—2?*a). 10. (8a? +72:°)(Sa? – 725). 

1i. (11 m?)(11 m°). 19. (723a5--9)(77?a5 — 9). 
18. (ab-5cd)(ab— 5cd). 14. (92% +8a*)(9x° —8а°). 


15. p*(g?--10)(q? —10). 16. a?(192? 4-5a2)(19? — δα"). 
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3a°(8a? +92°)(8а° — 973). 18. 2aa(7ax? +8)(7ax? - 8). 
4c"a^(9m*a?--11(0m5a3 —11) 20. 5mi*n'"(Tm^n? +11)(7m*n® — 11). 
(a-3b-8c(a-8b—5c) 22. (a-*3b—5c(a—8b-50. . 23. day. 
(δα +3z)(a +z). 25. (2a-2b+3e—3d)(Q2a —2b — 80-84). 
(7a +5y — 84)(72-— бу +32). 27. 19(5z-—1)(z +9). 28. 4a(b-c). 
(Ga-b-c(a-Tb-9c) 30. (14a--91o — 93y(9a +27% — 414). 
—9(r-Fa)(z—a)z*-a*). 89, 98a(5a- 3). 


Exercise 46. [ Pages 199-130 ] 
(a? c1)? — 21). 2. (ш®+т+1)(ш*—@+1)(ш*— д +1), 


(a? +аж+°)(а®— am +). 

(a? c az * x? )(a? — ac 4 z*)(a* — a2? +24), 

(02 - 4x +8)(ш® — 4a +8), 6. (2x? +62+9)(922 — ба +9), 
Q(x? +9z --9) (x? — дл +2). 8. (a? +2a+3)(a? —9a +3). 

(z? +m -8)2*—2- 3). 10. (905 +22 - 3)(9x* — 2x +8), 
(2x? + Qa — 3)(9%2 — 9x -- 3). 12. (803 +82 +3)(90% — 8 1-8). 
(2a? +5a — 38a? — 5a - 3). 14. (2a? +100 +25)(24° — 10a 4-25), 
(32? +e +43? — r+ 4). 16. (3a? -a-4)(3a? —a—4). 

(895 + 3m — 4 (82? — 3 — 4). 18. (3a*-5a-4)(3a* — ba +4). 


(4x? -- Gra 4 ba? (4x? — бла +502), 

(3a? +Tax +5z2)(8a2 – Тап + 522). 21. (w? + 4x + 19) (x? — Аж 4-19). 

(a? + 5ab—5b?)(a?-5ab-5b?). 93. (6a? + 2ab-b?)(6a2 —9ab— 23), 
(7m? +9mm — 4n3)(7m? — 9mn —4n?). ` 
(Ba? + 19aqm +9z2)(8a2 — 1247 +9т®). 

(853 +14ха +49a2)(922 — 14ra +49a°). 97.  (z--y z)(e— +z). 

(2a +b- 8c)(2a — b +80). 29. (3% +2y -82(8z — 2y 1-82). 
(a-- 9b — 5c)(a — 9b 5c). 81. (4y-- 82 — bz)4y — 3 5;). 
(α-- 2b + 3: — 9d)(a — 9b — 8c + 9). 38. (x—2y ^ zu - 2). 

(2x - 8a +5b - 1) (9x + 3a — 5b — 1). 

(8a +2y — 72 — 58x — 99 Tz — δ). 

(4a -3b— 4c — 3 (4a — 8b +40 — 3). 

(2—70 +5а—9)(ж-Ту— 524-9). 

(40 δα + Зу — Tb)(4z + 5a—8y +7b). 

(Ta — 4y 4-82 - (Ye — 4y — 82-1). 

(a+b-c-dXa-b+e- d). 
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Exereise 47. [ Page 181] 


1. (a-9b)a2+9ab+4b2). 2. αία- 3a)(a? +8ах 4 92?). 
8. (дж+1)(4ж#*—9ш+1)(64ж° — 825 +1). 4. (a—9b)(a? * 2ab- 40?) 
(a° + 840° + 640%). 5. (3a?--5z?)(90* — 1δαϑα" +950%). 
6. (m+n)(m—n)(m? — ma + n°)(m° + mn +n). 7. (Ta+8y) 


(49x? — ὅβαν + 64y?). 8. (952—1)(9z? 1-1)(4α" θα” -- 1)(4x* — 92? 4 1).— 


9. (a—-9z?)(a--9z?)(a?  2ax? --4z*Y(a* – 9αα" + 4z^). 10. (52° – 6а) 


(952° +3023а° + 36a*). 11. а(4а*-+7*)(16а°% —28a*b* + 49°). 
12. a?y*(2r? + 9γϑ)(8α5 — 9у3)(92° — 6z?y? + 4y°)(9a° + Gx?y? + 4y*). 
18. (a-b)*(a* —9a?b -- 6a?b? — 2ab* +b*). 14. Aa+y)(e-y) 
(4e* — 142*y* + 13y*). 15. 9(a— b)(a? + ab + b3)(4a* — 2a? δ} b^). 


Exercise 48. [ Pages 135-136 ] 


1. (z+1)z+9). 2. (а+9)(ш+8). 3. (a+1)(a+8). 
4. (ᾳ--δ)ία--1). 5. (=+9)(2+5). 6. (ᾳ--θ]ία--4), 
7. (z+5)e+3). 8. (т—5)(®+3). 9. (z-—4)z-9). 
10. (z+4)z-9). 11. (α--θ]ία--19). 12. (x-2)(x-20). 
13. (z+10)z-3). 14. (α-{θ)ία-6). 15. (z--18)Y«- 9). 
16. (z-12)z-3). 17. (ш+14)(@—3). 18. (т+18)(@—4). 
19. (ᾳ--θ(α--δ). 20. (z—1l6)z-+5). 31. (z—39)(z+3). 
22. (z-14)z+4). 28. (т-Т)(а+6). 24. (@—9)(т+8). 
25. (z +10)(z +12). 26. (z+90)(z-4). 91. (z-94)z+3). 
28. (z+19)z-7). 29. (z-—19)(z-8). 30. (z+296)(z-3). 
31. (2-19)(2+6). 32. (29100-4). 88. (ш—99)(ш—4). 
34. (e+15)a-8). 35. (2—10) +8). 36. (z+14)z-6). 
37. (α- θα +7). 38. (m—15)(m+6). 39. (a+20)(a—3). 
40. (а—9)(@—6). 41. (р-94)(р+2). 42. (т+9)( — 8). 
48. (m+30)(m-3). 44. (a—94)(a—5). 45. (2+13)(=-—6). 
46. (a—51Y(a-9). 47. (α-- 16)α--4). 48. (2+16)(2—4). 
49, (2 30Ya--4). 50. (α--16)(α-- τ). 51. (c—- Ty)(«-- 69). 
52. (a—8bY(a — 40). 53. (m-6n)m-—5mn). 54. (a-4b)(a- 3b). 
55. (a-5b)(a +30), 56. (ᾳ--θγ)(α-ςτ). 57. (2+8у)(:— 50). 
58. (р-600-80. 59. (p^10gp-8g. 60. (+940240), 
61. (а+1)(@—1)(а4®+5). 62. (2° «δα – 3). 


. (x 9)(c— 9) +7), 
Ў Миз | 
. (а@—1)(а@+2)(@#+а+1)(а#—9а+4). 
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64. (ш—1)(ш®+х+1)(ш° +3). 
66. (z—1)(c-3)z*--z-- 1)? — 8039). 


- (5a-3by2a—'7b) 86. (8m-4m)4m-5n) 87. 
( 


4a-5b)(5a—6b). 89. (8α- ὄγ)ίθα-- Ty). 
Exercise 49. [Page 198] 


«(r3 1). 2. 
„ (ш—7)(ж--8). 5. 
. (@—8)(ш@—4). 


. (at+y)(e—y+2). 11. 
. (r-y-2)z-5y-z). 
« (ac b—83o)(a — 18b +30). 

(c y — δε]ία-- 15y + 52). . 


. (3r-1)(c-9) 20. 
. (2 — 1)(32+9). 38. 

(9x--3(4c—5). 26. 
. (8219) (:—6). 29. 
« (80—5)(@+6). 83. 


© (2x—-3y)(3z - 2y). 35. 
. (8α-- δύ)(4α 3-90). 38. 
(3a— 4b)(5a +30). 41. 


(z--3y)(8m—y). 44. 

(x — 5)(52+1). 40. 

(a+6b)X6a-)b) 50. 
e (a*'T7b(Ta—b). 58. 
- (9z-y(c—9y) 56. 


(z —y)*(9 + 2? + жу). 
(z —4yY4z — JY? +). 


1—35 


(z+5)(z+1). 
(z—8)(z + 6). 


8. (z-11l)(z+5). 


90. 


3. 


6. 


9. 


(zy 1)r-y*5) 12. 
14. (z-2y-22)(« -8y * 22). 
16. (=+19у -- 8ε]ία 1 32). 


(82+ 9) (m +4). 
(Qa + 1)(82— 4). 
(gz — 5)(дж+ 7). 
(22+ 5)(a—7). 
(8a — 2)(4z + 3). 


(3m + 9n)(9m — 5n). 
(5m — 9n)(9m + 3n). 


(2a — b)(a —2D). 
(a 4- 4)(4a — 1). 

(a — 5y)5z — y). 
(a — 6b)(6a.4- D). 
(a — TbY(Ta +b). 


(10z — yz +10у). 57. 


59. 


61. (т+2)(х— 


18. 
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. (a?-9(5*-2)»2)&-2)52--4). 69. (a+2)(a-2)(a? +4)(a* +5). 
. (z*-- 1)(z? —9)(z* -g 1 (α΄ +922+ 4), 271. (a+1l)%(a2+9a—9). 
„_ (zt G9)? 824-1). τὸ. (a—1)%(a+1)(~—8). 

. (a-- 1(a—4)(a* —8a--1). 75. (2+1)(2- 5)(0% — 4c 1). 

. (α1-1}(α--9)(α:-9)(α-- 8). 77. (ω-9)(α- 8) (α-1(α-4). 

> (@—9)(а+9)(а@+2)(@+ 5). 79. (a—4Y(a- 10)(a 4- 2)(a +4), 

. (c1) — 9) 9)(c— 10). 81. (9z—5)z+3). 

- (3a-5)(8a--3). 83. (4m-3)2m-3). 84. (2z—83y)8z*8y). 


(дж + by (6o — y). 
(4x — ϑγ)ίϑα + 8y). 


(z+5)(z+3). 
(z—9)(z+5). 
(а+9Ь—с)(а+ c). 
(a--5b— cY(a— b^ c). 


(Qa - 1) — 3). 


(4z — 1)(« +2). 
(32 — 1)(9ᾳ + 8), 
(2a — 3 (8m +4), 


. (22 — 7)(224-6). 


(a+5b)(9a — 3b). 
(3p — 4a)(p +84). 


. (40-4) (Ba+ 4y). 


(a— 3b)(3a + b). 
(a — 4b)4a — D). 


. (z+6)(6z 11). 
51. 

το B4. 

(2a +9Ь—1)(а@+Ь+9), 

(а +b)2(9a2 +20? + ab). 

2)(дх® +3). 


(α-- Tb)(Ta — b). 
{85--ν)ία + By). 
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(z —9)(2z2 —1)(e* +9z+4)(4z2 4-9 +1). 
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62. (2a--3b)(2a— 3b)(2a 1-69), 63. (3a--4b)(3a— 40)(а° 1-923), 
64. 
65. -(2a* + 5* (2a? — b*)(a? + 952)(a? — 952). 


Miscellaneous Exercises III 
[ Pages 145-149 ] 
I 
1. (i) y*(z — 22) - y*zz + у(ла® — z — 928) +(ш52 — mz’) E 
‚ Gi) (ey? - 2*y) ale? — ey? — 9y?) + z*2y — z* (s + 2y). 


2. 94. 4. ο” αν τα." + ау 4. y*, 5. Ваһ; 198. 
6. Aa? +y? +z? — yz - zx - ay). 7. (ac)? -(b—-d)*. 
8. (9r3y)(2z - 3y — 4). 

II 
1. &8[8az*-raz*y -3azy? - Tdy*]. 2. mam + b)(m? 4-9). 
8. 2-953 41. 5. z?—(a4b-c)z? +(аЬ+ Ьо+са)л- abc. 
6. z*-(p-1)6*-(q—p-1)7* -(p- 1) 1. 7. at+a%b? 4 lf, 
8. (a-b)|b-c); (b--2a-- 3c)(5— 9a — 3c). 

III 
1. рх? +gr?+re+s. жн, 8. 899, 4. 16, 
6. z*-cy-mzt yz. 6. (4a—1)16a* +8a +3). 

IV 
1. -l*r* + 61° mnr- 9113 — 3122 — 41952, + 6lm*n —9m^. 
2. 3a*z*-- 6a? bz? + Sab? -- Ab*z +19, 8. a?—604b*. 

- 4. (i) a* -3abo--(b5--c*); . (1) a*(b— ο) -- a(52 — c?) + (b%a— bc?) ; 


(iii) a*(b — c) -- a(b* —c*) - (b*c — bo), 
5. a* -(a- b -c)z* + (ab bc -- ca) + abc ; -11; -68. 


8. a+9b+3c, 
Vv 
3o 191, 2. Maa? + δα΄γ — сту? —da%y? + eny* — fy"), 
4. 8a*--19a?c +6ac? +c, 5. 82° +455 +1974 — 8x? + 947 — 32, 
© atr hii ht. a 8. (i) a?a(a-2)(6ar+1); (ii) (ш+уг)(у +22). 
n ҮІ 
1. 87659405. (2: —195. 4 s*ii ^ B. (z"—7z+ 9)2 + (5). 


6. (а+Ь+о+@а—Ь-о+4\(а+Ь—о-4}(а-Ъ+в—4). 


——— E 


7. 0) (a= ὄχα - (ii) Qa—d)(3a+5+8) ; 
(iii) (ба+2у)(8л2—2у +2). 8. (Qx-y)a?+(e+y)ae- 29, 
ΥΠ š 2 
LR 3. анун i 4. z+a. 
6. 92z*y?--2y?z? 97? 5? — g* — у*— 2%, 7. (i) (22-3 (8x5) ; 
(1) r-5y-3(7—7y —4) ; (iii) (c— 3y?)(11z - 92192). 
у ү 
μος; Etato] a ә 55, 4. a+ Be. 
5. а%—9; a*—-8a ; a*—4a? +2. 8. (ϱἳ- ων - 2)? +3ay—y?). 
IX 
1. ο” αλλα". 4. a? 460+ 13 + 8, 
6. αἲ(0--ο) -- a(b? — c9) +Ь6(БЬ— c). 8. 8, 
X 
1. 9(a-mYekn)*2bd. 3. 16. 5. dhcp - sah obo, 
6. «(3z — 7)(5z — 9). γ͵ τῇ B. £195 each. 
Exercise 51. [ Page 151] 
1. o?b?. 2. 4a*; 8, Saya 4. ба?у?. 
5. 9m?n?. 6. 4ar. 7. 19mp. 8. 152?y?2? 
9. 18a?c?, 10. 440. 11: 122"; 12. 15m?n?p?g*. 
13. 18a*b*c*d?, 14. 6. 16. 8:*y*. 
Exercise 52. [ Page 153] 
1. ala+b). 2. z?y* (my). 3. 3(e+3). 
4. 4a*(a? +50). 5. m?n*(m-ny. 6. аа(да+9л). 
7. 9a2b2(83a 4- 4b). 8. 8z*y*(z- ду). 9. 92ab(a- 9D). 
10. 16х%а%(а#-а?. 11. 8(0%+аг+а?). 12. 8ra?(r? +а?), 
13. 6(a--3b) 14. Δαίω-ὅ). 15. gy(r-6y). 16. a®a*(at+2r), © 
17. 9x48. 18. a-2b. 19. z-2. 20. l8(z+2 a). 
21. a-b. 22. +2. 93. 4abl3a +b). 924. ο" +5a+6. 
Exercise 53. [Page 156] ` 
i. аара ате 8. 30z?y*. 4. 98m*n?p. 
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942923, 6, 140a%b%c* 7. 19047007. 8. 180z*y?z*a*. 


m 
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a*b*(a*—5*) 10, 94(z?-y2)?. 11. (т—-1)(х-9)(ш-3). 


a*(a—z)(a + 3z(a — 92). 18. a*(a-2)(a+2)(a+4). 
19a?z?(z? — a2)(z2 — am + a). 15. 48(@-9)(ж+5)(ж +6). 
(@- ϑ)(α + 5)(ж +4)(z +7). 17. 3a°(4a2—9b°)(a2 — b°). 
(8а® +275°)(8а° — 9702). 19. η 
(2a — 3a)*(9z? — a°). 21. 2д(4х*+81). 

6(3a —2)*(a* – 41°): 98. (2x—1)*(4z? – 1)(z +3). 
(ш-2у)(ж— 4у)(®—Зу)(ж + Бу). 25. (2+9)(9=-1)(82+1). 


(1-4z2)|1+92z+4e2)1+9z-4e2). 97. (2° –3)%(92° – 1)(92* –1). 
Exercise 54. [ Pages 158-159 ] 


Пр δα, 2а, Заг. 24. 
2b 5. dy be δρ 4. буз 5. Зар 
даг. 243, Snpq, z-a, EN I 
bay 7. 3a 8 5m 9. т 10. 2+3 
92-34 Еа За, ams 4a 
Qa 18. -zrg D 2+45 1 29—94° 15. 2+8 
2-9, 2-8 a-4b, a 1-4z, 
EN у d с ον Ro» 18 
g-y. 1-94 2-18 „Зах | 90:58 
qty 22. 148α3 23. 23-4 34 а- 32 25. 32+4 
2-а. @+ба@, 2z—5 2z-—5a 2—3az 
ata "^ atta 38. 80-5 29. σπα 80. 1-5 
2-а. За +5Ь, 22 +За, 2a—b a-b-c 
ata 32. 3c-1 58. 8a+2a s. a=] 35. a+b-c 
Exercise 55. [ Pages 160-161 ] 
2adf 3bcf, 4bde, o, бах? Aby* Boz? , 
4bdf 4baf' 4bdf " 19abc 19abc 12abe 
15z*ab. l0rybo 6y*c 4, &(a*b), abla-b), (ab). 
60° y*” υπ, ' güz*y* ` a(a3—53) a(a3-—b9) а(а 2%). 
z*(a—9b)  ау?(а+9Ь). 6 a2 0— IN 
Fen 4b?) ala? — 452) ala 0), αἴα-- ϐ) 
2a(a*b) — 3b(a+ b), 4c(a—b), 8 -3b*c ala -2) z), 
a*—b*' a*-b* ' q:-p - abo la-a) 
Sea (ata) Ваза. g, а%щ@в+зу), b*y(2n—Sy), 
&*b*c*(a* – 18) 422542 — z2) * ту(4х#—9у?) wy(4a®—9y a)! 


келды Щщ a*(z* —z--1), b*(z* t 2-1). 
ay az" - 9y*) ατα 1^ д*+т*+1 
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3(z +8) 4(z+1) T TES b 
P a5 *9r5-5m-6 w+- 50-6 12. a*- Bab?" ae Bap 
13 ala? + ab 9b*), ңа —3b) 
š a? —97b* —97b°' a* =F 
14. a*(a — b- c) í b*(a— b —c) abc. 
* аа? ue gab) abla? +bš— o —9ab)' ааз +02 —9ab) 
5. (c= " (a-b* — -o 
^ с ED labb- оса) (2—Ь)(Ь—с)(о—а) 
Exercise 56. [ Pages 163-164 ] 
a? +b? 4ab 
1. 39 2.0. % 1 a Ay 
s aion 6 1900, τ. ae —9ab—be, 
` Q(a-b) 4. ου. * (afb) a-b) 
8. = 9a? 9 1 . 10. шей, σαι . 
„ра * (a—-by(b—o) ` gi-4rt8 
2002 Se θα 4 P 
H. ать 13 Eee 18. αἳ 
2,2 di 
M. 0. ТУ 1. 16, m 
αν (35s 2 F 
N. gag) 18. j—16455* 19. zi 164 
„ВатЬ 10804 $ — 
20. EDS 21. gigs yi 22. pt- 8la* 
4ab AE -19 βαν Е 
28. (а-в) 24. σπορ τα 25. [ρι-βαλαΐ ταν 
96, : 27 p 3 28. ЕКОО 
` g*-10a*z*-9a* Кэл! (@=a)(a-b) = 
4 DERE XE HN 
29. аз 62+5 90 аааз +180 ὃν Σε 
5 120 | d 
82.0. 3 que 94 20-60 9 ita? - 65610 
Exercise 57. [ Pages 165-166] 
2 2,2,8 ЫЫ 
1. І. Ὁ, 9 S9. туз. 5 dab pic 5. Sei 
_ pe 3. Ay? POSTE 
e 533. 3 8 BU yep s db е 
a+b? a, +9, 
п. 1 wi 1. € 1. 3 16, 243 
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a*(a— D), qt αἲ Bab ort +9). 
πε | ЕНОТ 18. сата. 39. 9 (52 + rs 
atb-c 
20. 1. 21. APIS 22. 1. 
Exercise 58. [ Pages 167-168 ] 
бат, (a+b)? αι et ie E. 
io το. 23 4. a-b. 
m-n 
5. mon (6. (m-n). YO E 8& 
we ty? Ε-- -8r*19. 1 Tha 
9 5 10. 22102 E И. org 19. a*-05 
1 y mr. 
18. αγ. 14. ab. 15. 9r. 16. 1. 17. pty 
a* t a*b* +b* a 
18. 7 wa By = 19. 2-р 20. a-w. 91. a-b. 
К Exereise 59. [ Pages 171-179] 
$03 2. 9. ὃν οι mln. δ. 8 
6. 4. v. 3. 8: 5; 9. 6. 10. a+b. 
41. 920;' 12. a+b). 18. a+b. 14. m-n 
2Qab 12ab , 
15. a+b. 16, Ha+0). 17. xe. 18. 2195 
19. c+d. 20. i(atb*c) 21. -а+ь+о). 22. ab. 
3 215 o£ 18. 25. 16. 26, 90. 31. -8. 
98. 8. 29. 10. 30. 9. 91. 9. 32. 5. 
83. 8. 54. 5. 35. 7. в. δ. 87. 2L 
ag 18, ^om. 9 40. 56. 41. 4. — 42 6. 
Ὃν 2 
33. 10 Α. $i s б -9M. ав 47, lN. 
За, 
48. 3. 49. 9δα 1-94). 50. GU δι 79; 52. 73. | 
Exercise 60. [ Page 173 ] 
1. 97. 25. 3. 90. 4. 9. 5. 10. 
6. 5 7. 5. 8 5. 9. 7. 10. 5. 
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Exereise 61. [ Pages 174-175] 


18. 3 Ἡ. 8. 94. 4. 405, 5. 3. 
3. 7. 105. 8. αἱ χο. 9. Mab bct co). 
0. 11. а% +08 + с —3abo. 12. 0. 


Exereise 62. [ Pages 178-180 ] 
90 х 180; 100 x 230. 2. 15ít., 19 ft, 8. £33. 4. 50,30. 
20 men, 16 women. 6. A, 84 miles and B, 70 miles in 56 hours. 
28 days. 8. £2. 15s. 9. 24 ft. 10. Worked for 22 days. 


4days. 13, £52; 52s. 19. A, £162; B, £118; C, £104. 

34 sheep ; £70. 15. 98$ miles from London ; 10$ hours. 

44. 17. 32. 18. 72. 19. 93. 

5, 8, 9, 24, 21. 19,5, 4, 32. 22. 29, 31, 9, 64. 

Exercise 63. [Page 182] 

ο-9 т=5 9. c-T 4 z=4 

үш ^ emp η, $25 

pat , αὗ-ο 6. ga} 7 Ὃ 
в%+Ь' У τὸ y-3 y=16 

2=8 9. 2=6 | 10. vd 

y=5 y-4 y-8 


Exercise 64. [Page 184] 


zu c CO m 
ЭИК E cnn ue 
Exercise 65. [ Pages 186-187 ] 
cp c M is a 
E: ^ MEO 
єл} 10. е) 11. 224] 12. std) 
me 14. ЫШ? 16. ста 16. Eod 
ο ο ο a 
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^ 
30.. 2-8 ] 21. z=9 } 22. 2=7 } 28. 2=10 } 
y-72 y-8 y-4 y= om 
94. ο- 41 ^ 95. 2=9 αρ αἲ δα 
4510 J y=3 } 26. f7am-bn У атт 
27. п={, у=. 38. z=}, y=}. 29. 2=4, y-9; 
80. r=, у=18 
Ехегсїве 66. [ Ῥασος 191-193] 
1. 4 2. 7:9. 8. 6, 9. 4. 60, 15. 5. 24, 15. 
6. үн. 1. 8. 8. 9. Rs.15 ; Rs. 94. 10. 3,5. 
11. 6 miles and 3 miles per hour. 12. 8;16. 18. 20 days. 
14. 480 sq. yds. 15. Tea 2s. 8d. and coffee 1s. 6d. per Ib. 
16. 3 miles, 48 miles per hour, 3 17. 99 and 96, 
18. 4, Rs. 500; B, Rs. 400 ; C, Rs. 200. 19. 75. 90. 65. 
21. 21,40. 22. А horse, £94 ; а cow, £12. 23. 5s., 3s. 
24. A, 24days; В, 48days. 95, 1. 26. 15 miles. 27. 72. 
28. 75s., 35s. 29. 34 sheep; £70. 80. 97. 
Exercise 67. [ Page 199] 
7. (1) 6z-5y-0; (2) 5z+7y=35 ; (8) c* y * 270; 
(4) 21x —5y--194—0 ; (6) ὅπ +9y -55— 0. 
Exercise 68. [ Pages 901-909 ] 
1. 3,-3. 2. а-а .8. 14 -14. 4. 95-9) | (6-5, 5] 
6; 3,-8. 7. 5,-5. 8. 90,94. 9. a, —a. 10. 6, -θ. 
ПТ 13: 9, -ο 18, 6 yds. М. 9yds. 15. 5 ft. each. 
Exereise 69. [ Page 903] 

1. 2,4. а δ, 4 "DE s Б ш 
6. 4, -4. 4. 7, --ᾱ. 8. 3,3. 9. 2, -&. 10. a,b. 
11. 19,91. 12. 16, -6:5 18. 3,19. 14. 40 years. 15. Rs. 75. 
Miscellaneous Exercises IV 
[ Pages 204-207 ] 

I 
1. 198? ; T20a9p4c5, ys. 2. (z-—3)°,(z-3)4z+1); 2-3. 

8. (2—55 006 2a — 3o)(9a + b+3ç). 
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ο Do ey? ey cy 1). 6. c2. 
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2380 TIE προ τ. abe 
Т. c= aap 0v 8. ан: ар fo ao Т 
п 
1. 2-3. 2. (z—a)z+ b(e° +a). 8. G) 22*9* 5 (ii) 3. 
a*+b* δία-- 8) _ 6? +0%-a? .οἳ bai — D 
4& up οσο ος Ecc Б ye ар, 
ш 
1. (a—b)(z +a). 5. х°-1.К 8. 248. 4. (ш+а)(т-Ь)(х+Ь). 
zB 2 90-1 ,. 9a-1) . 
5, 28—16 6. z=2b-(a+D' U 3ab-(la+b) 
7. £2800 and £1200. 8. 3, -3. 
IV 
1 1 
ον 8. 98-3049 ^ maT 
6. 345. т. 8. 8, -δ. 
Y 
1. αἲ- (αχ ο tab. 2. 9500-1990} -37x +6. best 
1 3 
εν, 2008. 4, -ᾱ- 
VI j 
1. 2-9. 9. αὐσα-- αγία - b-c). 4. 0. 6. 2. 
7: 12 8. 4, -4. 
VII 
1 ο 2. (a-bYb-cYc-a). S em poer m 
a^ +6? ΚΠ 8. 4, -4. 
Б. σσ 7. 2-10, y=15. 


Exereise 70. [Page 209] 
1. α”εβρ5 111516. 2 2° +1422+592+70. 3. αὖ – 202 240-86. 
4. 252702900. Б. z?-425—997-94. 6. z**a*—46r80. 
7 8. z3—622-37:-910. 9. z*—93z*--167«— 885. 


. 1205—3728 
10. αἳ – 182? + 99a —162. 11. z?-13z?-8z--940. 12. ασ’ 195ω 
Ἔ]θθα +495. 19. «5-59r 96. 14. 2° – 931° +1512 —978. 
15. οὔ +132144. 16. αὖ --το"-- 1382 + 1080. 
17. iz? — 32° — 732 +815. 18. αὖ} 8607 396z + 1440. 


19. 23—148z-—6072. 90. х*—81х°+990х—800. 
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' Exereise 71. [ Pages 910-911 ] 
H. αὖ +y? +27 ry-9rz—9y;. 2. a*- y* +z? - 9my - 92 — дуг, 


8; а +y? 23 9j - 95; 4-9; 4. αὖ +y" +294 90y – 92 дуг. 
3b. g? +y? 0χῃ--9ᾳρ!-9γ». 6. a°+g? +y? +z? 9az + 2ay _ 
| 72a2—9zy  9rz — 9yz. 7. αἴ +æ? +y? b z* 9am— 9ay –9а2+9ғу 
Ἔλας yz. 8. m*-n*- p? g? 72 9p + 2mp + Әта + 9m + 9np 
+2ng + Qnr+ Qpq+ Qpr+Qar. 9. p'tg* r.a? y? - 9pq d 9pr 
αρα — 9ру — 2ar- 202 - 9qy -9rz - Iry + 2y. 10. а? +02 +0? 
+a? + у? + 22 — 9ab + 9αο — 242+ 24у + 2az — bc Qa — Zby – 9bz — 905 
+ cy + 2oz — ру — 9zz + 9yz. 11. a*-4z*--9y* 162? — 4az — Gay 
78az * lay  16zz + 24yz. 12, 4a^- b? -- 4c? - d* – 4ab-- &ac - 4ad 


—4bo9bd-4cd. 18. 49. 14, 9. 16. 0. 16, 144. 17. 1635. 
"8. 1. 19. 63. 20. 0. 91. 47. 22. 69. 


Exercise 72. [ Pages 213-914 ] 


1. αὖ δαν 1025-107? +5241, 2. z*-6z'--15z*- 901° +1512 
+62+1. 3. a^-8a7b--98a*b? +56458 + 70a*b* -- 56a b^ + 98439 
+84" +15, 4, а + 9a*b + 36a" b? +844%°4-19645*+ 196a*h® +84430 
+36a°b7 +9аЬ® + 59. 5. z'—bz*y- 10z?y? — 10223 + 5zy* — y5. 
6. тї — 7m°% + 91m5n? — 35min? + Böm nt — 91m?n* + 7mn? — n". 
Y. ж*+8х5 +940 + 39; 4-16. 8. 2° +100 +4025 -- 8022 + 802 -- 39. 
9. z°+8z'+98z° +560" +70z* 5623-9853 + 80+ 1. 10. z*+19z° 
_ ct642* - 108-81. 11. z5—5z*--10z?-10z?-4-5z-1. 
12. 61—1027-240:*-160:3--60:*—19,54.,9. 18, 16α'-- 8995-9403. 
-8σξι. 14. 29 84л°у5 + 19625у*— 196745 4-845 
— 3622 + 928 — y?. 15. 24375 —8102*-- 10802? — 7907? + 940: — 39. 
16. 1—8a--98a* — 56a* -- 701* — 5625-9859 — 8a" + aë, 17. 1-Tc 
М Ἔ2105- 8605 + 35c* — 9165 4- 7:9 — от. 18. 1-18r--135z?—540z? 
t 1215z* — 145875 +799. 19. 1-14z-84z* — 9802? +560z* — 67925 
+49л°—19827. 20, 956z°—1024z'a4+1799z522 — 17992545 1 11902*a* 
7448255 +119z2a5 — 16ra" +a. 21. 219—102?a-45z*a* 
— 1202%a* 2102*8* ο — 1907347 +452248 — 10ra? + a’. 
22. 24325 -8107*a+1080r°¢2 — 720х243 + 240ra* — 8945. 23. 102* 
+2022 2.194. 0:9-30:4+30:2+9. 95. 142% +70р*а° +49z2a5 + 2a. 
26. 16. 27. 39, 28. 64. 29. 198. 80. 256. 
81. 30. 32. 3. 33. 0. 34. 16. 35. 0. 


гї ϱ бю 
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Exercise 73. [Расе 215 ] 
g? +Š — zŠ 4 Sayz. 2. p?-895-r? -6par. 
&z? — 27y? — z? — 18202. 4. a®—8b*+27+18ab, 
97a? —195b*—64-180ab. 6. (т-у—1(ш*+у*+1+шу+@- 1). 
(а-у +9)(z° +у%+4+2у — 92 9y). 
(a — 2y — 3z2)(z3 +4y? +92° -9xy + 32 — буг). 9. 0. 
0. 1102 А! 16. 0. 17. 392000. 


Exercise 74. [ Page 216] 
Βία-- b)(a — b)(a — c). 4. (у-2)(2- εν m). Be ο б 40, 


Exercise 75. [ Page 918] 
Qa%y +3222 +1ду%г +4y%a + 92%a +1922 +12шуг. 
64x?y +820122 +5y22 +822 +:2002°a +25y2" +80202. 
Qa%b + Sa3c +19b%a + 4ab* + 9ac* + 18bc* + 12abc. 
92у +90z%z +10y2z + 8ay? +300222  1002*y + 90шуг. 
a +у® 1-25) {Παν ta zty zty +20 231) +16ayz. 
9a2b— 3ac — 19b*c — 4ab* — 9ac? +18bo9 +12abo. 
4abc. 8. 4abc. 9. 0. 10. 9Ταζο. 


Exercise 76. [ Pages 219-220] 
0. 8. Bab. 9. бту. 10. 3y +z-x)(2w-2y Tz) + у- 22). 
ϑίϑα + By + 8ε)(ϑα 1-39 + ϑε)(ϑω + 3y +94). 12. 2567. 18. 16800. 
1980. 15. 1331. 


Exercise 77. [ Page 293] 0158 
(a? +y? +22 +02 +20 — my Yo — 2). 
(р—9а—т)(р# +407 +7 +2ра * pr - ar). 
(Qn — 3y — 2 4a? + 9y? +2° — Sye + 922m +621). 
(а +9Ь+1)(а% +40%+1-92—а- ab). 
(a+ 3b—4)(4a? +9b° +16 + 126+ 8a —6ab).- 
g? +y? +4+2y -2w t zy. 7. (e?-2+2)et+a°—a* * 92 +4). 
le — y (Bu? +y? +22 +2 Sen — 827). 


(a? + 3a-- 5)(a* — 3a? +4a? -15a +25). . 10, α-ὄν 19. 
a3 +Ь#++с®%—аЬ+ас+Ьс. 19. т°+у®*+1+шу+@-—. 
14. 9α-ϑύ-ο. 


m? + 4⁄2 {92} +2wy — 32a + буз. 
(да — Ь)(Та® +8ab + 4b). 
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Exercise 78. [ Page 227 ] 


1. (6-c)(a-c)(a—b)(a* +b? +0? +be+ac+ ab). 2. 
(Ь—с)(а—с)(а— Ь)(а® +b? + c3 -- a*b--a*c. ` 
—(b— ο(ο-- α)(α--- Ь)(а® +b? + c* + bc. 

5. (b-c)(a-c)la—b\lbe+catab). 6. 


(a+o)(a —c)(a +b)(a — b). 8. 
+024 b*c4- c*a 4 c*b-- abc). 4. 
*Fca 4 ab). 
7. (y-3Ye- ao — uYuz-- zz +m). 
(22 +y? +z? -yz— zz — ry). 

10. --(ὃ--οίο-- α]ία -- δ). 

12. (a+b+c)(be+ca+ab). 

14. 

15. 

16. 3(32a--b--c(a-- 9b c)(a-- b-- c). 

18. —(у—)(а—т)(ш-}). 

20. (y-zYz- aye — y) yz). 


19. 


4200. 24. 949. 25. 1950. 


Exercise 79. [ Pages 933-934 ] 


2. (т+1)%(а-1). g: 
4. (ab-c(ac-b) 5. (zv-a)e*b(s*-br-b?) 6. 


1. (w+1)(c? +1), 


~(b~c)(e-a)(a— b)(b* + be + c)(c? +са + а®)(а® +ab+ bš), 
—(у-—)(#—)(@- у)(у + 202+ x)(x yz +222? + Зу), 
17. (у+а—х)(а:+- у)(т®+у-), 


(аш + by + ez)(by + cz — az)(cz + am — Бу)(а + by — сг). 
22. (ш+9ду+3)(ду -3z - x)(3z x - 9 + 2y — 32). 


(b+c)(b-c)x 


(ytz)zta\lory),, 
8. 5(y—z)(z-a)(a@—-y)x 
9. -(υ-εγε-ω)α-ν). 
11. -(b-c)(c-a)(a- 0). 
18. 3(9z—-y-z)(« -- zm y). 


- (v --ε]ε--αία-- ya t v t 23). 


(c 1c -1)* 
(az + by)(be + ay). 


7. (c—z) m yz). 8. (rtaYb-c). 9. (a? —ab)(2a- 82). 
10. (a-b(a+b+co). 11. (8α-- 8δ)ί8α - 3b - 4c). 
12. (ac —by)(az b+ cz). 18. (z*—yz)(z? + yz+y?2). 
14. (4m—Ba)(4x δα +30). 15. (a+b)(a?+ab+b?). 

16. (mn -n)m? —mn-t n). 17. (a-b)(a-5)*. 

18. (zy)-w). 19. (a--9)(a - 3a - 4). 

20. (x—5)(z* —19z-- 95). 21. (2a—3b)(4a+3b)(at 3b). 
22. (α-γ)α-γ-1) 23. (2a- b(2a— b - 3). 

24. (z*-ta*)(m—a)*. 25. (a° -95?)(a— b(a — 9b). 
26. (a-9b)(a--b-c). ` 27. (x-3y)(s-y +2). 

28. (m—9m)(m — 3n +2p). 29. (a-3b)(a—7b+5c). 

90. (x+4a)(2%-— 3a +48). 31. (а—4Ь)(а—9Ь+3). 

32. (σε γα -3y +9). : 38. (a-b-c)|Xa+b+e+1). 


94. (r-9y-82)(z -9y — 32 +4), 35. 
36. (a-bY(a— δ)(α-- a)(z — a)(9x? — Заз). 
38. (ш+а)(а—а)(а+)®. 


(8a — 4y — 92) (3x — 4y - 92 — 5). 
37. (2z—3b)(z* - az — δ). 
39. (a—1)*(2a? — a 19). 
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(a-1)(a? -6a +1)(a* +3a+1). 41. (Qr+9y + }(а+2у +22), 

(z—y— а)(дл+8Зу +2). 48. (a?--1)*(a*— Ta? +1). 

(2x + y — 82 (8 — ὃν +32), 45. (α-- αγία” +ас+ a)(z? — az a2). 
. (zc 1-2) +4), 

Exercise 80. [ Pages 236-237 ] 

(а+1)(@+3)(а+4). 3. (9 4309-34. 8. (c-1)z-2)-3). 

(z-92)z-3)!:-4) 5. (α-1(αΐ-ϑα-3). 6. (z+1l)z*+4z- 6). 

(0— 9)(02—42+5). 8. (z-9)z*2)z*—-3z-5).^ 

(x — 1)(z 4-9)(z? — 4a 4-5). 10. (αλα -- ϑ)(ο’- 8α-- 9). 

(z — 9)(α +3)( +42 — 6). 12. (=+9)(2- 4)? —5z- 7). 

(z—5)z*—9»-3) 14. (c*3)z?-3r*4). 15. (ο +2)(@-4)*. 

(z — 9)(90° +z +9). 17. (ш+9у)(х®—9шу— 50%). 

(а +8Ь)(а® + ab — 803). 19. (a-—9b)(5a? +ТаЬ+14Ь%), 

(дж — 1)(4z* +9z +8). 31. (@-1)(ш +8)(д® +1), 

(z +1)%(z —9). 98. (а—Ь)(да®* +ab+b?), 

(z — 1 (82? +112 +8). 25. (ш+8у)(ш°— 8ου  8y). 

(c--a-b(r-a-9b). 27. iz*-(a--D)*y* le +(а— bye- la- uf. 

fa? + (z--y)2b*3Ha2--(r—y)*b*]. 29. (a-2z—yYa-« 31). 

(z +9a + b)(z — a * 2). 81. (т+ду—г)(а+у+). 

(2a +b — 8ο)ίθα — 8b + 3c). 33. (αἳ 14α- 9)α +92+3). 

(a? + ab — b? (a? — bab + b°). 35. (Qn? — 4a ϑ)(θα" — 6a 4-3). 

(x —1)2(z? +1). 97. (a?--3a—5)(a? — 3a 5). 


(a — bz)(a — bz — ου”). 39. (ш%у°+шу-—г+1)(ж®у*—жу+г+1). 


Í+ 2)e— y +y- 22 y +z}. 

{(a+ θα +(а— ya — ὅλα (a- Dy. e 

(a? — Qa — 1) (2? — 2z — 4). 48. (a?—8a+5)(a? — 3a 11). 

(92 -- 37 — 8 (92? + 8z — 4). 45. (z*?—ay Ἐν e? 4αγ +y’). 

(02 — 9л +4)(z2 — 3z +4). 47. (a? -Qab+2b")(a? – bab + 2b*). 

(x? — 8ш +5)(z2 - Ta +5). 49. (α-- 0) (α” -- 6ab 03). 

(α3 + 4ш +10)(a? +40 —2). 51. (z? — 9z—5)(z° - 82-17), 

(z — 1) +8)(a? +7z +30). 58. (x—3)(9x-- 3 (9? — 8z 7). 

0. 55. 0. 56. 0. 57. 900. 58. 5. 
Exercise 82. [ Pages 256-257 ] 

pe ο з 6k OR а-ы). 

ба? -11a+15=0. 17. a=0, or, 14. 
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18. 2rn, where r is any positive integer. 


99. (b—ocY(a-e)(a— bY(ab +be+ ca). 36. ltatatte tg? +232, 
$8. 11111111. 41. z*-z?yt2*y?- ту? εν". 49. x5- mty αγ 
Fety? tay* 15. 43. х°+%°у+хш*у*+х2®у5-++ш°у*+шу® yf. 


44. тї*—-%%у? +@®°у* -@5у% +т°%у% —@ж*у%° Try? -y!*. 
45. ο tattyt+--tayt*+y?®, 46. p-19;a-4$. 49. 0. 50. 1. 


Exercise 83. [ Pages 262-263 ] 


4. 9221. 2. 82-9. 8. 2rt5a. 4. αίθα--4). 

5. 3a-1. 6. 2a-3b. % z*tz1. 8. z?-ay*ty*. 
9. (92° +2+1). 10. 2° 184151. 11. z?-4z-1. 
19. п%+ 902 +За?. 18. 2° + Зад δα”. 14. 94° – Зат +r? 
15. 9-32 δα. 16. 1+42-72°. 17. αἳ (813 +3та +44"). 
18. 2(a?+5a+2). 19, οἱ 180-93, 90. a?-3z-5. 
21. stört]. 22. αὖ +92+4. 23. αἱ +32+5. 
94, 9(ω-9αα +94"). 95. 322 91η {4γϑ, 96, αἱ +90238. 
27. 4a?-2a-5. 98. αὐ [90 +3. 

Ехегсїве 84. [ Page 265] 
1, c*-5x*06. 9.. ο) — 17z +12. 8. z°+8m+4 
‚ 4. 32*-0z*- T. Б. 6z?-1llz-4. 6. 92z?--157-8. 
7. 32? 52 — 1. 8. ὄσ3- 8ᾳ--1. 9. 903 {8α-1 
10. 8αϑ 9011. ` 11. 2%+2+9. 12. а? +32-9. 
Exereise 85. [ Page 261 ] 
1,24 2. 2-1. 3. 95-3. 4. 99711. 
- B. 84-20. €. 8α--δ0. 7. 82-4. 8. 922-8. 
^ Exercise 86. [ Page 969] ў 

1. 924+ 802° — 172° – 762 + 39. 9. 1824+ 320° – 10003 – 842 +32. 
3. 482° — 612“ 1902? +1602? +270 — 36. 4. 450% 942? — 1980" 
+407 +80. 5. 19z*—- 14x? — 0497 +632 +180. 6. 1l9z°+8z° 
+95ш* 942? 162? 182-8. Т. 89x5—94z*-8z*- 182? -48m^ — 


+97z-18. 8. 19x5--94z*-F95z* +1182 4949x? -- 144x +216. 
Exercise 87. [ Page 270] 


1. 1224-10023 +19522 T0z — 72. 2. 6:*- Του) +2730" ` 


—188z — 96. 3. 487*—99z? – 1982? + 1572 — 20. 
4. 162° +4027 19055 4-3825 — 90z* — 392° — 152° -97 +9. 


1. 
16. 
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Exereise 88. [ Pages 972-973 ] 
43. 2+8, a 8b. . g—ag- bŠ 
d 2. TED 3. a- 45 + αὖ +am- θ᾽ 
ϑα-9ψ. 1+22- 312 7 (z—1)° 8 m° 80156 
92+ бу l-9zt9s © g*-BSse4l 8 „үз 
a? +3aa+7a 10, 2243 1 322 — ax — 2a? 
90° — Зав + 5a? ` З2+4 п. 3z* + az — 942° 
9(a* — Bab-- Tb?) 13. 8134-4538) 14, αἰϑαΐ-- 03) 
S(a* +5ab+ Tb?) ` 4(2z°+Šz+4) O 942-3 
" 2 9 
[πη 16, Hatbto), 1, lays. 
2+2=9, 72-90 . 
dy 2) MATS 20. б 85у +009 
Exercise 89. [ Pages 276-277 ] 
. 108z* э, ϑασία Έα) 3, 4% 
8ia*—y* ве Та "(а= 5)" 
6x? -12 j ea Aaa hk UT 
z*—5z° t4 9' drt- байт + д " α’-10α5α5 Fa 
-2w BU ESL. AH LAE 
mfi ` (z-—a)z-)b) ' αὖ 606 
4 ў 9 
29 +1400 +180" 11. 5+8 Үн} 
428 14 19.5 15 Baz” — 
l+z*+z° ‘0.25261 "162° – 6561а® 
3 a-å θα-Ἡ. . 
Са) ^ (ааа) 1® (4-3 a-3X9-9) χε 
1 5 Ж nieg n 
(2+9) 20. (2306-0065) t ат 
gt 
16 23. 0. 24. 0, 95. FICE GEG 
Exercise 90. [ Pages 279-280 1 
+с+а)? la? 
29а ο ο ТА. (orar, πας 
dat 1 К κ cut rty yt 
αρ 1. z. 8. a-b 9, 35-3) 10. ποτ v 
` 
adf+ae | 2 2407, 14. та 15, ἀαγ.. 
Буа bet of 12. α 13. a? +b 4. m. P 
1. ITER 18. 8, 39521, 20. a. 
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Exercise 91. [ Pages 288-291 ] 


4 s 8 bt - 
до skim жок ек 1% 1. 27. en) 


goatee 80. los ο αι. 


a+ 

0. 84. 

3 86. =+у+а, 37. a? b? c. 88. atbte. 39. 

4. 0. 48. 1. 44. 9. 45. 1. 46. 
αν 


4. (аа 008-0), 
56. 2°. 


ee PL slt M. 
z 48. (27а ba - o) 

Ld ἢ z*-hztk 
50, (@=a)(a—b)(a-) У. C ayz- bz = o) 


Miscellaneous Exercises V 
[ Pages 291-295 ] 
: І 
1. (i) (α’ +902: +95)? — 16; (ii) (zx? +5@ +5)° — 
2. 83(а+х)(у+9г+ ш)(а 22 - v). 3. 18(a*b?  b?c? +с?а?). 7. 0 
II 


1 0 4. 0. в.. {4-2 6. 2a 3b +e. 
7. 18α'- 450° 372? — 19 6. 8. (a-bXb- ο(α- ο). 
ш 
1. 0° +102" +402 90.480,32. 3. 0. 5. 92-1; 
(z — 8)(2a — 1)(8z — 9). 6. z?-92r43. 7. abtbetca. 
== тү 
1. 949, 9. (a— bYa — bYa- bXa--9bYa* + ЪЗ). 3. 9595000. 


a? +b? 
b. аа0ар ba 7. (α-- ὄψία-- 3y)(z 2X +); 
(α-- 8у)(ш + 2uY + Ту). 8:40: 3 
ү V 
Seely 5. (i) (3a? — 4ab-- 3529? +17ab + 903}; 
Gi) (822-72 -43)042*-324); . (iii) (ax? +be+ a\(ba? + cg D) 
7. (i) 2-а; (ii) 2-0-2. 
VI 
4. (wt+y)* +24 5. 3(z? - +27), 6. (i) α’ -- (9m — 3)c - 6m i 
(ii) 2-3. 7. 2x7- 8511; 9x5 — 325 — Τα’ - 982? — 36x? + 202-4 
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ΥΠ» 
1. х°+9шту+у#-1.. 2. z. 4 ()atb; πο 
5. (5z+9w)?+4(92z—5w)?; р=5, q=2. 6. (0α-1}|8α-1}; 
[ (z — 9)(9z —1)(8z — 1)(2z +1). 7. —42, 
VIII 
4. (a+b+c+d)|Xa+b-c-d)(a-b-c+d)(a-b+c-2d. 5. -L 
6. 0. 8. z°+1 ; (αὐ 4 1)*(z? - 1). 
Exercise 92. [ Pages 298-299 ] 
2 2 
L δε 4, “ЮЗ, а отво 4. SERA 


5. 2. 6. 3. 7. £. 8. δ.. 0,14 10. 4. 11. 4. 
12. 7. 18. 1. 14. 4 15. 2. 16. Н. 17. 3. 18. 3. 


19. š, 20. 93. 21. 96% 22 18. 28. 554. 
24 -18. 25. -44 26. -5*. 27. 16. 28. 8}, 
9: ab(a-- b —9c) | (a? -ab+b*)c+ab 
pru 80. 75452 ae boa 28 аЫс+1) ` 
nb —am, а? -be . 3ab-a*—-b*. 
ga, "тат, ав бсо. δὲ arb 35. 3a. 
Exercise 93. [ Pages 301-302 ] 
1. $. 2,189. 3. —# 4. 2. σ αν 6. 9. 
7. ғ. 8. -X. 9. 9. 10. 1. 3.c4. 12. 14. 
18. + 14. 1. 15. 44. 16. 6. 195 "7. 18. 44, 
19. -& 90.1, $12 -ᾱ. Bee, Bhs ET 
: Exercise 94. [ Page 804] 
БЕ 2. -b. 8. -% 4. 2, δ. 1. 
a* +b? ab . ab(c - d) - cd(a-* B), 8 
e “Σ᾽ 2 8. 2-92 оао 
a+b? ab, 
п. 4, Fu E 15-3 Иб с 
16. 5, 17 3 18. ο 


Exercise 95. [ Pages 311-314 ] 


1. 16; minutes past 3. 2. 273%; minutes past 5. 8. (1) 5; minutes 
past 7; (ii) 91,9: and 54%; minutes past 7; (iii) 38% minutes past 7. 


1—36 
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4. (i) at 5r minutes past 7; (ii) at 1654 minutes past 6. 5. кта тее. 
6. Smiles from the starting place of the faster walker; 6 hours. 
8. 36 minutes. 9. Эё απᾶ 4j miles per hour, 10. 160. 11. 46. 
12. 300. 18. Greyhound, 960; hare, 1200. 14. 180. 15. 20 shillings ; 
Dshillings. 16. 40. 17. 76 lbs. of gold and 30 lbs. of silver. 18. 4hours 
and 6 hours. 19. 42 years. 20. 6$ oz. from the lst bar, 134 oz. from 
the 2nd. 21. £450. 8s. 4d. ; £156.13s.4d. 22. 11 pice; each man Οἱ 
the Ist set 6 pice, of the 2nd set 5 pice, of the 3rd set 4 pice, and of the 
4th set 4 pice. 23. 189. 24. 250z.; 8s. peroz. 25. 1з.; 119. 8d. 
26. 9080. 27. ïd. each ; 512. 28. 12. 29. 654. 30. 1504. 


81. 80. 82. 736. 88. 4550. 

Exereise 96. [ Pages 918-519 ] 
1. 2=1, y-2. 2. 259, у=3. . 8. z=3, ὑ-4. 
4. 2-4, у=5. 5. z=5, y-6. 6. z=6, y=". 
7. c=7, y-8. 8. z-8, у=9. 9. z=4, у=2. 
10. z-5, y=3. 11. z-7, y=4. 12. х=5, у=8. 
13. z-8, y-12. 14. z-6, у=14. 15. 2-8, 18. 
16. z-8, y-9. 17. α-13, y=16. 18. z=291,y=12. 
19. z=21, y=24. 20. z=18, y=28. 91. α-99, у=15. 
22. α-10, y=8. 28. α-8, y-T. 24. д=4, у=1. 
25. z=3, у=5. A 26. c-1,y-2, 5-8. 
27. 2-22, y=-3, 2=1. 28. z-3,y-4, z-2. 
29. α-9, y-6, 6-4. 80. z-1,y-3, 2-6. 
81...5-9, у=3, z-4. 32. 2=3, y=6, 2-9. 
88. z=4, y=10, z=14, 34. т=8, y=12, 2=20. 


85. z-3, y=4, z-5. 
: Exercise 97. [ Pages 322-323 ] 


1. z=1, y=2, z-3. 2. α-9, ψ-8, 2=4. 
8. z=9, γ-8, 2-4. 4. α-9, y-3, 2=4. 
b. z=3, y-9, z=1. 6. z-3, y=2, 2=1. 
4. п=4, y=8, 2=9, : 8. α-4, y=5, 5-6. 
9. z=7, y=5, 5-8. ` 10. z-1, y--2, 2-3. 
11. z-3, y=2, z=5. 12, α-8, y=}, 5-5. 
18. 2-10, у=90, 2-5. 14. α-9, у= -3, 2-4. 


15. z-5, y=6, z=7. 16. z=9, y-4 2=6. 
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17. «=2, y=5, z=10. 18. α-γ-ο-19, 

19. z=6, y=12, 2-8. 20. z=}, у=}, . z=1. 

21. z=7, y=10, 2-9. 22. z=1, y--2,2-8. 
toat ——  οἳ γα" -ὅἳ a? Εὖλ-- οἳ 

28. т= ho sS ρα MEET 


24. z=1, y=2, 2=3, 25. α--58,γ-10, 2-9, 
Exereise 98. [ Pages 395-396 ] 
m S aD ο ον ο ipea 2248 2 
pots S! CE ο. а. vUatb-o ! a-bto " bo-a 
2abc |  2ab0  , 9abo | 
ab--ac-bc V bo*ab-ac ^ ae+be-ab 
4, о9а?+Ы) olarro) 
: а 800 О τι 
6. α-ὄ, у=8, 2=1. 7. v=12,y=10,2=8. 8. 2z-18,y-8,2-9. 
b(9a — b 2b - 
9. 2-54, у=5, z=7. 10. αλα D), yn 05-9) 
11, z= Abe | E Aa | PE Aab — 
* ?^7(&-b(a-c) "-(b-aYb-o) (c — bye - a) 


5. α-9, y=4, 270. 


= 1 2: 1 T] se 1 $ 
12. з jasa ""ᾳ-θ[ο-δ' ° (= ab=a) 
-.. αὗδα αὖ... αὔθ᾽... 
13. а= раа) "-(b-aXb-o) ° (-be=a) 
14. z=abe, y=ab+bot+ca, z=a+b+e. EH 
15. z-b-o, у=с-а, z-a-b. 
16. ἀαο(δισο-- Ёзбз)+Ёз(01@з — 02031) -Fes(a1bs — αοὖι)--0. 
17. a=6. 18. w-4, 2-19, y=5, s. 
19. α--δ, y=4, 2-3, w-2, t=1. 90. αξαῦ, y=be, z—ac. 
Exercise 99. [ Pages 333-335 ] Š 
1. 375. 9, 501bs.;98s.perlb. 3. 4, 148. ; В,19з. 4. 20, 30, 60. 
. рт η 
5. 3s. 6d., 4s. 9d. 6. aldea В, PM days. 7. A, Rs 980; 
B, ΒΒ. 1540; О, Rs. 2380. 8. 8 hours. 9. 720 miles. 
10. 4and3 gallons. 11. 9258. 13.» 3 half-crowns ; 8s. ; 9 six-pences. 
18. 90 persons; 6s. 14. Each ofthe equal coeks in 32 hours, and the 
-other in 94. 15. 85. and 5s. respectively. 16. 75 and 25 quarts, 
17. батэ. of wheat; 10 ars. of barley. 18. 45 and 39} miles per hour, 
19. 90 bushels of rye, and 52 of wheat. 20. 21 guineas and 21 crowns. 
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at first ; 9 guineas and 19 crowns left. 21. 23 miles per hour, 
22. 4,5; В,6 minutes. 23. 10 and 12 miles per hour. 


24. Ж —1) mites per hour. 25. 100 miles. 


Exercise 100. [ Page 341] 


1. 225,y-4. 2. т=Т,у=—5. 8. 2=8, у=6. 
4. 2=9, у=11. δ. 2=10, у=13. 6. [Take ten 
times the side of a small square as the unit of length.) z=1'9, 7. z-7. 
8. z-7. 9. 9. 10. 4. 11. (-6, 4); (8,2); (6,8); 
area —40 units. 12. (5,4) 18. (i) (8,0); (0, 3); (-8, 0); 
(0,—3); area=18 units. (ii) (1,5); (12,5); (19,10); (1, 10); 
area=65 sq. units. (iii) (8, 0); (8,0); (0, 5); (0, 19) ; area =40'5 units. 
14. (i) (0, 0), (5, 0), (0, 6); area=15 units ; (ii) (8, 1), (2, 4), (5,1); 
area =4'5 units ; (iii) (4, 6), (—4, 2), (2, —4) ; area= 36 units. 
15. dnd 16. == Ü 17. c= d 
у=1 y=-5 y=11 


Exercise 101. [ Pages 347-348 ] 
1. 19.5, 3 pies ; 2 seers 11 chattaks. 2. Re.1.9as. Gp. ; 19. 
8. 3ihours; 19 miles. 4. 8§ feet; 4} cubits, 5. 9} hours after А 
starts ; 74 miles from the place of starting. 6. 4 hours after starting; 
12 miles from А. *7. Бө. 1. Заѕ.; 39. 8. 5. 11. At 4-30 P.M, 
135 miles from B. 12. Rs. 434. 18. 16'4 minutes passed 3. 14. Rs. 3265; 
Rs. 119, Tas. 15. 6 hours 59'4 minutes ; 108 miles from Calcutta. 


===> 
Exercise 102. [ Page 351] 


1/75 Ж τὰ NNUS 
E. Us. 2: 75% 3. 5103, 4. Va Ja 
8 4/а5 1 £i 
Bum twm та Se NIS 
9. απ. 10, yz 11. cd, 12. 3 
5 @ 
TEE TS 15. zd 16. at 
17. d 18. ὁ. 19. 97. 20. 32 
ας ww 39. 36. 28. dy. 24. 81 


25. 36. ` 26. som, 
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Exercise 103. [ Page 354] 


1. ac. 2. ato, 3. abt, 4. aÉ, 
5. asb. 6. z %у*. 1. 2з, 8. a. 
9. y. 10. cas, 11. ἄποδα, 13, aibi, 
18. acit, 14. ab tot, 15. в. 
Exercise 104. [ Pages 357-359] 
1. т-9д%+1, 2. а-97Ь. 8. lka?b-? +a%b-4, 
4. z*- 6253 --4ν--θεῖ, Б. ο. Καντ. 
6. а+а#-1+@ ttot. 7; CE gee 
8. аї"—9Ь®++10Ь"с”—4с??, 9. a° -θ4ῦ3. 
10. αἲαῖα ta t i-o AEE 12. 94-4273 4-92-7, 
18. ytatyteo. 14. a+abbi-b. 15. s" - 1427. 
16. 4x - dob itme y ey B id 
17. οἳ- utl A 
18. s-a. OR Ser ee 20. a", 
21. c 325-1, 22, 28-920 ауаз oodd y, 
23, a" καλά, 24. αἳ da dn 20h бабай, 
$5 P 
25. αἷς Ὁ αἷρ ΣΑ 36. A3 27. k ta 
atc E DS y ἃ 81. 1. 
38. “δαν τα 29. 1. 30. à 2 
a?+b? zw 
δὲ. a(a+b) 85. 9. 84. (53 i Ὃν. E- rales: 
p py". 39. 1. 
зт. (2) ss. (2) 
Exereise 105. [ Page 361] 
г bed 
L зоа 5. 8349513 νο ο ο отау 
8 9 9.2 10. 3. 1. -4 12. 0. 18. z=4, y=2 
14. α--9, y=-3. 15. z=9, y-3. 16. z=1, y-3. 
11. 2-9, y--1 18. z-1, y=}. 19. z-1, y-2. 
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. 4: e --- 
Бен nt _ [a Y -[α}55 22. men". 
30, α--ᾱ, у=4. 31. 2 (1) 9 (2) 
38. 2=1, y=2 and z=3. 29. х= - 14, у= – 9 and z=-5% 
30. т=у=г=}а. 
; : Exercise 106. [Page 362] 
1. 4/45. + 2. 8/94, 8. */96. 4. 4/1580, 
5. "Ма, 6. αμ. 7. να ο”, 
Exercise 107. [ Page 363] 
1. 342. 2. 44/5. 3. 53/2. 4. 95/4, b. 84/5, 
6, 75/4. 7. 51/8. 8. a*8/b. 9. z*ya. 10. -8J5. 
11. --4αὐ 90. 12. ба? 3 /4am, 
Exercise 108. [Page 363] 
1. 748, 2 749. 8. 845. 4. 2/2 5. 12. 6. 545. 
2554/8, 8. 348. 9. 64/5. 10. 0. 11. 0. 12. 1759. 
1138. (Ta+y) ψ/δα. 14. (z?-9y?--322)?/a. 15. 4αλ/βα, 
Exercise 109. [Page 364] 
1. 5/97 and 9/4. 2. 12/956 and *3/125. 9. 25/8 and 11/248. 
12/27 and 22/55. 5. 24/256 and 34/16, 6. Thelatter. 
7. The former. 8. The former. -~ 9. 8/4, 4/6, „/2. 
10. ү, 4/8, 12/55, 
Exercise 110. [ Pages 365-366 ] 
1. EN 2. 44/8. 8. 9. 4, 34/10. δ. 30. 6. δ. 7. 8ααῆ/δα. 
8. 863 9. 5/9588. 10. 49/9. 11. 954, 19,2797 
13. 5/97. 14. 25/89, 15. 13/1024, 16, 40/3. 17. 2880/2. 
18. 48098. 19. 9210abzi/z. 20. 2/3. 21. 4. 22. 3/5. 
28. Mi. 34. “577. 25. 1341. 26. 3535. 27. 26'832. 
Exercise 111. [ Pages 366-367] 
1. abba. 2. a-b. > 3. ба-10,/а. 4. 162-9 
5. 6r-54. 6. 6+ J10. 7. 7+4,/6. 8. 6-645. - 
9. 24+6,/2. 10, 532/12.-33/18. 11. 2%- а/а а? =a". 
12. 182+80./3, 13. 833-19 /85. 14. 942-9 Ja* --ᾱδ'. 
15. 99:*—91y*--90 /z& ys. 
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ES 3i Exercise 112. [ Pages 368-369] 
23—3./21 
3581, а 54246 3. 94+17/2. 4. 942415 


a+ ψα΄-ω pee 242- W/E 
[а Се δ, ato armis τ. as Jae 4а 8. 5'828. 


6464. 10. 5414, 11. 3650. 12. 684. 18. "04. 14. 2m. 
J5(L+ 9). 16. 9+ V3 11. K490«2./8-34/2. 18. 198. 
40/2221. 20. 90°. 91. YONG MA. 99, 93/94-5/13-- 3/8. 


Exercise 113. [ Pages 372-373] ў 
J3-1. 3. 94/8. 8. 3-9 4. E+ J8. 5. 3- δ. 
54 43. 7 4—,/5. 8. 842,9. 9. 6+ 5. 10. 5-2,/8. 
oT J3. 13. 3/5-9/7. 18. 9 /H+ B. 14. Ji- κά. 
Ji- 4. 16. 4/2(.J2-1). 11. 4Jo( /83—1). 18. */3(./2+1). 
УБ 84/9. 20. V2 21. 1, or, $/3- 2. 99. b. 
vt Ма? а. 94. Jatb+ Ja-b. 95. κατα να. 
Ja+9+ Jz=3. 97. /л+у+ М2. 
Exereise 114. [ Pages 375-316 ] 
3. 8.16. 4.à δ. 4 0695 78 8. 
- 2 4 
2. il Фау. 15.6. 19.9, 42.5 0 15315 
-81 Το: rs 
19. δι. 30. т=з 21. L8 +0) 


$ 
7a 4a 2a?—9ab40*. «у= 
5, 28. Ha od fo. 25. % 26. 0-а) – i4. 


25, 


© 
t° 


abt 
4 : 89, πι δ. lon -- 
81. 1 ἡ τα. 0 


а= 


15.99, 4& 80. 84. 


2a 41a? b? - 4a? - 
весов θε 5 зв. 2—22. 39. δ. 40. + 


n 
Exereise 115. [ Page 380] 
9zz + 3y. 9. α’ -205. 8. п5-2+1. 4. 927-80 1-4. 
Qn? +2an+4b®. 6. 32° 2 +3у°. 7. 2%-2+4. 
: ? a7 
Ta? 518. 9. ΠΗ 10. μα: 
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a 9a 1 9 
п. &-1-®. 12, 9.1.2 18 
Tæ αν @ =, gS 
м. 2-3-2 15. 2-1-2 16 
17. 2-251. 18. 20911-26, 19. 


20. οἳ αἰγξεγξ. οι, 
28. а?"+1 + 3а" – бот-2, 


Exercise 116. [ Page 383 ] 


1. ὄαγ-4, 2. "az? –3Ь°, 8. Ta?b*--9a*b*. 
mty? g*y5 Bab οἳ 
4. DEAE 5 3-8 6. atbte, 
7. a-b*c. 8. 9α--ὐ-- 8ο, *9. a?--9b? —3c?. 
2 _ 352 + боз a b, -ᾱ- 1. 
10. 945 -- 803 + 5с°, 11. z+ 3-8 12. α-9 2 
T a b. z 1 у 
18. νο» 14. usd: 15. 5 J3* ш 
32 a 1 MW. ον 
16. a bts απ. 2*9 18. a a 
19. a-b4c-d. 20. a*--b?, 21. αἳ --ὂ +0? -d*. 
„22. a*-a-1. 28. 2a(b+c)+ bo. 
Exereise 117. [ Page 386] 
1. т+9. 2. 82-8. 3. 4a-8b. 4. g?-9z42. 
δ. 2z?--2—8. — `6. 1—832?492*, 7. 9z?-8eztc*. 
Exercise 118. [ Pages 389-390 ] 
1. The latter. 2. The latter. 3. The former. 4. The former. 
5. Thelatter. 6. a: d. (hee ay ο Э 6 
9; 75:8. 10. 98:97. i1 5:7. 12. 3:4. 
18. 63 апа 72. 14. 85and5l. 15. 98and35. 16. 49and 54. 
17. -15 18. 35. 19. -11, 20. %@-М. 
23. 76:75. - 24. 1772:1771. 25. B. 
Exercise 119. [ Page 391 ] 
1. 4. 2. 18. 8. 911. 4. 36. 5. 20. 
6. 60. 9:790). 8. 6. 9. 14. 10. 18. 


8 


^ а"—да". 


Qe — Day? —y4 
2m κιν 
Ty ЛЕ 


az-7* 1-a-!g. 


id bes 


oot 
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Exercise 120. [ Page 395] 


2=9, y=6. 9. α-95,γ-9. 8. 2=56,у= 30. 
a А 
а 5-5. 9. 9. 
ἜΣ — 2 
«απο 11. αι dE 15. 9. 
Exercise 122. [ Pages 400-401 ] 
0. 


Exercise 423. [ Page 406] 
a%d?=b%c?, 9. 8% =а%1°. 8. n*p?-m*g". 4. 00% 0+0=0. 
103 – ать +а?п=0. 6. (bm — em)(am — 010) = (cl-an)?. T. ab=1. 
35pq —6. 9. (раса — c3bsY(a1bs — bide)? = (0122 — @10а)%. 
(руса — ex b)? (aba — δια) 7 (0382 = алса). 
(bica = сібе) (αι δα = bias) Ξ(οιᾶς = алса)“. 
(ат? -bn + стат? -an+ 0) = (с + атт). 
(c? +3ab)(b? —2ab — ac) - (3a? — 2ac- bo)”. 


(ab + bci)?  (a3b-* bic)? = (со: — аал)". 
17. abt+be+cat2abe=1. 


14. а? +02 =т? η", 


а?п +Ъ21= арт. 
at+b+ct+abe=0. 19. аз +b? +02 =ађо+4. 
d2(a+b+e)+abe=0. 21. т? +у% +22 +92у2=1. 

Exercise 124. [ Page 408 ] 
ατα, у=. 5. z-1, y=1. 6., т=у=а. 
2-1, y=1, 270. 8. ατα, у=. 


Exereise 126. [ Page 410] 


вав е LS ras 6. 9. 22279 
-ᾱ 9. 18. 10. τ. 1. 16: 16. 
Miscellaneous Exercises Vl 
[ Pages 491-432 ] 

£ 

14. 2. 0 3. 5b(a+0). 4. 9х*—4шу+5у®. 
b ab, 8, δ 

(a+b)? ο b-a ‚56+ V6. 

II 
at, 2, 4ш#-6л-1. 3. 19 345. 
q2—9z4 9. 6. +. LEO US 
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III 
195550 0099 2. e. 8. (2+3: 0 -6+30), 
ача 5. (e-00-96-3. ο, 513, тоф 
x IV | 
1. 25, 2. х°+т5у—д%у%+ту5+ у, 8. (i) (z +1)%(e—1); 
i (i) а: zpet- 1. 5. (64z*— T99Y3z 4-9). 6. -ᾱ, 
i v 
inf 2. a*(b—c)-b*(— a)-4-c*(a — 5) -- (b - c)(c - αγία -- ὃ). 
a? +3) | де р Ауу 84 /6--18. mde 
3. ala +97) 4. Ju 4+ ος 6. 11 7. т=4,у=1. 
VI 
Ίσα 2. pog DNE ан 
a - 
5 στρ Оаро Re guage ties) 
Н VII N 
aS. tot ат+бу x 
1. 95% Baty. 9. ae*-eal. 4. Z= b. 5. 7. 7. 80, 128, 
VIII 
2. (i) (b+o-a)(b+c-5a); (ii) (z--2y +a)(z — a). 
a+b х = 
3. +оо а): 5. -6. 6. 9х°—8ш-%+4ш-*, 
don t=7}, y=3h, 2-11. 
IX 
μη 2: me 3. (@—b+1)(a?+b2+1+ab-a+bd), 
4. 6. 6. α-16, y=4, 7. 278 minutes past 8, 
: x 
1. 9a? 1-40» +90? — бБе+9са + Gab. 2. ο 192158, 
3. (a+b)e+(a-bwH(a-)e+(a+B)l. а I вв 
. *. 90 days. 
; xP 
2. (i) (a+b-c-d)la-b+c-d); (ii) (2+у- (2-у+2+1). 
3. л. 4 σ-γ-α-1. 5. 2? Say t7y?. 
6. 480 at 16 a shilling ; 90 at 18. TD 


К; 
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XII 
2. 0; 8. (i) (z —b)(z+b-—2a) ; (1) (e α)(α + ὃ }- ο). 
4. 32-1 5. 90. 6. 10. j 7. 1848. 
j XIII 
3. 0. 4. 0. 5. 30. 6.. 1. 1. 4699, 
XIV 
3. 47. 4 a+b. 5. c-—i(2a-b-c), y=}a+2b+c), z=tatb+2c), 
6. 5 days. 7. (e*+5ax+5a")*-a*, 
2243 UOTA 
+ ' 
1. 4 δ, τ Κητς 4. 39-90. 5. a 6. 4. 7, 54 gallons, 
XVI 
1. ο” -951-8. 2271 4. z=9, y=1h 
5. (xy-ab)(ay? - b*a). 6. —a*-b* -c* +2ab+2a0+ 9bo, 
8. In the 1st, the wine is ἆ of the whole, in the second, $. 
à | πα» 
1. α’ +r+l. 2. r—16,y-95. 8. n(n-1) 6. 72. 
1 2° - 9018. 
° 9z* 462-8 
XVIII 
2, 52. 8, 0) (Πα-1γθω-δ); (ü) 3a-cKl-ao); (iii) 2m*alm-+n), 
4. 1990. 5. a+b+cə. 7. 2=2,у=4, 270. 
о? a? 1 
ΟΝ 
ΧΙΧ 
1. Ed 8. ac-bc- b? a^. 4. Sig пр, 
7. κ/θ-9. 8. аЗ +0%+с° – Зађс= 0), 
Я хх 
3. es 4, -(а%+Ь#+о%+аЬ+ас+Ьо). 6. mo, or, = 525, 
abc 
1. απόξε у= stb, g. 4апй 9 miles an hour ; 34 miles. 
e XXI 
5. (a—b)\(at+3b—2c). 6. ο” -δ. 7. (ασ --αο) = (Ба — b'a)*(b'o Бо). 
XXII 
4. 1090 yards. 7. w=b+o,y=ate, z=atb, 
8. a> +3 +e? —3abc-0. 
‘ 


< 


στο 


1. 
δ. 
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XXIII 

a? +02 +c? at opt. 
(3z —1)(7z — 2)(4z — 1). 6. abd Dados 8. pip 1 

XXIV i od ү 
т=а,у=Ь,в=с. 2. 54,81, 108. 6. ait BT (ας 

хху 
(i) le ath af? ay enhn E (ii) be+ca+ab+2abe=1, 
1 1 (а 0? сајт 1), 

ατα MEM | л 
Exercise 197, [ Pages 435-436 ] 
T; 2. +E 8. x9. 4. +9. 5, +2. 6. «5 
κάψα -4 md 9 2a, 
taar -i 8. + mab. 9. + Jac 10. +76 * 
i 
ed 12. ἘΝ. . 18. =n a ^) 14. ++. 
Exereise 128. [ Page 488] 

1, —12. 2. 15, —14. 8. a, 3a. 4. b,9a-b. 
2.0. 6, 92, Ва, т. МБа+35); KGa- TD). 8. 492-50) ; 162-0. 
a+b) -Ha-). 10. 99,-10. 11. 1:25. 19. a, -5 
а За 2ab — ac — bc. а 
σαι 14. 4,8. 15. 0, Tum 16. a, 5' 
9,74. 18. 2, -18, 19. 5, -32. 20. 4, -*. 


Exercise 129. [Pages 439-441 ] 
2.0 4. 88,93. 5. 9}, 91. 6. 6ὲ, -18. 7. 14, -2ὲ. 


4,°05. 9. 9-243. 11. 98. 19. 9,4. 18. $5 
99, -10. 15. 10, -99. 17. 9, —8. 19. 4,0. 
10, -ἕᾱ. 291. 24, 8j. 22, à 4d. 23. 3. 
ТРЕЯ 26. μενα. 
Exercise 130. [ Page 449] 
2. -4,—5. 8. & -£- 4. EE. 5. 24, -ᾱ. 


8, 
5, δ. 7. -1,4. 
Exercise 131. [ Page 443] 
8, -θ. 2. $, -ᾱ. 8. zs, -8. TT DU» 


M Oo a, еа 
9H,-11. 6. σσ 7. ab, 3 


* 
LI 
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Exercise 132. [ Pages 446-447 ] 


1, 2, 3. 2. 1,384 V17), 4(8— J17). 

"ασε 4. -1, -2- 4/10, -2+ 10. 

9+ /3, Yl+ /-3). 6. X34 /-7), 1x 4-3. 

-2+ 6, -2+ κ/-δ. 8. 1, -8, à(- 7€ J- TJ). 

-lx 45, -1+2,/2. 10. 1x 92, 1+ (δ. 

i82 V-11), 48+ V5). 12. 1, 14/2, 3(-1+ 17). 

1,-1,4/-1. 14 1620-6. 15. 2, 3, 

9.8. 17 O а ав: 179 4038) C Te 4/78). 

2, -2. 20. 2, 4, i(53 /201. 21. 2, 1, 9+ / - 81). 

1, 9, H8+/—1). 28. 4, -θ, -1x442. 24. 9, 6, -ᾱ, —¿ 
Exercise 188. [ Page 448] 

Real, irrational and unequal. 2. Imaginary. 

Real, rational and unequal. 4. Real, rational and equal. 

Real, irrational and unequal. 6. Imaginary. 

Imaginary. 8. Real, irrational and unequal. 

Real, irrational and unequal. 10. 8. 14. (9, 


Exercise 134. [ Pages 453-455 ] 
2% -42+8=0. 2. д? +92 - 35=0. 3. 32% 100950, 


(i) 22-62+4=0; ` (1) z? —4az +4a" —b=0. 
(1) sum —5, product —6 ; {i sum = —9, product = —13 ; 
(iii) sum = 0, product —5 ; iv) sum =Z, product= -$ ; 


(у) sum= – 1, product s. 
(1) ο’ –р?2+90(р% —29)—0 ; (iii) q*2* — p*qz +9(p° -2q)=0 ; 
(iv) qz? 4- p(q +1)z+ (a +1)° =0. 

(i) 912? +82+3=0; (ii) cz? - bz a - 0. 
`a=19, b=31, c=181. 14. k-1. 15. k=a=2, 
Exercise 185. [Pages 462-464 ] 

16; £5. 2. 18. 8. 3 inches, 
A’s capital=£5 ; B’s capital= £190. 5. 5 miles per hour, 


< > 


τα з 
19δ; ge 568 8. 4,190; В, 80. ϱ, 7,9. 


Вз. 90. 11. Small wheel 4 feet; large wheel 13 foet, 

4penee. 18. 56. 14. 20 and 30 miles per hour. 15, £60, or, £40. 

19, 16, 18. 17. 96 and 38 feet. 18. 26, 18, 6. 

40 and 45 miles per hour. 20. 256 sq. yds. 21. 14, 10, 2. 22. 6400. 

(a—b)* 
3 


A, 10 miles per hour ; B, 12 miles per hour. 24. 7 


< 
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25. The sides were 30 yds. and 19 yds., and the height 4 yds, 3 
26. 100 shares at £15 each. 27. 16, 19, 10, 7. 29. 625, 
80. 324 square feet. 

: Exercise 136. [ Pages 472-473 ] 

8. Е) 9. Кен rm--3 | 10. т=5 h z-6 r 


y=6 J' y=8 |" y= J ye —4 j° yet y-a 
11. α--9,6. 12. —9;8: 
14. z-8,22-4, y=9, у= - 3. 15. (5,0);(0, 5). 
Exercise 137. [ Pages 490-491] 
16. (i) 1; (ii) 4; (ii) -7; (iv) 275. 
17. (i) 4; Gi) 4; (iii) 21; (iv) 1°5. 
18. z=4 z-1 20. z= 4 2= –-9 
у=1 | and y-4 |. y=-2 and y= 4 ү 
21. 8. 22. 1; -ᾱ. 28. 1; 9:5. 24. 1; -ῇ. 
25. (i) z=1'2 т=-19|. (ii) α-- –5 z=-1 
( ja al and sca i yo 1} and ЕЕ 
(iii) z=0 z=1]. (iv) т=0 σ-ὲ 
m and y=2 l: у=0 | and y=1 | 
Exercise 138. [ Page 493] 
1. (i) 16,40,2n-6; (ii) 15,39, 9-7; (i) ΓΦ, “104, ΣΙ on; 
κο ο (v) 47, 119, 6n—19. 
2. 99th, 46th, (3n — 10)th. ü 3. 6. 4. 98. 
5. —48, —44, —40 ; 20th term —98. 6. lst term =13 ; 18th term = – 38. 
7. lsiterm 2, com. diff.=3. 8. pn ἄν -Ἡ 
un = 


Exercise 139. [ Pages 495-496 ] 
1.395, 2. 900. 8. 504. 4. 88. B. x 6. 1. 8. 591. 


- π n+l 
9. 0. 10, 25452. 11. 1-1. 15. =Í στο) 
18. 720. 14. m 15. n(a+b)*-n(n-lab. 16. 899, 17. 704. 
18. glett 19. 4080. 20, 219-57, 


Exercise 140. [ Pages 497-498 ] 
1. 3. 2. 9, 8. 7. 4. 18, or, 7. 5. Last term 3, or, -1; 
number of terms 10, or, 12. 6. 18,or,19. 7. x. 8. 1, š, š, Z, &o. ; 
1470. 9, 1,3,5,7, &c. ; n*. 10. 9; 11. 4,or 10. 
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Exercise 141. [ Page 499] 
1. (i) 65; (ii) 8; (iii) m; (iv) aà?--z?. 2. (i) 95,108; (ii) 8, 78. 8. 901. 
297, 387. 4. -9, -6, -10, -14 5. 1, -14, ἁο., – 39. 6. 14. 
Exercise 142. [ Page 502] 


+ 
1. %(6n?+an—1), 2. "DG λεν, $ (dn? +6n-1). 


4. n%(Qn®—1) 5, 9+9) ου ο 
Y . . 6 

з. sexi tales) 8. δ Qnem? + 51n—34), 

9. (i) - = (if n is even) ; (ii) Ба (if n is odd). 


10. ὢ ыш (if з is even) ; (Н) son lif n is odd). 

Exercise 148. [ Pages 506-507 ] 
p Θα). 9,18,17, 91,95, 8. 1316. 54 70, 
Б; πας αν, 6. Blan? +8n+7), 1. Rn eon) 


t n M Ps n 4 
5.0 gg rg: σσ 9. 8,12,16,90. 10. 8,5,7. 


11, L3,57 12 8,5,1,9,1,18. 16. 16. 19. παν ανν), 
20. 4(n—1)n.(2n— 1) yards. 21. 16. 22. б, 
Exercise 144. [ Page 509] 
1. 8748. 2. 4 3. 65530. Ж оз. 
e> ως 
5. dn n + or, —, according as т is even or odd, 
6. -4 7. de, rh. 8. (i) 6,19, 24, 48,......; 
(ii) 27, 9, 8, 1, ἐν...... on -91,9, -3, 1, —$,...... ; 
л-вүр= 
(iii) 31, —97, 18, —19,...... a (23 
ҮШ pth torm= Jim and ath torm=m | Ë |° 
Exercise 145. [ Page 510 ] š 
1. 265720. 2. 6089. 3. -682. 4 15. 5. 51-92"), 


6. zl SII ı — or, +, according as т is even or odd. 


1. 


29. 
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Exercise 146. [ Page 512 ] 


1.3, 2. $. 3. δὲ. 4. ἃ. 5. 101. 6. i 
3 


н. 8. Me 9. 344342). 10. x. 


Exercise 147. [ Page 514] 

6, 19, 2. 8,1,4. 3. -1,8-2,X. 4. 18, 8, 19, 18, 27. 
Exercise 148. [ Pages 516-518 ] 

1.08.98 1. , 145 . 9» (i625, 
36' 55'1665' 7° (1-2)* ° (1-92)* “= (1-32)* 
all-a") na"** l-z. Lr 
1-а)? Ta . ü xz) ЖЛ 8. 4 g-i 
9^-!(9n —1); 9"(2n – 3) -3. 10, ---- 


40 on) 4. ας αγ 
gi -D- ο i2 »- (1-55) 
9n! -9-m. 14. 9(29—1—-4m) 15, 4(4"-1+165n). 
2, 5, 8, or, 26, 5, —16. 19. 4,8,16. 20. {, 4, 90. 
1 
+9 _ On+1 — 
naris greg, 80. 5га) 
Exercise 149. [ Pages 526-528 ] 
2-3у=0. 2. 14, 3, 9. és! δ. 977? – 4у%=0. 


ydo 1). 1. 1às-95:y419y-0. 8. y= Int 


-и=8+92-ш*, 10. "NA a? -z?, 12. 45 inches. 


£96. 5s. 15. 45 sq. ft. 16. 346% sa. ft. 
960 cubic ins. 18. 14 ft. 19. 10 ins. 
12496 ins. nearly.’ 21. ‘01875 ins. 22. 1610 ft. ; 30579 ft. 


` 98 days. 24. 224% days nearly. 95. 9:4. 


£n? 
M { (m+1)bŠ 
=i tiss 31. The costis least when the rate is 12 miles 


x. Lmen? 
Value of diamond = (m+1)a3: value of ruby = 


› 


an hour; and the cost per mile is £j and for the journey is £9. Ίο. 6d. 


UNIVERSITY MATRICULATION PAPERS 
ALLAHABAD 
1942 


1. (a) И z+ 5 --ᾱ, find the value of zt 2, 
(0) Factorize ; “(i) 64—a*. (ii) 2° —9a* +40у+6а0+4у° – 0°, 


А, etl z-9 92-18. 
(4) Bolve с=т = etl 
(b) The length of à rectangular plot of ground is greater than its breadth 
by 86 feet. If the area of the plot be 6048 sq. yd., find its dimensions, 
sua eee ee and ee oe 
8. Solve: (a) Pas EC] 3 and ση 5. 
(b) а+у+з=6, ] 
and ш+1=у+9=+8 
4. Draw the graphs of the following straight lines and read ой the со- 
ordinates of their point of intersection, 


dz-y- -1 and 4х@+$у=9. 


1948 
1. (a) Find the oontinued product of 
(1++2)(1++2°)(1+2*)(1—ж). 
(b) Factorize: (i) 4yt+a*. (ii) a* (b— c) - b*(c— a) e? (a — b). 
2, Solve: (i) n'a nter (il) 6z* —13z+5=0. 
8. (a) Solve i+ š; 28, у+е= Був, s+z= zz, 


(b) Eight chairs and ὅ tables together cost Ев. 55-8-0, and 6 chairs and 
8 tables together cost Rs, 65. Find the price of a chair and a table separately ч: 


4. A man starts walking at 10 A.M. at the rate of 5 miles an hour. After 
2 hours his son cycles after him at the rate of 7 miles an hour. Find graphically 
when and where the son will overtake his father. 


1944 


1. (a) Factorize: (i) z*—62? +112—6. (ii) z*+4, 
8 


тауа ар 
(b) Simplify 5 t; 1*z41 sitse) 
2. (a) Bolve @y+3y=8 ; by—4=Say. 
(b) A number consists of three digits of which the middle one is 0 and the 


sum 9; the number formed by interchanging the extreme digits is greater than 
the number itself by 297. What is the number ? 


8. (a) Solve the equation 95% +52—6=0, 
1—87 ng 
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(b) An aeroplane goes from Delhi to Calcutta a distance of 900 miles, with ` 
а uniform speed. If its speed had been 20 miles an hour more, it would have ` 
reached Oaloutia three hours earlier. Find its speed (correct to the nearest mile 
per hour). 
4. The values of y for a series of values of z are as shown in the following 
table : 


zoom | 500 | 510 | 520 | 593 | 540 | 550 


jus | 6990 | 7078 | 7160 | 7943 | 7894 | 7404 


Draw а graph on as large а scale as the paper supplied to you will con- 
veniently permit, and read off from it the value of y when ὦ--δ98:6, and also the 
value of z when y=7092, + 


1945 
1, (a) Factorize z*--22*—3. 


(0) Simplity ++, 
( If a:b:: 5 d, Se p that 915.044, 
3. Bolve: (i) πάπα Ea 
ЕТЕ 
3. (а) Solve the equation 6z* —7z —8—0. 


(b) At a children’s party each child gave a present to each of the others. 
1t 132 presents were given, how many children were there ? 


4, (a) Prove that log; ο ab—1og,o a-F log, b. 
(b) Find the value of 2/:00000165, 
given Ίοβιο 165— 22175, Ίομιο 6974=5'8435, 


5. At noon 4 starts to cycle from P to Q, a distance of 40 miles, He rides 
at 6 miles an hour, resting for an hour after riding 12 miles, At 3 P.M. B starts 
f-m--at 10 miles an hour, Find graphically, 


(а) When and where B overtakes 4. (b) Their distance apart at 5 Р.М. 
1946 


1, (a) Find the continued product of (z—1)(z+1)(z*° +1), 
(b) Factorize: (i) z*--6z--8. (ii) a? b^. 
a a 2 
2. Simplify: (i g ketl z'—ml1 a ab  α" . 
юру: (i) zl + 2-1 (it) atb ai-p a* rb? 
ET 4.5 
8. (a) Solve SS eee 
(b) Two sums of money are together equal to £54-19-0 and there are ав 
many pounds in the one as shillings in the other. What are the sums ? 
4. (a) Ifa: b: : с: д, provethat ac: bd : : a* 4-c* 109 d*. 
(b) Solve the equation 223--3z—2- 0. 


5 i-» 
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5. By drawing graphs, solve the following simultaneous equations :— 
5n—2y=2, А Y 
4z— y-8i. 


6. Solve s+y+ i =o эк-у+® =-9; 3z--3y— і =10, 


7, (a) Show that og, o dr logso M- log oN. 
(b) Given 102,09= 3010300 and log, 94844544 —6'6852530, find the value of 
(6°4)" x (1/7386) + NBD. 
1947 
( Optional) 
1. (a) Resolve into factors : — (i) 28—956. (H) 2*—172*+16. 
(b) Find the Н.С.Е. of ο” +82—4 and z?—92z* —92z-48. 
2. Simplify : 


1714 2a As a b ο 
9 tata 0) (аа 0а) 0)  (о—а)(о—)' 


8, (a) Find the square root ot 
4х*+122° — 1193 —802+ 25. 
(b) For what value οἱ m is the ratio of 6z+5 to 824-2 equal to the ratio 
of 5 to 6? 
4. (a) Bolve mti ei 
b) A man’s аде is three times that of his КА In 12 years the father's 


( 
age will be double the son'sage. What is the age of each 
2,29 7,8 
5. Solve: (i) 3z-+4g=397, δα-ϑγ-16. (ii) g+ = gta: 


(b) Factorize a*(b—c) +b?(c—a)+07(a—d), 
+ 4:40? —2д° —l0z--5 a complete square ? ~~ 
f 23 ρα -- q and z° la -- m, show that 


6. (a) Solve 2+0=7, gy 712. 
1. (a) What value of z will make 2 
(b) It а+Ё be а common factor o! 
pana, 
8. (a) The sum of two numbers is 80. The greater is 5 more than 4 times 
the smaller, Find the numbers. 
(b) Nine chairs and 10 tabl 
16 tables are bought for Rs. 192. 
9, (a) Find two consecutive odd numbers the в 
3 ШЕИ таш 
(b) Solve POTRETE scuto 
Є the straight lines represented by the following 


10. Show graphically, tha! 
equations Wes di a common polnt— (i) 2—30=2; (ii) 2275y—5; (11) @+1=6y, 


Read the co-ordinates of the point of intersection. 


les are purchased for Rs. 163, and 6 chairs and 
How much does each cost ? 


um of whose squares is 802, 
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1 
11, (a) Bolve ——. (b) z- 1 =p, find the value of z* + S° 


5 6 
Trza 

12. A train travels at the rate of z yards a second, find— 

(a) How many miles does it travel per hour ? 

(b) How many hours does it take to travel 1 mile ? 

(с) How many miles does it travel in z hours ? 

(d) How long does it take to travel y miles ? 
18. (a) Prove that (а")"=а"", where n is a positive integer, 

E 

(9) Find the value of (i) 27°. (1) 3. (i) ( a)- 

14. A certain number of two digits is equal to seven times the sum of its digits, 
Ifthe digit in the unit’s place be increased by 2 and that in the ten's place by 1 


and the number thus formed divided by the sum of the increased digits, the 
quotient is 6, Find the number, 


1948 


( Annual ) 

1. (a) Resolve into factors: (i) z*—T7z*y*--y*. (ii) (a*--1)y* -y* —a*. 

Or, (b) Show that (a+y+2)*—2*-y*—s* 7 8(z--y)(y- z)(a--2). 
be ac ab 

See tt Gp O G= ü= o) * (2X5 9) 

Or, (b) Ша: b=c: d, prove that 
а? +ab+b* : а? — ab-- b? -- c* cd d? : c* — cd t d^. 
8. (a) Solve the following equations : 


. 2 1 6 " 
(i) аде m TSE (ii) z-y-2zy, z- yo zy. 


i 
Or, (b) Simplity {nex dux ла} . 
> 4 Жог what value of ‘a’ will the expression  4z*—192z4-952*—94z-a 
become a perfect square? ` * 


5. (a) A number consists of two digits whose sum is 8, When 18 is added 
to the number, its digits are reversed. Find the number. 


Or, (b) Find graphically the values of z and y which satisfy the equations 
5z—2y—18 and 5y-6—7z. 


( Supplementary ) 
1. (a) Resolve into factors the following : 
(i) z*-Fa*-a?z*. (ii) а? —5* —c* —9bc-a—- b — c. 
Or, (b) It z—5--c, y=c+a, 2=a+b, prove that 
a y +2" пу ys asa? ++? —ab—ac—be, 
a? 
2, (a) Simplity a-da- 


ολο шыш 
€) (ф—а)(Ь—с) (с—а)(с—&) 
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Or, (b) Ifa: b=b:0=c; d, show that a:d ::a* b? --c? : b? c? d, 
3. (a) Solve @+1,‚т@+2, 28 


S GTI I e s 
a? ш JE a Ja 
Or, (b) Simplity JER EN ES 


4. Prove that (z—1)(z—8)(z—5)(z— 7)--16 is a perfect square, 


5. (a) A number consists of two digits, the sum of the digits being 9. If 9 be 
added to the number, the digits are reversed. Find the number. 


Or, (b) Draw the graph of 72—2y—14 and z-2y—2, and hence find the co- 
ordinates of their point of intersection. 


— 


CALCUTTA i 


1948 
Compulsory Paper 


E 1. Either, (a) Faotorise a? 4- b? 1-ο — Забс. 
(b) Find the ταῖαο οἱ 75 4*5 


2ab 
Era aO P carb, 
Or, (c) Find the H.O.F. of 827 1-182 1-10 and 8" -- 18z* +38% +18. 
a*(b+c) b*(e+a) c'(ab) | 
(д) Simplify (9а) —a)(—a) (406-0 
ü Li ur a oco F 
2. Hither, (a) Ἡ роса ожа atb- 
find the value of (b—c)+(c—a)y+(a—b)s. 
T 1 


1 n 
(8) solve @+1 а+8 ct2 а+4 


1 5 
Or, (c) It a+ + =1 and b+ + =1, show that с+ 2 el, e < 


a b at+ab+b'_ a, 
(d) 1t Ras show that pner Te 
3, Either, (a) A general can arrange his men in a hollow square 5-deop. If 
the total number of men in it be 1900, find the number of men in the front row, 


Or, (b) Find the time between land 20'clook when the hands of a clock 
are at right angles. 


4. Draw the graphs of any two of the following equations : 
(а) ду—х=1. (b) w= Be (8 42-39. - 


Additional Paper 


1. Form the two quadratic equations of which the roots are :— 
(а) 2+ NĪ and 2— Nt (b) N7+2 and N72 respectively. 
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< Distinguish between the coefücients of the two equations and try to e 
the difference. 

Or, (c) Firid the square root of z*—92az* +(a* -- 2b? c)z* — 2ab?z + b^. 


2-29 ᾳ-θ 
(d) Solve .-4'zrg 73 


2. (a) Using the graphs y=? and y- Er, solve the equation 32% —52 —9; 


Or, (b) Draw the graph of = 5z*--2z—1, Read off the abscissa where this g 
15 cut by y=8, These are the roots of the equation bz*--2z—4-0, Explain why 


8. (a) Find the sum οἱ the following series : 24+5+48......152, 
(b) Find the arithmetio and geometric means of a and b, 


(c) Show that the arithmetic mean of any two real positive quantities іа 
greater than their geometrio mean, 


Or, (d) Show that the recurring decimal '735 is equivalent to an infinite 
geometrical progression, By summing it find its value, 


1949 
Compulsory Paper 
1. Either, (a) Factorise a* (b— c) - b*(e— a) -c*(a— δ). 
(b) Find the value of 2* Εφ" -2* —8zys, when z--y-kz—6 and gty--ys-- 22 104. 
Or, (c) Express ab as the difference of two squares, 
(d) It a* 2 b-Fc, b* =с+а, с" = a+ b, show that 


Ira ito iton] 
2. Either, (a) Simplity L 
πα 
+ 
es 1 
> +» 2 


(b) Find the Н.О,Е, of a° +1la—12 and a^ - 11a? +54. 


Or, (c) 1t $7 i show that are 
z--9)(2--6) m--8 
Ве i rete) x" 


Й 3. Either, (а) А number consists of three digit; h b; ity than 
hloh follows it: if 97 be subtracted from the nubes Qi Ьу unity thai 


m thi ber, thi is 16 tim 
the sum of the digits, Find the number, o a: the remainder is 
Or, (b) P and Q start at the same time from Howrah and Madhupur 
Proceed towards each other at the rate of 20 and 30 miles respectively, They 
hi ΜΙ μα 86 miles farther than P, Find the distance between Ho 
т. 


4` Draw the graphs of any two of the following equations : j 
(a) 3z+4y=12, (6) ο--γ--δ, (о) 3y=22, i 
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Additional Paper 
i. What is a quadratic equation? Solve the following two quadratic 
equations :— - 
(а) л°-6бл-4=0. (0) =%-9,/192+4=0. 


Compare the roots of the two equations with thelr coefficients and to 
explain why the coefficients of the first equation are all rational while ο οἷ to 
second contain a surd. 


Or, (c) И ae y, prove that ( Hy „5-3, 


(d) Extract the square root of к*+6:*+х* - 20x" +28д* — 102 +4. 
2, (a) Bolve graphically the equation α’-α-8-0. 
, Or, (b) ‘Trace the changes in sign and magnitudo of the expression m'=9z+ü 8 
t increases from — to +90, 
8. (a) How many terms must be taken of the sorlos 2, 8, 14... to make 869 ? 
(b) Insert three G.M.S, between 9 and 162, 
Or, (c) Bum to Infinity the series 14924 δα) +Tax", given thats 1а Jess than 1, 


1950 
Compulsory Paper 


1. Either, (a) Factorise a (bc) e b* (ca) ee*(a- D) + 2abe. 
(b) Express (a°  *)(e* + d*) ns tho sum of two squares, 


Or, (c) Solve the equation let : 
(d) It a+b+e=8 and a* +b" +o" =30, find tho value ofa'+b'+e' = Sabe. 
2, Either, (a) Find the D.O.M. of ба*+11* 4641} and dz* - 12-9. 
(b) It abc 0, show that αν εὐ» κο’ milar +b" e) a! +b" +e") 


, lenominator of а fraction the numerator by 9, and 11 the 
BAS porem by 7, tho fraction js Inoroased by unity ; find the {Μωλ{ο.. 
i a1 985 πα ως 
(a) ο ΕΙ 
8, Draw the graphs of any two οἱ the following equations : 
(a) 82—Ty=10. (0 ety +90, (e) yw dat. . 


Additional Paper 
1 


1 1. — — 9 
1, iher, Solve (I) офа αλα uda" а 
qu) («9)''''“ 248. 
“be of y' =8z and edel with the same axes and scale 
ot Or Bram d бый мө common point if any. 
5, (a) Bum the series 19487 5*7 to п terms. 
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(b) The sum of n terms of an A. P. is m, and that of m terms is п. Prove - 
that the sum of m+n terms is —(m+n). 
Or, (c) If s, y, 5 are in G. P., and a, b, c are in A.P., show that 
75-0507 = 1, 


3. (a) If 2=a4+9849, prove that αἲ —6z* +6z—3=0, 
Or, (0) Extract the square root of 2+1 +9z+6+62° «953, 


1951 
Compulsory Paper 


1, Hither, (a) Factorise : (i) 12--z—90z*. (ii) 8a* +97b*, 
(b) Find the H.C.F. of a? Ἔϑα-10 απᾶ z* —z* — 142-94, 
Or, (c) Find the simplest value of 
1'34 x 1:84 x 1'34+8'66 x 8'66 x 8'66 +80 x 1784 x 8'66, 
1 1 31 1 


OH par pay ber а 
1 1 


n 1 
2, Either, (a) If be-+ca+ab=0, prove that a=b i-o sa 
(b) A monarch ascended the throne at the age of 82 and lived to reign 
for ys of his life, Find at what age the monarch died. 
T δ--ο-α cta-b acb-c 
Or Νις т“ ο πυρ τρις. 
(d) 20 years ago a father was four times as old as his son and 4 years 
d he wall be twice as old as his son. What are the present ages of the father 
and the son 


3. Draw the graphs of the equations 32+2y=8 and 4z—3y=5 and find their 
Point of intersection, 


Additional Paper 


Hither, (a) Find the square root of t'—92'--iz'- iz. 
(b) It aa, YP, b=a"t?, yi, c αρα, V, show that ат", b'-?, c?-2—1, 
Or, (a) Find the sum of the following series up to л terms 
M 1X2--9X98--8 x 4--A x 54-.-. 
(b) If a, b, c be the 2", 9? and r^ terms of a Geometrical Progression, 
Prove that а", δ'-», οὗ -α--1, 


> 


1, 


¿ 2—2,6(r—2 3 
шы (a) Solves ται 
Or, (b) Draw the graphs of (i) 4y—z* and (ii) 2y- 244 between the values 
of œ= —4andg-4 (with the same axes and the same scale of representation) and 
find from the Braphs their points of intersection, 


3. If bc-k-a* and ca—k=b% —К=с* nd 
b are unequal), » Show that ab—k-c (assuming that a а 


r 
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Compulsory Papers j 
1. Hither, (a) Factorize : (i) 22*--z—15. (11) z*+64. 
(b) Find the L. О. M. of z?(z*—4)and z*--22* — 8z*. 
Or, (c) Find the value of zy-- yz-Fzz, when а+у+г=9 and ш? +y’ +2" =81, 
а 
(4) Solve тап 
2. Either, (a)-Find the square root of z*—92z*-11z*—10z-F25. 
(5) е ube eran e n prove that = 7 = 4. 
Or, (c) Ifa+b+c=0, prove that, a(b—c)*+b(c—a)* -- c(a— b)* =0. 
(d) A number consists of two digits, the sum of the digits being Б. 
If 9 bo added to the number, the digits аге reversed. Find the number, 
8. Draw the graphs of z+#=2 and w=y. Measure their angle of interseo- 
] tion, and determine the point where they meet, 


| 1958 
| 1. (a) Factorize: (i) 8ο’ {145186. (11) a*—b* —c* +d? — 9(ad — bo). 
z--9a z+9b 


4ab 
| (0) It w= 7T, find the value oli DEM 
Or, (c) Find the H.O.F. of z*--9z--14 and 2° 11023 -- 812-90. 


(d) If2s=a+b+e, show that 
s? + (s—a)(s—2) + (s— b)(s c) (s— с)(в—а)= ab-F be- са, 


бе oa, d—ab 
2. (a) Solve : (i) ure pat are a toto 


(ii) 3л+4у=11; 52-2971. 


(0) It а= 5 =F" provo that (a? + e? 3e? (D? + d^ + f?) = (айн е)". 


À =a, : 


E. * do 


Or, (c) Ita--y- 85, then show that Ei 


(d) A father’s age is four times that of his elder son and five times that of 
his younger son ; when the elder son has lived to three times his present age the 
father’s age will exceed twice that of his younger son by 4 years. Find their present 


ages. 
8. Draw the h of the equation 2y—8z—7. From the graph find, by 
measurement, the ар of y when α-- 24 and the value of z when у= 933. Я 
š 1954 


. 
1. Hither, (a) Resolve into faotors : 
G) gy’ 9x1. | (ii) 89’ -ᾳ-10. 
ad (b) Find the H.O.F. of 82*-+-112°+182+5 and 9z*--192* +162+7, 
2 (a-B? -e , (6—0)? —a* , (c-a)*-b*. 
Or, (c) Simplily оа (оја **—(с+аў* o= a+b)? 


586 ALGEBRA MADE EASY 


(d) Ifa+b+c=0, prove that a*+b*+c* =Забс. 
2. Either, (a) Solve : 


(ii) e+ 3y=9, 42+у= 14. 
(b) It (0-с а)х= (c-F a — b)y - (ας b с)2= 2, show that 


i (242)(L42)(14 1) ane 
ΠΗΛΟ с/\х у 
Or, (c) Ifa: =: с=с: d, show that (2-а)? =(4—Ь)*++(Ь—е)%+(с—а)*. 
(d) A number consists of two digits, the tens’ digit being twice the unit's, 
If the digits are interchanged, the number is diminished by 18. Find the num 


3. Using the same unit and axes of reference, draw the graphs of the following 2 
two equations, and from the graphs find the co-ordinates of their point of interseo. ^ 
Won: (i) y=e+9. — (ü) 2a—y=1. 

(At least three points should be plotted for each graph.) 


1955 
1. Answer either (i) and (ii), or (iii) and (iv) : 
(i) Resolve into factors: (a) 5—4z—z*. (b) a? —b? -4bc— 4c?. 
(ii) Find the value οἱ 272—275 when = @° 
b a’ a-b 
(iii) Find the H. O. F. of z2+9z—10 and z'-z?—14z--94. 
liv) If a?+b?+c*—be—ca—ab=0, show that a=b=c, 
2. Answer either (i) and (ii), or (iii) and (iv) : 


2940-2 9a-z. 
(i) Solve: (a) 4774229955 ; () дауа, эрш, 


(1) A labourer is engaged for 80 days on condition that he receives 2s. θᾶ. 
for each day he works, and loses 1s. for each day he is idle ; he receives £2. 7s. in 
For how many days is he idle? 


5.8.5 gity' +в? mys 
ΗΝ ере gt show that νεος ale’ 
= ll le 
αν) It UU) 0, prove that чы? ест? 
3. Using the same unit and the same axes of reference, draw the graph ot 


_the following, two equations, plotting at least three points for each h, and 
the graphs find the co-ordinates of their point of intersection : CEN 


G) 2--2y-19. (Н) z-8y—-2. 


1956 
D 1. Answer either (a) and (b), or (c) and (a) : 
(a) Resolve into factors : (i) gyll +e?) - z(z* +y?) ; (ii) 2a* —a*b—b*. 
(b) Ifa?4+b*=1=0"+d?, show that (ad —be)(ad ἠ- ὑς)-Ξ (α-- с)(а+ ο). 
(c) Find the Τ..0.Μ. οἱ z* —3z+9, οὐ +92? — 3, z* -Fx* — 6z*. 
(d) Express (z—1)(z —3)(z—4)(z—6)--34 as the sum of two squares, 


Ἂν Г 
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2. Answer either (a) and (b), or (c) and (d) : 
mod ЫБ sei η 8.10 
(a) Bolve: (i) vL GB (ii) FU 3j EUER 735 
atb c а?+аЬ c*xcd. 


() It 225-9" prove that ἃς ρα cq—a? 


2 l1*z,1-z 11α" 1-27 
(c) Simplify το Ίο 1-а? ita 
ο (d) Show that ifa number formed of two digits is four times the sum of the 
digits, the number formed by interchanging the digits is seven times the sum of 
the digits. 
3. Bolve graphically 9z--2y7 7, 82-176. 
Plot at least three points for each graph, and find the co-ordinates of the point 
ot intergeotion. 
Or, With the same axes and {һе same unit, 
z- A =1 (plotting not less than three points for each graph), and show that the 
e Y-axis form an isosceles triangle. 


1957 


1. Answer either (a) and (b), or (c) and (4): 
(a) Factorise : (i) а*+4у*. (ii) (a+2b)a*—(b+2a)d*. 
(0) Find the H. 0. F. of zt — 5x 6, 2? — 32 9, 82" —182? 4-832 —18. 


+b a-b zy. 
(c) If a= y= 255 find the value of сз) 
that alb-+c)? ++ а)" + (4+0)? = Забо. 


draw the graphs ої 4ж+9у=96, and 


two graphs drawn and th 


a 

(4) Ita+b+e=0, prove 
2, Answer either (a) and (b), or (c) and (4): 

2 8 

( Bova: @рту+р=а^ш-3` 00 92. 5j 194, 1 yj. 

ghow that (а+Ь+с)(а—Ь+с)=а* +" +07. 
i f work in 20 days which В can do in 12 dass, A leaves 

θα роте bel 2t days when B comes in and the Нов 


(a+b) 
(a) Simplity (20004) * = ala=8) (a—b)Y0— o) 1 
reference and using the same unit draw the 
and 22—y=1, (not less than three points should 


3. With the same axes of 
graphs find out the co-ordinates of the point of 


raphs of the equations 82-2970, 
ο eked in each case) and from the 
intersection and its distance from the origin. 


. 
1958 
4. Answer either (a) and (b), or (c) and (à): 


(a) Resolve into factors: (i) 907?—45b* ; (11) 1207 412—192. 
(b) Find the gp. C. F. of z* 92? —9z--4 and θα" 1-92 -5z t4. 
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(c) Find the L.0.M, of 2* —1, a*—1, and a*--a? +1, 
4ab z-2a , z--9b 
(d) Hem е find the value of 2285295 
Sg т с 3-51. Ca Sasa), 
% (a) Solve: (i) +1 z4ü^7:43 gpa (H) Sa+3y=1 
Or, (a) A fathor was 8 times as old as his son in 1924 and was 13 times as old 
in 1952. In what year was the son born ? 


(b) τι bre ota ἀπ show that ^ [ either, a+b+0=0, or, a=b=e, ] 
Or, (b) (i) I had Rs. а; if Is 
at another, how much had I left? 


(ii) It a men Working z hours a day take p months to construct a road, how 
long would it take b men working y hours per day ? 


(iii) a horses are bought at Ез. each, b horses at Rs. y each and ὁ horses 
at Rs. з each, What is the average cost per hi 


pent half of my money at one shop and Rs. 5 


orse 2 
3. Draw the graph of 1 = 71 (plotting at least 3 points), 


Find the co-ordinates of the points where it interseots the two co-ordinate axes, 


1959 


1. Answer either (а) and (5), or (c) and (a): 
(a) Resolve into faetors : (i) 17z—7z"—6, 
(b) Find the L. C. M. ot 
92'—15z--18, 92» +9z—94 and 4z*+86z+80. 
(ο) Find the H. O. P. of 69" -- 323 —18х—6 and 192! — g? — 5802—16. 
(a) It ®+у=1+ ху, prove that æ +y=1ltgtys, 
ο на απο 
2. (а) Solve: (i) CA нә 2:3 
we (ü) e-y-8-0 } 


(ii) 4z*- 4zy—2yz— s, 


42—5у+6=0 
Or, (а) А number consists of two digits, the sum of which is 7. If 27 is 
subtracted from the number, the digits "interchange their places. Find the 
number, 
(5) Find the square root of 


2 
at-a? - +@+1. 


—у=6. 
—— 


DACCA 
1947 


Compulsory Paper 


1. (a) Resolve into factors: (i) -a*—27b*, (ii) 972° - 8y* —61— T2zy. 
—— Her - ZEN CN n 
(0) Simplity ᾳ-ῃ2 513 z*'-z-12 
2. (a) Find the value of с, so that 2° —102°+812—с may be exactly divisible 
by z—2 and ᾳ--δ. 
9. 8 9a 
(b) Solve the equation ~- tza g-a" 
3, (a) Find the L.C.M. of ab —ab?, a* --ab— 9? and a*—ab—2b", 
(b) Find the H.C.F. of 22° — 4z* —6z and 32° — 6z* — 6z* —9z*, 
4. A person starts walking from a certain place at 5 miles per hour. Draw 
the graph of his motion and determine from the graph the time taken by him in 


covering а distance of 134 miles. : 
δ. (a) Ifa: ὃ--ο : d, show that 3a+2b : 4a-- bb 8c-- 2d : 4c+5d, 
(b) What number must be added to each of the numbers 8, 6, 7, 10 to give 
four numbers in proportion ? 
6. (a) Solve graphically I+ 3y=4, 82-2y7 – 1. 
(D) Find a fraction such that if 1 be subtracted from the numorator, the 
value will be ἃ and if 6 be added to the denominator, its value will be 3. 


1948 
Compulsory Paper 
1. Either, (a) If z+ i 4, find tho values of + and at. 


жо, occ ERA 
Or, (b) Simplify (5-552) aob- * 09-а) Y E 
2, Either, Factorize n 


(a) 5z*— 72-6. (b) кї — y* —6za-- 2a --8a*. 
αν bp m atb_bte, 
Or, (c) If ve E that ipe otd 
ы 


ZUM" 
(d) It Я 7' prove ΚΠ στι 
α-1ι α-2.ᾱ- 
з. (a) Solve () у + g += (рне cta a+b 
is der mud, д of its length is under water and the part 
(0) dot a post ШШЕ a Find the entire length of the post, 


that stands above the water level is 2 ft. long. 
4. Either, (a) Find the H. С. F. of z* — 32-2, 82* —2z—8 and 9ш* —92--10. 


(b) Find the D. C. M. of 12(z* — 4z--) and 16(z* — 5z4-6). 


Or, (c) Draw the graphs of the equations : 
(i) 42+80-12=0. (ii) bz—4y— 20-0. 


za, zb Z6 920, 


A 


^ 
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1949 


Compulsory paper 
1. (a) Either, Resolve into factors : 


(i) 2a*-F2a—8ab—b--b?. (ii) (zy 2) (ry - ya-- 22) — туз. 
Or, (b) Find the Н.С.Е. of 9z?—723-F4, z?—9z? —z--92 and 9z*—8z*-K1, 
(с) Draw the graphs οἱ the equations z—y-—9, and 3z--2y—14 ; and find 
from the graphs the values of z and y which Batisfy both the equations, 
$ 1 bctc—k atb—k 
2. (a) Hither, Simplify FEES (Ж рр ορ 
1 1 
Or, (b) и ++ yz 22-0, show that i aos jii дүк ays ai 
А εκ 
(c) If bto ota awe’ Poe that " 


+s—z stz-y z-y-z 
8, (a) Either, Solve the equations : 
А 1 2 8 
9 z-1'z-3"2-8 
Or, (b) Find the fraction 


which becomes š when 1 is added to its denominator 
and j when 2 is subtracted from its numerator, 


cta-k 


(1) 3ς-γ--90, 3y-2219, 42—32z- 923. 


1950 


Compulsory Paper 
1. (a) Simplity PENE 


b οἱ 
90-2) * (c-aje- 5j 

(b) Factorize: (1) 9:*--6zy--2y?. (11) ^ (b-F c) - b* (c-- a) -- οἳ (α-- b) + 2abe,. 
2. Bolve: (a) nC асгер, $ 

А N bz c b cx 


* Qe an; itio 
3. (a) Show that (a— 0)*-- (b — c)* --(c— a)* —3(a —5)(5— o)(e— a). 
(b) £a :b-c:d, 


FERIAM, prove that (ab+ cd) isa mean proportional between a?+0? 
and 6?+d*, n 


4, Bolve graphically the following simultaneous equations :— 
runt che M 
4@—-5у=2; i 6 8 4. 


πι 7 


ων n 


EAST BENGAL SECONDARY EDUCATION BOARD 
1950 
Compulsory Paper 


1. (a) Either, Resolve into factors : 

(i) (az--by)* --(ay—bz)*. (ii) z*(y—)--y*(e— 2) * 2'(z— 9). 
ONE Le: e © Су ШИЕ LUE UM арі 
а (a-5)(a—c) (б—а)(ф—с) (с–а)(с– 0) 


(c) If a+b+c=0, show that ab--bc-- ca —3(a* -- b* + 0°). 


Ed HE 
2, (a) It JE SER ari show that 


a(b—c) b(c—a) οία-- Ὁ) 
yas ku P= Ea ΓΩ 
(b) Either, ТЇ а-а be the Н. С.Е. of z'—pz--qg and z'—p'z-Q', prove 
that a(p—p*)=q—q". " 
Or, (с) Draw the graphs of х=у+1 and 2y23z2—5, and write down the 
co-ordinates of their point of intersection, $ 
8. Either, (a) Solve the equations 
(i) 2+2 2-6 ο 
g—2 +8 “' 
8,3 7,8 
(ii) Š Жр 18, το 27, 
Or, (b) Find the fraction which is doubled when 2 is added to both its numera- 
tor and denominator, and trebled when 8 is added to both its numerator and 


denominator. 
1951 


Compulsory Paper 
EE g τας ναὶ 1 1 
5—с*с-а х=) ^6 -3**(c- aj * (a-9* 1 


1, (a) Show that ( 


(b) If (+ 1)", prove that aluo. 


[Айа Ж € € 
a 


y 


Or, (o) и 2 =2+3, find the value of 
y a-2 z 
2. (a) Resolve into factors 
(i) a?--2ab--b*—3a—8b. (11) «* – 492+ 600. 
Or, (b) Find the Н.С.Е. of 925—52*--9 aud 2z2°—527+3. ° 
(с) Draw the graph of s t=, and find the co-ordinates of its points 
of intersection with the axes. 


8, (a) Solve the equations ο 
(a+b)* 


1 1 1 1. " 
(i) στο sci aca wg! (ii) az+by=1, ш+ау= ous -1, 
Or, (b) А reduction of 134 in the price of salt enables a man to buy 2 seers 
more for ΕΘ. 1, 12as. Find the original price of salt per seer. 


e с 


NAGPUR 


1947 
1. (a) Factorise any two of the following : . 
(i) Bz*-F9z* —45. (№) z*— 729y*. (Hi) 4ab* — (a* 4-5? - οὐ)", 
Ja* | 4α' 


a a 
(0 Bimplity 2 tapet artat atta" 


2, (a) It x- P =p, find the value of at—3, in terms of р, 


(0) A number of two digits is equal to seven times the sum of its digits 
and the digit in the ten’s place is greater by four than the digit in the unit’s place, 
"Find the number, 

8, Solve any two of the following equations : 
w ,2—9 zl, 9-8 ay 2€ bz 
Oy ata? a-1 2-6 ΤΣ 
(iii) 42--3y— 8zy ; 6αἠ-ὄμ--18αγ. 
4, (a) A walks at the rate of 4 miles an hour and takes rest for 18 minutes at 
‘the end of every hour. Two hours later B runs in the same direction at the rate 
of 6;miles an hour, Find graphically when and where they will meet, 
Or, (b) Show graphically that the lines represented by 35 —4y--4—0, 42+3у= 28 
and @+7y=7 form a triangle. Find the co-ordinates of its vertices from your 
"diagram, 


=a+b. 


1948 
1. (a) Resolve into factors any two of the following expressions : 
(i) (20° 1-α)" --3(2z* +0) 180. 
(ii) 20c—5* —c* --4a*. (iii) 8a? — 8155. 
(b) Find, by any method, the H.C.F. and L.C.M. οἱ 
m*--2z*--9z--1land z*-z'—z-41. 
2. Attempt any two of the following : 


(а) Rolve : 

(uj Solve; X-Y-2XY 
Y+Z=8YZ 
Z-X=4XZ, 


(с) There are two numbers such that if the first be divided by the second, 
"the quotient їз 2 and, if the same division be made after reducing both the numbers 
by 2, the quotient is #. Find the numbers. 


8. (a) Find the value of a which will make the following expression a perfect 
«square ; 


160”-- 80" + az? — © +3 +, 
т т 


(b) If a--b— 15, and ab=1, find the value of a—b. 
4. Two friends X and Y leave their places А and B respectively to meet each 
-other. X starts at 9 A.M. and travels at the rate of 12 miles per hour, while Y 


starts at 11 A.M. and travels at 30 miles per hour. They meet at 12-20 P.M. 
Draw graphs of their travels and read from them, the distance between А and B. 


1 
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5. The present age of a gentleman is z years and that of his two sons together 
із y years, 12 years after, he will be four times as old as his sons together were 
12 years ago, Express this fact in an equation form. £ 


(i) Rewrite the following expression taking out common factor :— 
(36a*b* —21a*b?)*, 


impr, (41 δ)(α-- ὃ) -(α-- 5). 
(1) Simplify EEG wae es 


PATNA 
1945 


Compulsory Paper 
1. Factorise: (i)z*—z-—12. (11 z*-F4. 
Or, (iii) It c+y+2=ayz, prove that 
1 1 af 2 
τα ity 143 |^ (Ez ya) 
2. (i) Find the L, C. M. of 6(z* —4z--4) ; 8(z*--z—6) and 2z* --161. 
Or, (ii) It a, b, c, d are in proportion, so that = -- 5 P 
prove (a*--b* --c*)(b* + c? - d*) = (ab - bc - cd)? . 
3. Bolve, Either, (i) 2z* - 11z 4-5 —0. 
Or, (ii) 17z2— 1y 7 64 ; 8z— бу. 


чн 


е 
э. 


4. (i) Prove that if z'— ^, then (2) =g 


Or, (ii) A number consists of two digits. The digits in the ten's place is 
greater by 5 tban that in unit's place. When the digits are inverted, the number 
becomes š of the original number ; find the number. 

5. Represent the following in a graph where the corresponding үе. Sat 
œ and y аге as in the following table :— 


[а [а [а 


μας 


Supplementary Paper 


т у z 
1. Simplify ye-z) (у #002) ta oey) 
2. (i) Resolve into factors a* (b -- c) +b’ (c a) 4- c*(a-- 0) 4-3abc. 
Or, (ii) Find the H.C.F. of z“ —91z-—18 and 9z* +z — 89. 


1—38 
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1 4 18 . 
8. (i) Bolve the equation 87518 ^79 
Or, (ii) Solve z—9-— i} 
9z--5y—27 


4. (i) If m=a*, n—a", and а? = (m'n^)^, show that cyz=1. 
Or, (ii) 4’s present age to B's is as 9: 5 and 23 years ago the ratio was 10; 3. 
Find the present age of each, 
5. Draw the graph of the temperature of a place according to the following 


data :— 
Time | 6 A.M. | 10 A.M. | 2 P.M. | 6 P.M. | 10 P.M. 
Temperature 80° 82° | B5? | 84° | 815 
1946 ; 
° Compulsory κ | 
—be b? — ас ?—ab 


ο C Ee Ly greca ο 
Or, (ii) Factorise: (a) 162*—81. (b) z*-F4z?—11z—30. 
4. (i) Find the H. O, F. of z*-F4z*--4z-k3 and z*--82?- 212-18. | 


Or, (i) Tt Š = ὃ = ©, prove that (a—d)*=(b-c)*-+ (ca)? +(d—-0)", 


_ 8, Solve, Hither, (i) 2+3=9, Set ed. 


| vd o Eo 
Or; (i) EU grocers ara” 


4. (i) Find the square root of αἳ — Ax 442420" — 42° rŠ. 

Or, (ii) A gentleman gave 4as. each to some beggars and found that бав. only 
was left in his purse. He found that if he had 10as. more, then he would have 4 
given баз. each to every beggar, Find the money that he had and the number 
of beggars. 

5. À man's salary after 5 years of service is 25 rupees, after 15 years it is 
45 rupees and after 20 years it is 55 rupees. If his salary was increasing at 
a uniform Tato, show by graph his starting salary and the salary he will get after 
18 years of service, 


M Supplementary Paper 
1, Factorise: (i)z*—1.  (ii)z* 82у" — y. Y 

Or, (iii) If 2s=a+b+c, prove that (s—5)* -- (s—c)* +3a(s—b)(s—c)=a*, 

2. (i) Find the s product of Ete b+c—a, c--a-b, a-b—c. 


Or, (ii) HS =” ene а coc, 
(i) Past а+с EI ο ται της eto-y &dy-s 


ieee 


——— s 
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patent SEITE © 

8. Solve, Hither, (i) asta? ао 
Or, (ii) z* — 62 —280=0, without assuming any formula, . 
4. (i) Prove that z(z+1)(z+2)(z+3)+1 is а perfect square. 


Or, (ii) 8 years hence father's age will be three times the son's age and 4 yeare 
ago father was 9 times as old as his son. Find their present ages. ° 


5. The population of a certain town is given by the following table. 
Represent it graphically. 


Year | ave | 1905 | 1915 | 1925 | 1985 | 1945 


Population in 


TOO Sas ae | 15 | 20 | 25 | 30 | 85 


Read the population οἱ the town in 1920, 


1947 


Compulsory Paper 
1. Resolve into factors ; : 
(i) 4803-1601, (11) (z—1)(z—2)(z —8)(z— 4) +1. 
Or, (її) И 335—875, prove that 32°+92=8. 
: RM pA 1 1 

2. (i) Simplity Price eel 
Or, (ii) Ita: b=b: c=c: d, show that (a+d)(b-+c)—(a+c)(b+d)=(b—c)?. 

8. Solve the following equations : 


δα ЧН NN ορ - 
(i) Баео "ES (ii) 32? — 172 24-0. 
xeu een Um us 
Or, (it) simp (2) κο) κ) 9 e 


9x? а? 62 2a 
4. Find the square root of та бод a δα +3, 
Б, А father’s age is three times that of his son's and in 10 years it will be 
twice as great. How old are they ? 7 ç 
Or, 


ODORE 


ORDONE 


Plot the points indicated in the above table and find by joining them the 
value of when z=4. Y 


e. co. 


΄ 
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Supplementary Paper 


1, Resolve into factors : (i) 4z*--8z*-9. (H) z!-22*—2-2. 
ΠΡΙ ata, tb, 
Or, (iii) Ifa= rb find the value of EE tss 
b-c саш E Е 
a!—(b—c)* b*—-(c—a)* ο) --(α-- ϐ)3 
3. Solve the following equations : 
Же р Ek M 22910= 
(а) варат (b) 2z*—2—910-0. 
Or, (c) Find the L.O.M. of 2*—3z-2, z*--5—6 and z*--2z—8. 


p rye 1; 
4. (i) Find the square root оѓ (z+ z) -4(в- = y 


Or, (ii) Ifa: 69b : с=с: d, show that (ὅ -- ο) (b-- d) Ξ- (c-- a) (ο-- d). 
5. (i) Theages of two men differ by 10 years and 15 years ago the elder was 
just twice as old as the younger ; find the ages of ihe men. 


Or, (ii) Draw the graph of the equation yo eth and from the graph read the 


2, Simplify + 


value of y when z—3. 


1948 


Compulsory Paper 
1, Resolve into factors: (i) z*—7z^y*--y*. (№) (a?--1)y* - y* —a*. 
Or, (iii) Show that (z--y-F2)! —z* -γ'-- α’ =8(a+y)(yt2)(s+2). 
be ac ab 
% @ Bimplify (аа) * (—=c)(0—a) e-a) 
Or, (ii) It a:b=c:d, prove that 
a^ --ab--b* : a?—ab+b*=c?+cd+d? : ο" — cá d*, 
3. Solve the following equations ; 


ale qu ea 
65878-1 


(ii) 2+у= 22у; v-y= zy. 


ý i 
Or, (iii) Simplify | y4 Xd x т} . 
4, For what value of ‘a’ will the expression 4z*—19z*--26z"—24r-a 
become a penfect square ? > 


δ. (i) A number consists of two digits whose sum is 8. When 18 is added to 
the number, {ts digits are reversed. Find the number, 


Or, (ii) Find graphically the values of z and y which satisfy the equations 
bz =2y—18 and 5y-6— 72. 
Supplementary Paper 
1. Resolve into factors the following : 
(i) z*-Fa*--a'z*. (ii) a*—b* —c* —2bc-a— b—c. 
Or, (iii) If 2—b--c, y=c+a, z-a- b, prove that 
g? y? +2 — ду – ys а= a? +b" +c? —ab— ac — be. 
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ү a* b? e 

2. (i) Simplify (58) о) * (ὁ--α[--ο) (e—a)(e—) 

Or, (ii) Ifa:b=b:c=c: d, show that a : d: : a? cb! +c? : bcd. 
9-1 g+2 2-93 


3, (i) Solve Taba Mp m6. š 


πα 
Or, (ii) Simplify NE κα] ЕЯ 


4. Prove that (z—1)(z—3)(z—5)(z—T7)+16 is a perfect square. 
5. (i) A number consists of two digits, the sum ot the digits being 9. 119 
be added to the number, the digits are reversed, Find the number. 


Or, (ii) Draw the graph of Te—2y=14 and 2+2y=2, and hence find tbe co- 
erdinates of their point of intersection, 


1949 


Compulsory Paper 


1, Resolve into factors : 
(i) c*—z-—42. (11) a(b* —c*)--b(c* — a*) - c(a* —Ъ°). 
ο YA 


a AAA 
Or, (iii), If (a+b+c)* =3(ab+ac+be), prove that poi ar ab 8. 


1 3 


3 
2. (i) Simplify аја) atete) (o m1) 


Or, (ii) It Е = ; = = » prove that a(a--d) = (a-- b)(a — b- ο). 


8, Solve the following equations : 


20-9102 уел А ы ш A 
(i) 22*—2—210-0. (ii) і а) 
αλ a—b 44) ο--α be b—e Y 
Or, (it) Simptity (SE) κ) x) V ESTEE 


4, Find the value of 'a' so that 42-823 +40 Dg +07? +0 may be 
a perfect square. 


5. (i) The sum of two digits of a number is 10, and if 86 be subtracted from 
the number, the digits are reversed. Find the number, 


Or, (ii) Draw the graph of the equations 
(а) y=22, (b) 32—2y--2—0, 
and find the co-ordinates of their pointg οἵ intersection. 
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i 1944 


1. (a) Resolve into factors: (i) 6x°+27y—S35ay?. (й) 1+2ab—(a? +b"). 
ë iis si Ὅτ ат). (m. αγ, 
(b) Reduce to its simplest form (= + 2) = (5 2) 
Ὃν Ms 
(97) 3 x8 6 τ 
EE 
(18) * 
92-9 Ία-6 42-8 

2, (a) Solve Gd S. 

(b) Solve graphically the following equations, у=92—9, 3y=6+27. Read 
the coordinates of the points where the lines intersect the axis of y. 

3. (a) In an examination paper one boy A got 4 marks less than $ of full 
marks and another boy B got 3 marks more than š of full marke. The marks 
Obtained by 4 were three times as many as obtained by B. What marks did 
each get ? 

Or, (b) Six years ago a man was three times as old as his son and in six years’ 
time he will be twice as old as his son. Find their present ages. 


(с) Find the value of 


g. ДЫ 
“δε τς 


z m) =k, find in terms of k, the value of 


d 
NEEDS 
a* +2b* — 6c* +3d* 
2w+5y 32—90, 2+? 
Бертге τω phere 
uty α-ν wy 
. 6, (a) Eliminato p from z-—ap* and y=bp. 


5. Simplify 


(b) на=о+ 2 and 0=0- ο) show that z* +#* — 9z*y* =16. 


9zt2 fi б 
7, ( It y= duc" find z in terms of y. 
b) Ita 2 =, AM tkn 
ο ος eg уно Hat coe a : 


8, (a) Find the square root of z*(z—6)--172* —8(9z — 2). 
^ 


A 
(0) ind the value ot (5 z 


i 
) , when z=116 and y=100, 


1945 
1. Resolve into elementary factors: (i) z*—9*. (11) a*—1Ta--926. 


2. (a) Obtain an expression which will divide both 4z*--7z*—9z— 
40" +32 — 10 without remainder. ер c 


Or, (b) Find the H.O.F.of =" +g" and z" +g. 
: τς a 2-42 
3. Solve: (а) = [ 5 (ο E )* 6-538) sr. 
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шша 
Or, (5) UE 12 
па um д 
3 ру 878 ae 
s o 
аЛат 
4, Solve the following equations graphically and verify your result : 


g-5—y, y=3- в a 


a?+b? at—b* 
а? 6: at+b* 
a+b_a-b 


a-b a+b 
6, Find the square root of “a” m * 19α- L)ess. 


5. Simplify 


7. (a) Find the value of m* DM when m— E LI 
m т 


(b) If a+b+c=0, show that a?—bc=b* —ca=c? —ab, 


8. (а) Eliminate m from gu =c, т? + 5 =d. * 
m m 


Or, (b) Find the continued product of Nat vy, να Ἐν, and ασ 4/0. 
9. If a, b, c and d bein continued proportion, show that 
a а*+ф°+с*, 
d b+c +4 
10. (a) Divide 81 into three equal parts such that half of the first part, one- 
third of the second part and one-fourth of the third part shall be equal. 


Or, (b) A certain number of two digits is equal to four times the sum of its 
digits. If18 to be added to the number, the digits are reversed. Find the number, 


1946 A ^ 
D 
2-1 z-2 3-0, 
1. (a) Solve fora: 6-73 —73 — 4. 
(b) Solve ἴοι z and y : : +8y=15, 5 aye. £ 


2. (a) Find the square root of (Qu —5)(Sa* — 282° +22% — 5). 
^ z*—8z 9z—1 -2z 

„АЮ Bimplity 9z*+5z—8 х*+9ш2+4` т+3 

3, (a) Find the L.C.M. of z*—94* —192—10 and 23—12° 102—8. 


(b) τε 167 =% find the value of z, 


mty tz? (la+-my+nz)> 3 


νε. ЕЁ ας 
Еа ab ο о a*-b^ rc (la+mb+ тпс)? 
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5 Eliminate z, 


Sla а= SSE МЕ, and ης n 


8- Jà' Mack Νὲ 
(b) Solve the following equations graphically and also find the intercept of 
the graph of the first equation on the y-axis; 4z--8y—12, 201532. 


» find the value of a° +b*. 


6. (a) The age of a man is three times the sum of the ages of his two children, 
and five years hence his age will be double the sum of their ages. Find his present 
age, 


1 3 4 
(b) Prove that ri iri CAI 0. 
1947 
358 1 -°) 
8 4 (5 6 
(b) If а+Ь+с=11 and ab+bc+ca=20, find the value of 
a? -b*-Fc* —8abe. 
2, (a) Find the H.C.F. of 8z*--8z--10 and 10z*--3z*-8. 
(b) Factorize: (i) 922—825. (ii) 15x(z* —1)— 720°. 


8, (a) Find the square root of. 25z? + -—%0+ E -6. 


1. (a) Solve α- 


(b) It a, b, c and d be in continued proportion, show that 
|! a:d-a! cbe? bte? e d*, 
а т+у αν yis ©, таб 
4, (а) Simplify (5 κ) +8 (a*.a*)-*. 
(b) If z=9+29 9.2, find the value of їз: 
„ 5. (2) Eliminate m from m? --1—2am, m? —1—9bm. 
(b) Solve graphically the equations, 83a+2y+4=0, 22—-9=у. 
6. (a) If a room were 2 ft. longer and 3 ft. broader its area would be increased 


by 75 sq. ft. If it were 2 ft. shorter and 3 ft. broader the area would be increased 
by 15 sq. ft.» Find its length and breadth. 


1 + 1 T 
Ξδα--ο) * &(6—ey6—a) de-a) =) 


(b) Simplity (2 


1947 (August) 
1. (a) Solve Een E (22- 2) 219. 


: 3E b*-Fe* —8abc 
th с coU паро са 
(Find на үйдөн! (рта τε) 
if a=1,b=—2 and σ---θ. 
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a+2m atn . smn 
2. (a) Find the value of PEST EDT it Ub 
(b) Find the L.C.M. of 62? —5z— 6, 162” 1-86} +81 and 8х2 — 27. 


: 
3. (a) What must ‘be subtracted from E to make it 


a perfect square. 


BP ори ag? + hy? +02" туз 
(b) If x: a=y:b=z: c, show that аарчу rots a 
4 ivi 3 pgri il à à 
. (a) Divide z?--3z^y—-9vy -y Ъу х? —у?. 


ç 1449,94 43 14248, 
(b) Simplity 12575 Ува УЗ + J8 
5. (a) Eliminate ¢ from the equation : v=utft, seu -Mt*. 
(b) Solve graphically the equations: б2+у=—9, 92= 2y—1. 


6. (a) Ahmed says to Ram, “If you give me half of your money 1 shall 
have 4 times as much as you will then have”. Ram replies, ''You give me 1 of 
your money and I shall then have Rs. 10 more than you," How much money 
has each ? 

(b) Find, by the use of the Remainder Theorem, the value of a and b which 
will make 3z* +az* — 19z + b divisible by ο” +z—6. 


1948 


1. (a) Solve [(w+2)+(a+8)]*— [(a-+2)—(w+8)]* = 4z* +44. 
(b) Find the value of z'--j', when 2+у=5 and 923 —9. 
2. (a) Find the H.O.F. of 20z*--z?—1 and 95z*-Fbz*—2. 
Or, (b) Find the L.C.M. of а? — b^, a* -2a*b-2b^a t b*, a^ —b*, 
(c) Factorise: (i) 2° 5р? +42. (ii) 4ab—9a? —9(b* —1). 
3. (a) Find the square root of 1903 4 10z-F4c-9z*-1 and verify your result, 


К a(b--c) b(c+a) cla+b) . 
Q) Simplify ασ 0-07a) (e- 06-9) S ab^ 
α(11-1) . ; 
4. (a) Cesar Р 
abt Eliminate Ё. 
у=? 


8 
ο 


QUE 
abc 


0 
(b) If = == = show that εχ 
124292277 
ЕТЕ 
атаа 
(b) If ==3+2 2, find the value of z^ +2 ^. 


6. (a) Solve graphically у=32+4, у-8=т. 
(b) An integer of two digits the sum of which is 9 exceeds the integer 
represented by the same digits in the reversed order by 27, Find the integer. 


5. (а) Evaluate 3 
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ALLAHABAD 
1942 
1. (a) 2. (0) G) (3 --α) (5 -- a)(4 — 2a--a*)(4 4-2a--a?). E 
(ii) (z4-25--3a— 5)(«--25—32a +b). 2. (a) 5, 11. 
(b) Length 84 yds. and breadth 79 yas. 8. (a) z=11, y=1, 
(b) 9-8, γ-3, z-1. 
1943 
1. (а) 1—z°. (5) (i) —(z*--2zy--2y*)(z* = 9xy--2y*). (ii) —(b— c)(c—a)(a — δ). 
3. (i) 2291. (ii) s=}, or 18. 8. (a) z=1, y=}, z=}. 
(b) Each chair costs Rs. 3-8as. and each table costs Rs. 5-Bas. 
1944 
1. (a) (i) (z—1)(z—2)(2— 3). (ii) (z* -92--9)(z* — 224-2). 
3(z* +1) т=1 
(b) SED 2. (a) FEA } (b) 306. 
. 8. (а) 2-5 + 73). (b) 68:1 miles per hour, nearly. 
1945 
1. (а) Ig — 1)(z* + 8x? -- 82-3). (b) E 2. (i) v—13. (ii) α-8, y=1, 2-2, 
3. (a) 14, =}. (b) 12. 4. (b) "06974. 
Й 1946 
1. (а) ш*-1. (5) 6) (z+9)(z+4), (ii) (a+b)(a* — ab--b*). 
no JE 0) m. ваа 
» o-i 39 at= b: + (a) z—13. (b) £52 and 52s, 
4-0) z=}, or -ᾱ, 6. απ τε y=, s--H. 
) 1947 (Optional) 
1. (a) (i) (*--16)(z* +4)(z+9)(z — 9). (8) (z* 4-4) (2--8)(z-- 1 — 1)(z — 9). 
(b) Н.С.Е. z—1. 2. (i) 0; (ii) 0. 8. (a) 22? -- 82 — 5. =5, 
4. (a) z=3. (b) Father's pci age КОЛИ Lp. κ πὰ 
; πο tay dd", τ 
=5 Y = 
5. (1) pad (i) 44. — 6. (a) 2 el e$ (0) G= Jalan; 
1. (a) 2-2. 8. (a) 65, 15, (b) Chair—Rs. 7, each 
and Table—Rs, 10, each } J 
9, (a) 19, 21. (b) 224. 11. (a) z=1. (0). p? +2, E 


» B 
ἐς 
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45, jay $5 mi 190 
13, (α) 19 miles per hour. (b) Ae, hours. (с) 195 miles. (a) dor hours. 


18, (i) *125. (ii) 1024. (iii) 36. 14, "42, 
1948 (Annual) 

1. (a) (i) (z* -3zy--y*)(z* —8zy +y"). (ii) (y--1)(y— 2) (a4- 9)(a— 9). 
2, (a) 1. з. (a) (i) 333. (8) z=2, y=8. (b) g?*, 
4. a— 16. 5. (a) 35. 

Supplementary Paper 
1. (а) (i) (z? F az a?)(z* —az +a). (ii) (a—b— c)(a- b4- c 1). 
2. (a) 1, 8. (a) 13. (b) 1. 5. (а) 45. 


CALCUTTA, 1948, Compulsory 
1. (a) (a+b+c)(a?+b%+0%—ab—ac—be). (0) 3. (0 (2+1). (40. 


2. (a) 0. (d) —i. 3. (a) 100. (b) 21j; minutes after 1 P. M. 
Additional 

1. (a) z*—4z-3-0. (b) 2*—2 4/72+3=0. (с) z*—-az-4b*. (d) 6. 

3. (a) 8051. (b) erb; abe 


1949, Compulsory 
1. (a) See Art, 197(1). — (b).—95. (с) Ey - a 


2. (a) omar (b) α"--9α--3. (d) —6k. 


8. (a) 193. (b) 180 miles, A yi Я 
Additional 
1. (a) 3+ J13. (b) κ/15--8. (d) z? --32* 4+8. 
ο 
з. (а) 11. (b) 6, 18, 54. (m 
1950, Compulsory 
1. (a) (b+0)(c+a)(a+b). (3) (ac--bà)* +(ad—be)?. (с) z=- 2y 
(4) 104. ; 
Ж 2. (a) D.C.M. is (z +1)(9z+1)(8z+1)(4z2 —42—3). 
eeit, ͵ 


. (0 3. (a) = 
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Additional 
1. (i) sube ЛЗ). (ii) 3. 2. (a) 4n(n-- 1) (2n-- 1). 
3. (b) z* -9z- i 


1951, Compulsory 


1. (a) (i) (4 —5z)(8 +42). (i) (2a-- 3b)(4a? — 6ab + 901). (b) 2-2, 
(c) 1,000. (d) 5. 2. (b) 52. (c) 0. (d) 68 and 32, 
Additional 
11. (a) arata Or, (a) "ΝΤΕ. з, ajg (aul or 3, 


WEST BENGAL S. E. B. S. F. EXAMINATION PAPERS 


1952, Compulsory 


1. (a) (i) (22—5)(z--3). (ii) (z*--4z--8(z* —4z-8). (b) z*(z+9)(— 2c 4). 


(9 25. (d) 2. 3. (а) α’-ο-εὔ, (d) 38. 
1953, Compulsory 
1. (a) (i) (32--2)(z--4). (13 (a--b—e—-d)a-b--e-d). (b) 3. (0) z+29, 
2. (a) (i) ab+be+ ca. (ii) 2=1, y=2. 
(d) Father 40, elder son 10, younger son 8. 


1954, Compulsory 


1. (a) (i) (@+у+1)(2-у+1). (ii) (z4- 2)(2z — δ). (b) 2+1. (c) 1. 
2, (A (i) 9. (ü) α-8, у=9. (a) 49. 

1955, Compulsory 
1. (i) (a) (6+z)(1— z). (b) (a+b—2c)(a —5-- 2c). 


(i) š. (iii) 2-9. 
" θα T 
2. (i) (a) 7 (b) z=3,y=1. (ii) 8 days. 


1956, Compulsory 
1. (a) ϱ) (y--ex)m-kys) ; — i) (a— b) a? +ab-+?). 
(ο) z*(z—1)z—92)(z--3) (d) (x? –7=+9)* + (5)?. 
2. (a) (i) 3; (ü) z=4; y-10. 
4c? 
(c) i-a 
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1957, Compulsory 
1. (a) (i) (zx? -22j--2y?)(z* —Qry - 2y*). (ii) (a—b)(a--2)*. 


()e-2. ϱ) SEE 2. (а) 0) 8. G) z=0, yel. 
(c) 5 days. (4) 0. 
1958, Compulsory 
1. (a) (i) 5(2z+3b%)(9z —3b2). (ii) (4α--8)(ϑα 4-4). 
(b) z+4. (с) (a* — 1)(a* +a +1). (d) 2. 
3. (a) (i) —23. (ii) z=2, у=—3. Or, (a) 1910. 
onau $-5. Gp Pe (б) акерке, 


1959, Compulsory ` 
1. (а) G) —(7z—9)(z—29). (11) (2z4-2(2z— 2y— 2). 
(b) 12(z—2)(2-3)(c--4)(r45). (ο) 8x42. 
2. (a) (i) 16; (ii) α-1; y-2. 
Or, (a) 59. (0) z*- 5-1. 
8. w=10, y=4. 


DACCA, 1947, Compulsory 
1. (а) (i) —(a4-3b)(a? —3ab-- 9b*). 
(ii) (8z—2y—4) x (9z* -- 4j? -- 16 - 6zy - 12z — 8y). 
6 

(b) ots sd) 2. (a) 30. (b) 2a. 3 

3. (a) al(a-- b)(a — b)(a-- 2b)(a — 2b). (b) z(z—8). 5. (b) 5. 6. (b) 1. 
1948, Compulsory Уо 

1. (a) 14; δα. (b) —1. 3. (а) (6z+3)(z—2), (Ьу(ш—9а—у)(а—4а+) 
8. (а) (i) — V. (ü) —(a+b+c). (b 12f 4. (a) z—9. 

(b) 48(z—1)(z—29)(z—3). 


1949, Compulsory < 
1. (a) (i) (8α-- δ)ία--δ--1). (ii) (c--y)(y--z)s--z) (δ) z—1. (ο) z=4,y=1, 
2. (a) 0. 8, (a) (i) 14. (ü) 2-15, y=10, 2-17. (b) š. 


1950, Compulsory 
1.(a)1. (b) G) (zy r2. (00) (a+b)(b+c)(c+a). 
b? ac. @ а= ο δα ys ba’, 
brte’ am — іт bm—an 


2. (a) 
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ALGEBRA MADE EASY 
E. B. 8. E. B., 1950 
1, (a) (i) (aw +by +ay +bx)(az +by—ay+bz). (ii) —(ж—у)(у—5)(#— z). 
(9 0. 8. (a) (i) 2=6. (1) e=), y=}. (0 +. 
1951 
1, (ὁ) Ке - q % (a) 0 (a+b)(a+b—=9). (H) (z—25)(e —34). 
(ii) z*—2z 1. j 
3, (a) (i) z=6. (ii) z= ARAI акелу (b) 2as. 


“NAGPUR, 1947 


1. (a) (i) (22? --5)(2z--3)(22 — 8). 
Gi) (wv +8y) (a — 8) (z* — 3ry+ 9y*)(z* -32y - 99). 


(11) (a--b--c)(a— b-- c) (a4- b — c)(0-- c— a). (b) nunt 


2. (а) p* 483p. (b) 84. 3, (i) 2-4. 
(ii) z= etd. (iii) s=}, y=2. 4. To be solved graphically, 
1948 
1. (a) (i) (z—2)(2z-- 5) (22* +z 4-13). (ii) (2a--b —c)(2a — b4-c). 


(iii) 8(a —35?)(a? +3ab* + 9b*). 
(b) ELO.F. stoti; 1.0.М. (s-1)(z* —1)(z" +041). 
2. (a) 2-23. (b) Х=%, Y=}, Z=—3. (c) 1st no. 18, nd no. 42, 
3, (a) α-1. (b) τα. 4. To be solved graphically, 


5, z--12-4(y— 19). (i) 81a°b*(12a—7b)*. (ii) arl 


2, 


PATNA, 1945, Compulsory 


1. (i) (z—4)(z 3). (ii) (z? --22--2)(z* — 2-9). 
2, (i) 24z(z— 2)* (z--3)(z* - 39 1-4). 
3. (i) w=}, ог, б. (ii) z=5 } 
у=8 
4. (ii) 72, 
Supplementàry Paper 
EGS 2. (i) (a--b--c)(ab-- be- ca). (ii) 2—5. 


ME UM 
8. (i) z= —2, or, 10 (н) euh } 
4, (ii) A's present age 63, B's present age 85. 


UT. т. WU UNES 
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1946, Compulsory 
1. (i) See Example 1, $170, p. 382, Ans. 0. Ë 
(1) (a) (4z*--9)(2--3)(22—8). (b) (z—3)(2-2)(z4-5). Б 
2. (i) 2+8. 3, G) z=2,y=3, ` Gi) -8, -83. 
4. (i) αἲ — 2234.23, (ii) 15 beggars ; Rs. 4-14. 


Supplementary Paper 
1. (i) (o-1)@+1)(@"-2+1)@%+04+1). © (ii) (z—y)(z-- y). 
2. (i) 2a*b* --20*c* -9c?a* — a* - b* ct, 
3 ab " y 
8. (i) oe (ii) 20, or, —14. 
4. (ii) Father's present age = 60 years, son's present аре = 14 years 8 months, 


1947, Compulsory 
1. (i) (12z - 1) (4-1). (ii) (z*—524-5). . 
2. (i) z?"4-9. 3. (i) z=3. (i) (3z—8)(« —3). (iii) 1. 
З= μα Father's age = 80 years 
E: revu 3 Sona. » = 10 years } 
Supplementary Paper 
. 1. (i) (051 +83z+3)(2z* —3z+3). Gi) (z+9)(z+1)(z—1). (iii) 2. 
2. 0. 3. (a) а=ў. (b) 22103, or, —10. (9) (z—1)(z—2)(z + 3). 
4. (i) z— i БРА 5. (i). 35 and 95 years respectively, 
с 
1948, Compulsory 
1. (i) (uw? +82y+y?)(a? -8zy-- у°). (ii) (a y)(a — 9)(y-3«)(y— 1. 
2.() 1.  3.() 2-15 Gi) z=2,y=41 (ii) YB. 
4, 2716. 5. (i) 35. 


Supplementary Paper g 


1. (i) (22 -ac-- a?)(z* —az--a*). (ii) (a—b— c)(a4- ὃ--ο--1). 
2, (i) 1. 3. (i) 2-13. (й) 1. 5. (i) 45- 
4 
1946, Compulsory 
Я E f 1497 
> 1. (i) (2—7)2+6). (ii) (a—5)(b— c)(c— a). 2. (i) zzz) 
3, (i) z=103, or, —10. (й) z=6. (iii) 1, 4, a=4. 5, (i) 73. 


ALGEBRA MADE EASY 


PUNJAB, 1944 
1. (a) (i) e(82—Ty)(2e+5y). (Н) аа-аа). ο) SABA, 
(с) 3°. 2.(a) —13. 8. (a) 4, 96; D, 83. (b) Father 42, son 18, 


5. ο, 6.) bn=ay*, Т.б) get. 8. (a) z*-8z4, (0) 12. 
1945 
1. G) (c--) 7 yz ον εφ Ya? — ау). (ii) (a—2)(a* +9a 19). 
2. (a) 425, (b) wy. 8. (a) 79, (0) e y7 2-12. 
5. e 6. ari +6. ^, 7. (a) ο" -8z. 8. (a) а= c* - 8c. 
(0) α-γ. 10. (a) 18, 27, 36. (8) 34. 
1946 
M.G) Ἡ. (0) z=4,y=3. 2. (a) 4х%®—19ш+5. — (b) 1. 


3. (a) (к+1)(ш+9)(л—4)(2—5).. (b) w=}, 4.00) а*+4а1—Ь%=0, 
5. (a) 98. 6. (a) 45. 


1947 
1. (a) —10. (0) 671. 3. (а) 92*--9z--2. (b) (1) 22(1--9:)(1— 2α)(11-4α"]. 
(ii) 82(@-5)(62-+1). 8, (a) δα--3- i. 4. (a) 3. (b) 2. 
S(a)a-vui. 6, (a) 2-16,5-13. (0 21. 
* 1947, August 
l.(a) e=7. (b) 4. 2 (a) 3. (8) (9-9)(22— 8) (42 -- 62-9) (4z* — 02-9). 
3. (а) 4. 4.(α) а—9$у*+у. (b) 9. - 
6. (a) Ahmad, 60; Ram, 40, (b) a=2, b=6, 
d 1948. 
1.(а) 9}. (b) 2153. 2. (а) 5z*—1. ^ (b) (a--5)(a — Ὁ) (αἳ -- ab-- b?) (a^ +b’). 
(c) (i) z(z+1)(z—1)(z +9)(z — 2). Gi) 2(1+a—b)(1-a+d), 
8. (а) 89" --2z--1. (b) —1. 5. (a) 3. (b) 2 8. 
6. (ὁ) 63. 


а 


